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@ Quantum fluid (Introduction)
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Quantum field equation

e Hamiltonian of interacting bosonic fields ( *He, Rb etc.) (. t)
) I 920 _ it 4 Lototad
A = [ do |91 9% — it + LMt

1 chemical potential, g: coupling constant

@ Heisenberg equation

00 _(n2

t
har 5 v2+u)w+gwww

b=+, pi= ()
e Order parameter ) (x,t)

e 1 # 0 for temperature T' < T.
e The order parameter contains information of superfluid component or
Bose-Einstein condensate.
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Gross-Pitaevskii equation

@ The order parameter ¢)(x) (z := {x,t}) obeys Gross-Pitaevskii
(GP) equation

h2
" 2m

m%wx) = (@) — () + gl ()P0 ().

@ Transformation of variables

D) =~V (@), o) = —vla) - Vo(z) - Vp,(a),
n\xr 2 2\/“ x
pq($):__§1+gTEL)_QZl2V n(m(_))
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Constants of motion

Number of particles 72 and Energy E

— i [el@P,

E = EK —{—EI( )

1

Bet) = 3 [ae o (vue,

Bi(t) = [de Sl =, [ dadina)f

Ex(t): kinetic energy, Ey(t): interaction energy

2014 6/

Kyo Yoshida (University of Tsukuba) Spectra in GP turbulence 11th Dec,



Quantum fluid

Differences between quantum fluid and ordinary fluid obeying
Navier-Stokes equation are

@ No dissipation,

® Quasi-pressure term py(z),

e No vorticity, w(z) := V x v(z) =0 n=0
where n(x) # 0,

@ Vortex line for n(x) = 0 with a
quantized circulation.

?{dl-v() Wik (k € 2).
C

Is the quantum fluid turbulence similar to the ordinary fluid turbulence? J
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Numerical simulation of GP equation

@ Fourier transform of

() = / dzeF@ (),

@ GP equation with external force and dissipation in Fourier space
representation.

0
Gy = R+ g [ Skt p - q - r)ope

p?q?’"
+ Dy + [1

Dy dissipation, [1: external force
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Quantum and ordinary fluid turbulences

cf. High vorticity region of
a classical fluid turbulence.
Simulation with 10243 grid
points. (Kaneda and Ishihara
(2006))

Low density region of a quantum fluid
turbulence. Simulation with 5123 grid
points. (Yoshida and Arimitsu (2006))
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Spectra in Numerical Simulations

@ Simulations with various kinds of Dy, and /..

@ Spectrum of quantity X.

F¥ (k) o Ok KX ()X (K))

o Kobayashi and Tsubota (2005)
o F¥(k) ~ k™®? (w = P[y/nv], P pjojection onto solenoidal
component).
o Yoshida and Arimitsu (2006)
o F(k)~ k=32 F¥(k)~ k%5
o Proment, Nazarenko and Onorato (2009)
o F¥(k) ~ k™! or k™2, depending on Dy, and /.

@ Scaling law of the Spectra in GP turbulence is unsettled.
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Theoretical approach

Doublet representation

VRO _ et ((Ur(D) _(_F 10
() = (0) w1 (om0 5)
GP equation in Fourier space

SR =0 [ Oy Mg (OUE 0 0).

pgr

where [, := [d*k/(27)°, 0k = (27)6(k) and A = 1.

O‘B“’C(t) = (e~ th)aa/Ma’B y'¢! (eLpt)B’ﬁ(eth)"/v(eLrt)C’C

kpgr kpgr ’

B¢
kpgr T

_% for (a, B,7,¢) € {(+, =+, +)7(+7+7_7+)7(+7+7+7_)}
for (C’V»B:’WC) {( , )7(_7_7+7_)7(_7_7_7+)} .

1
3
0 otherwise
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Weak wave turbulence theory

o When |2vi| < |Lii),

YiE(t) ~ const. in time, () ~ /dmwzeik-m-kth‘
@ Correlation function
We? ) = QP 6,
@ Spectrum
F(k)= | o(k' = k)Qy

e Weak wave turbulence (WWT) theory
o In the energy-transfer range,

a ~1/3
F(k) ~ k' (In .
kp

o In the particle-number-transfer range,
F(k) ~ k=13
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Strong turbulence

o GP turbulence
o Weak wave turbulence (WWT) region: \%¢f| < |Litifl,
o Strong turbulence (ST) region: |2 > | L)
@ For the ordinary fluid turbulence, which is essentially strong
turbulence, some spectral closure approximations are availiable.
o F¥(k) < k~5/3 in the energy-transfer range (Kolmogorov spectrum).

The aim of the present study is to derive the spectrum F¥(k) of GP
turbulence not only for the WWT region but for the strong turbulence
(ST) region by means of a spectral closure approximation.

(K. Yoshida and T. Arimitsu, J. Phys. A: Math. Theor. 46 335501
(2013))

v
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© Closure Approximation
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Closure approximation

@ Unclosed hierarchy of moments,

d

Dy = gntiwuwy, i) = M),

e Approximate M (1)) as a function of lower order terms,

gM W) = > FIQ(t, ), G(t,s)] + O(g%)

o Correlation function
(W (P2 (1) = QR (1, 1) 0o
e Response function
oV (t
w%() =GP ()
6 fir (')
where §f(t') is the infinitesimal disturbance added at time ¢'.
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Invariance under global phase transformation

@ For simplicity, let us assume that the statistical quantities are
invariant under the global phase transformation,

DR (t) = PR (8).
Then, by introducing Qk(t,t') and Gg(t,t'), we have
QL (1. t) = e IQu(t 1), QT (1) = HIITIQ (1,1,

G;::——i-(t7 t’) — 672igﬁ(t7tl)Gk(t, t/), G’;—(t’ tl) — e2igﬁ(t—t’)G* k(tv t/),

and otherwise 0.
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Procedures for the closure approximation

(i) Expand @ and G in functional power series of the solutions Q@ and GO for the
zeroth-order in g.

Q= Q(O) + igiQm(Q(O), G(O)), G =09 1 igiG(i)(Q(O)7 G(O)),

=1 i=1

8Q Z AD(QO, ), %’ _ igiB(i)(Q(o),G(O)).

=0 =0

(i) Invert these expansions to obtain Q© and G in functional power series of Q
and G.
QV=0+> ¢c?Q0), =6+ gD7@Q0).
i=1 i=1

(iii) Substitute these inverted expansions into the primitive expansions of d@Q/dt and
dG/dt to obtain the renormalized expansions.

0 i oG N —
TS dEY@Q0), =Y grQa)
i=0 =0

(iv) Truncate these renormalized expansions at the lowest nontrivial order.

Kyo Yoshida (University of Tsukuba) Spectra in GP turbulence 11th Dec, 2014 17 / 25



Closure equations (1)

0 /
&Qk(tv t )

t .
292/ dt"/ St pq_pe T (K HPP—a? =) (=t
—oo pgr

X [~2Q7 5 (1. 8)Qu 1) Gt ) Qu(t" ¥) = 2Q7 (1, 8) G (1)@t ") Qu(t", V)

+2G7 5 (4, 1")Qq(t, ") Qr (8, 1) Qr (", ') +2Q7 5 (, ") Qq(t,t")Qn (¢, ") G (', t”)],

0 /
aGk(tat)

292 /t dt”/ 5k—p—q—re2in (% 4p%—a? =) (1=t")
t! pgr
X [22Q7 5 (6, ")Qa(t )G (b )Gt ) = 2Q7 (£t )G 1) Qn (1, Gt )

+2G" 5 (t,t")Qq(t, t")Qr(t, t")Gr(t", t’)] +6(t —t),
Ge(t,t)=0 (t<t).
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Closure equations

@ Correlation function for the number density field,

(nie()n—s (') — (nk () (n—k(t)) = Qie(t, t")k—pr,

0 nyy oy

— t,t

atka( ) )

_ 1/ 5k—p—q2L(p2 _ qQ)E%m(Pz—qQ)(tft’)Q*_p(t’ t,)Qq(t,t/)
Prq m

t
1 i 2 2 g r2— 2 v
+g/ dt"/ S aOma (b — g)ezim (PP Ha =t s )]

—o00 pqrs m

X [fG,,(t, Q" ) Qs (' ") + Qp(t,t" )G o (t, QR , £ Q—s(t', ")
+ QP(t7 t/l)Q*—q(ta t”)G:(tlv t”)Q*S(t,a t”) - Qp(tv t”)Qiq(ta t”)Q:‘(t/v t//)G*S(t/a t/l)]
+ O(gz).
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Time scale of the nonlinear term

@ Time scales
o T, (k) := 2mk™2, time scale of the linear terms.
o Tni(k), time scale of Qg(t,t') and Gg(t,t') with respect to ¢ — ¢'.
@ ST region: Ty, (k) < Ti(k),
@ Assume that the contribution from the low wavenumber region is
dominant in the wavespace integration. Then,

Gutt) =g [t [ )] [FAGEQUE ) +6Qu(t NGu(E. )],

t 2
%Gk(t,t’) — _4g° / dt"[n(t,t")] Gt t")Gr(t" ) +8(t — 1),
t/

where n(t,t') = [, Qx(t,
o We have
TNL(/{:) = g_lﬁ_l
in ST region k < k,, where

ko= (2m)'2g" a2 (Taw (k) = Ti (k).
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Energy flux

@ Energy flux (energy flowing into modes with wavenumber larger than K)

d
N(K) = 5
k>kK

U—ka(t, t) + gQZ(t,t)} :

@ Symbolically,
t i 2
II(K) 292/ 6k+p,q,r/ dt/eﬁ(kz‘ﬂﬂ—(ﬁ—'r‘z)(t—t/)kf

kpgr,D

m
X Q* (t7 tl)Q* (t7 tl)Q*(ta t/)G* (t7 t/)

(x =k,p,q,r, D :a wavevector space region)

@ When the contribution from the low wavenumber region is dominant,

H(K) = 92/ 6kfp*q /t dt,eﬁ(k2ipziq2)(t7t’)k—2
kpq,D’ m
X n(t, ) Qu(t, t)Qu(t, )G (t, 1)
@ In the energy-transfer region,
II(K)=1I (const.)
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Spectrum in the energy-transfer range

@ ST region (k < ky),
F(k) = C1(2m)Y2g= Y22k —2.

Probably, II > 0.
o WWT region (k > k),

~1/3
Fk) = Cog 2311V /31 (ln %) (low wavenumber marginal divergence)

Chg~ a2 /21 (low wavenumber divergence)
II > 0.

Strong turbulence

Weak turbulence

Weak turbulence

= o k2 =

Nl oc kM In(k/ky)] 1/
X K
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Spectrum in the particle-number-transfer range

@ Particle-number-flux (particles flowing into modes with wavenumber larger than

K)
Mm(K) = 2 Qult,t)
n = A k\lyU).
Ot Ji k>x
TNL,n(k) _ g—l/Q‘l—Inl—l/Q7 k*,n — (2m)1/291/4|Hn|1/4.
@ ST region (k < ku,n)
k1 (Probably II, > 0).

F() = Cag™ 2L 2 () (5]

@ WWT region (k> kv.n)
F(k) = C4(2m) VB g=2 B, VA3 (T, < 0).

Strong mrbnlon(c

Weak turbulence

o k™M [log(k/ko)] ™" log (ks /)]
o k13
T

ko ken
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Numerical simulations

e Simulation with external forcing and dissipation [Proment, Nazarenko
and Onorato (2009)]

10° z T 107
s Eors——r s
i forcing & - 2
Grook ey B e] S10° F
z r e z
o = /X I¢]
=107 | friction i E107 F
2' scale \ S 3
W, g w
=107 ¢ 1 =108+
* b ! = Ll
10 0.1 1K 107 o r—
@ Simulation without external force and dissipation (Yoshida, in progress)
10° T
t =400
t = 12800
107! N X k2
102

0 1 2
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Summary and problems

@ By means of a spectral closure, the spectra of GP turbulence are
obtained for the ST/WWT regions in the
energy-transfer/particle-number-transfer ranges.

@ Some numerical simulations are in support of F/(k) oc k=2 of the ST
region in the energy-transfer range.

Problems

@ Some correction to the spectrum of ST region in energy-transfer
range is needed to cancel the energy flow from Fr to Fx and to
maintain the statistical stationarity.

@ Correction beyond the log correction is needed for ST region in
particle-number-transfer range to eliminate the divergence of the
integral.

@ Since II, < 0 for k > k., and probably II,, > 0 for k < ks n, their
compatibility is questionable.
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