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1. Introduction

In recent years, the normal modes of Laplace’s tidal
equations, referred to as the Hough harmonics, have been
applied to the problem of data initialization (Errico 1989),
to the numerical integrations of the global shallow-water
equations (Kasahara 1977, Salby er al. 1990), and to the
diagnosis of global atmospheric energetics (Kasahara and
Puri 1981; Tanaka 1985; Tanaka and Sun 1990).

For nonzonal motions Hough harmonics are discrete
and orthogonal. However, the case of zonal wavenumber
zero is special in that the frequencies of gravity modes
(first kind) appear as pairs of positive and negative val-
ues of the same magnitudes, and the frequencies of the
rotational modes (second kind) are all zero. Therefore,
the rotational modes corresponding to zonal wavenumber
m=0 are not unique. It is necessary to have a complete
set of the eigenfunctions of zonal rotational motions (i.e.,
geostrophic modes) in order to expand atmospheric data in
terms of a series of Hough harmonics.

Kasahara (1978) constructed a set of geostrophic
modes by a series of Legendre polynomials, and applied
the Gram-Schmidt procedure to obtain an orthonommal set.
These will be referred to as the K-modes. Shigehisa (1983)
obtained another type of the geostrophic modes as the limit
of rotational modes for m —0. The limit of the rotational
modes is calculated by considering m to be a continuous
parameter and the ratio between m and the corresponding
eigenfrequency o to be finite. The latter condition ensures
the phase speed ¢ = o/m to be continuous with respect
to m. By this approach, Shigehisa obtained orthogonal
geostrophic_eigensolutions, which are referred to as the
S-modes. They have similar characteristics with the rota-
tional modes for m >0. In a software package developed
by Swarztrauber and Kasahara (1985), the S-modes are
calculated instead of the K-modes.

Since two sets of the geostrophic modes have been
proposed, it is meaningful to examine the difference in the
properties of the K- and S-modes. We are particularly in-
terested in the spectral characteristics of the observed zonal
mean atmospheric states in terms of the two different sets
of the geostrophic modes. The atmospheric zonal states
are projected onto the two sets of geostrophic modes to
complement the normal-mode energetic studies of Tanaka
(1985), Tanaka and Kung (1988), and Tanaka and Sun
(1990). We used the reanalyzed Level OIb datasets from
the First GARP (Global Atmospheric Research Program)
Global Experiment (FGGE) for the Special Observing Pe-
riod I (SOP-I) provided by the Geophysical Fluid Dynam-
ics Laboratory (GFDL). The differences in the meridional
encrgy spectra are examined to assess the merits of the two
sets of geostrophic modes.
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2. Normal modes for zonal wavenumber zero

A system of linearized shallow water equations in
spherical coordinates of longitude A and latitude 6 for a
resting basic state may be reduced to the following eigen-
value problem:

LHm = mev (1)

where L is a matrix differential operator of Laplace’s tidal
equation and o is the dimensionless eigenfrequency. The
eigensolutions H.,,(), 8) are referred to as Hough harmonics
of wavenumber m and are defined by a product of Hough
vector functions (U, -iV, Z)T and ™. The components
U, V, and Z represent the dimensionless longitudinal and
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Fig. 1. Meridional structures of symmetric K-modes (left)
and S-modes (right) for the internal component at h=150
m. Solid lines denote the dimensionless geopotential Z,
and dashed lines the dimensionless zonal wind 7. The
symbol { denotes a meridional index.
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Fig. 2. Normalized kinetic energy of the K-modes as func-
tions of »~'. (a) symmetric modes and (b) antisymmetric
modes.

meridional velocity and the dimensionless geopotential, re-
spectively.

The frequencies o of the rotational modes are identi-
cally zero for m=0. This results in v=0, a strictly zonal
flow. The required equation to be satisfied by the rota-
tional modes is a geostrophic balance between U and 2.
We thus refer to the modes as geostrophic modes.

Kasahara (1978) observed that any combination of 1/
and Z satisfying the geostrophic relation can be a basis
function of the geostrophic modes. One such a set of U
and Z is constructed by specifying a series of Legendre
polynomials, and applied the Gram-Schmidt procedure to
obtain an orthonommal set. Hereafter, we refer to these as
the K-modes.

Shigehisa (1983) proposed an alternative derivation of
geostrophic modes by assuming that o/m — ¢ as m — 0.
The limit ¢ has the analogy of dimensionless phase speed.
Given this additional condition at the limit, an eigenvalue
problem can be constructed with the eigenvalue ¢-! from
which the normal modes are constructed. Hereafter, we
refer to these geostrophic modes as the S-modes.

Figure 1 illustrates the meridional structures of ¥ and
2 of symmetric K- and S-modes for ~=150 m as an exam-
ple of intemal modes. Note that the differences in their
structures between the K- and S-modes are substantial.
The structures of the K-modes show large amplitudes of 2
compared with those of U and have a global extent with
large amplitudes in higher latitudes. In contrast, the struc-
tures of S-modes show comparable magnitudes of Z and U
and have large amplitudes in low latitudes for low merid-
ional indices. These features resemble those of equatorially
trapped internal normal modes of nonzero wavenumbers.

For each Hough vector function so obtained, we define
the components of kinetic energy and potential energy by

K, vl
1 w/2
(K.,) = 5/ (V’) cos6d8. 2)
—-x/2
P

ZZ
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Fig. 3. As in Fig. 2, but for the S-modes. The first
symmetric mode ip= -1 is plotted in (b) with other anti-
symmetirc modes.

We adopt a normalization condition of K, + K, + P = 0.5,
and K,=0 for the geostrophic modes.

Figures 2 and 3 describe the normalized kinetic en-
ergy levels for the K-modes and S-modes, respectively, as
functions of the inverse of equivalent height ». The solid
lines for both K- and S-modes indicate a tendency of the
energy level approaching 0.5 as A~! decreases. As A-! in-
creases, the kinetic energy level of the K-modes decreases
and eventually approaches zero as h — 0. We see for the in-
ternal mode at h=10 m that potential energy dominates over
kinetic energy, i.e., Z dominates U in their variance. For
the S-modes the energy level decreases as A-! increases,
as in the case of K-modes. However, we see clear turning
points in Fig. 3 such that the X over P ratios approach to
unity. It is shown by Shigehisa (1983) that both kX and P
tend to 0.25 as h — 0. This tendency agrees with that of
nonzonal rotational modes. The S-modes share common
characteristics with the nonzonal rotational modes, but the
K-modes do not have this feature.

3. Atmospheric energy spectrum

In this study, we compare the atmospheric energy spec-
tra by projecting observed data onto these K- and S-modes.
Refer to Tanaka (1985) and Tanaka and Kung (1988) for
the analysis scheme.

The atmospheric data used are the reanalyzed GFDL
FGGE IITb data for the SOP-1. The twice daily (0000 and
1200 UTC) variables of u, v, and ¢ are given at 12 ver-
tical levels of 1000, 850, 700, 500, 400, 300, 250, 200,
150, 100, 50, 30 mb. The original data at 1.875° lati-
tudinal grids are interpolated onto 60 Gaussian latitudes
using cubic spline routines. The vertical structure func-
tions for these 12 vertical levels are constructed numeri-
cally according to a finite-difference scheme described by
Kasahara and Puri (1981). The vertical mode for £=0 is
the extemal mode, whereas the rest of the vertical modes
are the internal modes. Although the higher order vertical
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Fig. 4. Spectral distributions of atmospheric total energy
of zonal wavenumber zero as functions of the meridional
index {. The three panels are for h,= 9624, 150, and 42
m, respectively. Dots denote for the K-modes, circles for
S-modes, and squares for gravity modes. Units are Jm-2.

modes are sensitive to the vertical resolution, it should not
cause a serious probiem for the purpose of comparing K-
and S-modes. The energy spectra are evaluated twice daily
and averaged for the SOP-].

The results of the energy spectrum for the zonal
wavenumber zero are illustrated in Fig. 4 as functions
of the meridional index. The results exhibit the total en-
ergy, i.e., the sum of kinetic energy and available potential
energy, for K- and S-modes and gravity modes. For con-
venience, we plotted the projected energy level of Ip=-1
of the S-modes in place of 1z=0. Here the subscript de-
notes rotational modes. For the external mode (he= 9624
m) these two meridional spectra of K- and S-modes are
very close to each other, especially in large i5. The re-
sults clearly show that the geostrophic mode energy dom-
inates over the gravity mode energy, confirming that the
geostrophic modes are essential for the expansion basis
functions. For the intemnal modes, the energy spectra of
K- and S-modes show marked differences with respect
to meridional indices. In the case of 4.=150 m, the en-
ergy levels of K-modes decrease almost monotonically as
Ip increases. The lz=1 K-mode represents about 90% of
the total energy. The energy values of S-modes increase
markedly for i, >7 following an initial decrease in energy
levels. This means that several meridional S-modes are
necessary to capture the majority of energy. while only the
first two K-modes are sufficient. The symmetric S-modes
show higher energy levels than the antisymmetric S-modes
for ir >7, and they appear altemnately. The altemating ap-
pearance of rather large S-modes energy shifts toward a

higher meridional index for higher intemal modes. The
tendency for the data projection onto the S-modes to re.
quire many meridional functions becomes more evident for
higher internal modes.
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Internal Mode h=150 m
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The result shows that the symmetric {p=1 K-mode
represents the majority of the total energy of the inter-
nal mode. This result may be explained by the fact that
structure of Z is suitable for representing the basic merid-
ional geopotential distribution of the atmosphere, having
warmer tropics and colder polar regions. In contrast, in
order to represent higher latitude structures in terms of
the S-modes it is necessary to use many modes of higher
meridional indices. The S-modes are suitable to represent
evenly partitioned kinetic and potential energies for small
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Fig. 5. Vertical energy spectra for n=0 as functions of A;'.
Dots denote energy projected onto the K-modes, circles
denote for S-modes, and squares denote for gravity modes.
Units are Jm~—2.

k.. We find that this partitioning is not observed in the at-
mosphere. The atmospheric zonal fields are fundamentally
forced by differential heating. The S-modes, that have the
propenty of free modes, are not effective to describe pre-
dominantly forced motions. Therefore, the K-mode series
converge faster than the S-mode’s 1o represent observed
zonal fields.

Figure 5 illustrates the vertical energy spectra of zonal
wavenumber zero as functions of h;' for k=0-10. For
both the K- and S-mode expansions, the energy maximum
(about 23 x 10°Jm-?) is seen at #,=150 m. Since the total
energy for m=0 is about 60 x 10°Jm~-2, close to one half of
the energy is found near the peak at A,=150 m. The exter-
nal mode at h,=9624 m contains 8.4 x 10°Jm-2. Another
energy peak is seen at 4,=22 m. The gravity mode energy
is two orders of magnitude less than the geostrophic mode
energy. Their energy peaks appear at the same 4, as seen
in the geostrophic modes. The energy spectra for K- and
S-modes agree well for large »,. However, the S-mode ex-
pansion contains less energy than the K-mode expansion
in small A, due to the slow convergence of the S-modes
(see Fig. 4).

4. Concluding remarks

The spectral characteristics of these two different sets
of geostrophic modes, which are referred to as K- and S-
modes, are compared by projecting atmospheric data onto
these modes. The data used in this study is the GFDL
reanalyzed FGGE IIb data.

Both the K- and S-modes indicate similar meridional
structures of U and Z components for a large equiva-
lent height such as 4,=9624 m as pointed out by Shige-
hisa (1983). However, the structures of these geostrophic
modes are substantially different for a smaller equivalent
height. The K-modes have globally extended structures
even for a small equivalent height, whereas the S-modes
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have equatorially trapped structures. The normalized ki-
netic energy, X (=K,), and potential energy, P, of these
geostrophic modes are compared for a wide range of the
equivalent height. We found that kK —0 and P —0.5 as
h —0 for the K-modes. In contrast, both ¥ and P —~0.25
as h —0 for the S-modes.

A large portion of the atmospheric energy is stored in
the zonal energy. The available potential energy dominates
over the kinetic energy, and the corresponding wind and
mass fields are essentially in geostrophic balance. These
observations, resulted from forced motions due to differen-
tial heating, match with the characteristics of the K-modes
together with the features in the energy ratio and globally
extended structures. We found that the K-mode represen-
tation captures the majority of observed energy with a few
meridional components. The S-modes with the character-
istics of free rotational motions and equatorially trapped
structures for a small equivalent height are inefficient for
the purpose of data expansion. The results show that the
use of K-modes is superior to the S-modes in the data
representation of zonal atmospheric fields due to a faster
series convergence especially for internal modes.
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