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Abstract

A diagnostic energetics scheme is developed in order to investigate the energy flows
among three-dimensional normal modes (Hough modes in horizontal) in the atmosphere.
This scheme is applied to the GFDL version of the FGGE level lllb data during the winter
from December 1978 to February 1979.

The resultant energy flow is summarized as follows : available potential energy generated
at zonal baroclinic modes (especially at the vertical mode”m=4) is directly converted into
kinetic energy of the planetary scale barotropic mode. Kinetic energy of the cyclone scale
baroclinic mode is transformed into zonal and eddy kinetic energies of the barotropic mode.
Parameterizing the horizontal scale of waves by their eigenfrequencies, we find for vertically
trapped modes, the kinetic energy spectrum follows approximately the 3 power of the fre-
quency. However, for the propagative Rossby modes, the spectrum obeys the —5/3‘ power
law and merges continuously with the spectrum of the gravity modes. It is concluded from
the results that the energy spectrum depends on the vertical propagation properties; the
energy spectrum of the propagative Rossby waves is similar to that of gravity waves in the
frequency domain. The trapped and the critical modes gain their energy through the

interactions mentioned above, whereas we find the propagative modes lose a part of energy

through nonlinear mode-mode interactions.

1. Introduction

Since the atmospheric energy flow was
discussed by Lorenz (1955) using the concept
of available potential energy, the energetical
role of the atmospheric eddies has been ex-
tensively investigated. Saltzman (1957) ex-
panded the energy equations into the wave-
number domain and showed that the kinetic
energy of the cyclone-scale waves is trans-
formed into both the planetary waves and
the short waves in terms of nonlinear wave-
wave interactions. The study by Saltzman
was followed by Kao (1968) and Hayashi
(1980) who extended this approach to the
wavenumber-frequency domain making use of
the two-dimensional Fourier expansion or the
space-time spectral method. The energy

decomposition was further pursued in the
meridional mode domain using spherical har-
monics (Eliasen and Machenhauer, 1965) and
in the vertical mode domain using empirical
orthogonal functions (Holmstrém, 1963).

On the other hand, Kasahara (1976) showed
a computational scheme of normal mode
functions called Hough functions in the
barotropic atmosphere. The normal modes
are the solution of linearized primitive equa-
tions over a sphere and have been applied
extensively to nonlinear normal mode initial-
ization techniques. He applied the Hough
functions to an orthonormal basis for the
energy decomposition in the meridional mode
domain. Since Kasahara and Puri (1981) first
obtained orthonormal eigensolutions to the
vertical structure equation, it became possible
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to expand the atmospheric data into the
three-dimensional harmonics of the eigen-
solutions. The normal mode approach is
useful especially for the research of tropical
waves because Kelvin waves or mixed Rossby-
gravity waves are obtained as the normal
modes in the atmospheric oscillations. Re-
cently, some vacillations in the middle latitude
atmosphere, such as 5-day waves or 16-day
waves, are identifiled with external Rossby
waves of (1,1) and (1,3) modes, respectively
(See Madden, 1978). According to Lindzen
et al. (1984), the observed planetary scale
vacillations are identified with the low-order
external Rossby waves which are expected
by the theoretical research. They compared
two -versions of the FGGE data by the Euro-
pean Center for Medium Range Weather
Forecast and the Goddard Laboratory for
Atmospheric Science, and verified that the
waves are not the artificial products by the
General Circulation Models but the character-
istics of the observed atmosphere.

However, it is still uncertain' how these
normal modes are created, amplified or dis-
sipated. This problem is closely related with
an amplification of planetary waves in con-
junction with the blocking phenomena in the
troposphere and - the sudden warming in
the stratosphere. Garcia and Geisler (1981)
suggested ‘that the waves are created by
stochastic noise. Regularly oscillating zonal
wind (Hirlota, 1971) may be one of the ex-
planations: for the variation of the atmospheric
normal mode. Although several researchers
investigated the statistics (Kasahara, 1976) or
time variations (Lindzen et al., 1984) of the
normal modes by projecting the energy onto
the Hough functions, the energy flow among
the normal modes has not been investigated
in the previous research so far.

In this paper we have developed a diag-
nostic energetics scheme which describes the
energy flow among the different normal
modes in the atmosphere. Hereafter, we will
call such a scheme a normal mode energetics
scheme. In order to ‘develope the normal
mode energetics scheme, we have applied the
technique of the three-dimensional expansion
into normal mode functions developed by

H. Tanaka 18L

Kasahara and Puri (1981). This scheme can.
provide much information concerning the
energetics for particular normal modes such
as 5-day waves or 16-day waves. By summing
up the normal mode energetic terms within
the same physical categories, for example,
barotropic mode, baroclinic mode, Rossby
mode or gravity mode, it is also possible to
investigate the energy interactions among
them. By applying the normal mode ener-
getics scheme to a data set of the First
GARP (Global Atmospheric Research Program)
Global Experiment (FGGE) by the Geophysical
Fluid Dynamics Laboratory (GFDL), we inves-
tigated the energy distributions and the
energy interactions as functions of wave-
number, vertical mode and meridional mode.
Since each normal mode is associated with
one eigenfrequency, it is also attempted to
present the energy distributions in the fre-
quency domain.

2. Data

The GFDL version of the FGGE IlIb data
for 1 December 1978 though 30 November
1979 were obtained from the World Data
Center A for Meteorology at Asheville, North-
Carolina, U.S.A. The FGGE data on a
1.875° by 1.875° latitude longitude grid were
interpolated to a 4° by 5° grid with 46 lati-
tudes from 90°S to 90°N and 72 longitudes
from 0° to 355°E. The twice daily (0000 and
1200 GMT) meteorological variables of hori-
zontal wind, vertical p-velocity, temperature
and geopotential height are defined at 12
vertical levels of 1000, 850, 700, 500, 400, 300,
250, 200, 150, 100, 50, 30 mb. These FGGE
data are the same as used by Kung and
Tanaka (1983, 1984) for the spectral energetics
analysis of the global circulation (refer to
these papers for details). The winter three
month from December 1978 to February 1979
are analyzed although the vertical eigenfunc-
tions and the Hough wvector functions are
computed based on the annual mean global
temperature.

The GFDL version is selected from several
versions of the FGGE data because a global
optimum interpolation analysis in the final
stage of 4-dimensional assimilation process
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(Miyakoda et al., 1982) seems to enhance the
quality of data as the observed atmosphere.
The gravity wave component should be
retained as well as the Rossby waves even
though the statistical interpolation process
tends to lose the dynamical consistency of
the data.

3. Scheme of analysis

A normal mode in a realistic mean zonal
wind has not been obtained so far. It is dis-
cussed by Kasahara (1980) and Salby (1981)
that the Hough functions in a motionless
atmosphere would be distorted by the presence
of the realistic basic state. As is pointed out
by Ahlquist (1982), however, the distortion is
small for the lowest-order Hough modes. In
this study, the atrnospheric data have been
projected onto the Hough functions obtained
for motionless atmosphere as in Kasahara
(1976) or Lindzen et al. (1984).

A set of primitive equations with P-coordi-
nate in the vertical may be written as

du 1 ¢
-5——29 sin fv+ Teosd o7
=—-f7~uV~——-a——uw+ tan 0 ww+F,, (1)
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The symbols used in the equations are custom-
ary and summarized in the Appendix. In order
to obtain the energy conservation law, one
term has been neglected in (3) assuming that
the perturbation temperature, T, is negligible
compared with the basic state temperature,
T, (Holton, 1975). The stability parameter,

7, which is determined by the basic state
temperature is a function of p only. The
right hand sides of (1)-(3) involve nonlinear
terms, frictional forces and a diabatic heat
source.

By a separation of variables for the linear-
ized version of (1)-(3), we obtain a vertical
structure equation which constitutes an eigen-
value problem to obtain equivalent heights,
o

Gn(p)=0.
(5)

Applied to the proper boundary conditions,
Eq. (5) is solved by a finite difference method.
The m-th vertical eigenvectors, Gn(p), satxsfy
the orthonormal condition :

1 (7 A o '
0. CaPIGdp=tay ()

3

a pt ‘a
(5 77 3p) 00

where the subscript j refers to a different
eigenvector, and J,; denotes a kronecker
delta. Global mean surface pressure, p; IS
substituted for (6). Refer to Kasahara and
Puri (1981) and Kasahara (1984) for discrete
and continuous formula to get a set of ortho-
normal eigenvectors. The basic state tem-
perature, T, stability parameter, 7, and
equivalent height, h,, are listed in Table I.
Global mean temperature of the FGGE data
is averaged for one year from December 1978
through November 1979 to obtain 7. Fig. 1
illustrates the orthonormal vertical eigen-
vectors obtained by the finite difference
scheme with 12 vertical levels. The vertical

Table 1 Global mean temperature T, stability
parameter y, and equivalent height An.

Pmb) T, (K) r (K) m A (m)

30 215.56 66. 84 0 9623.9

50 212.72 67.91 1 2297.1
100 205.49 57.62 2 475.9
150 211.44 39.55 3 272.0
200 219.17 33.77 4 150.0
250 225.94 28.65 5 79.5
300 233.47 22.51 6 42.4
400 247.63 20.23 7 26.3
500 258.97 24.19 8 21.6
700 274.38 34.36 9 13.4
850 282.48 37.07 10 9.4
1000 289.82 33.84 11 9.0
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Fig. 1 Vertical eigenvectors for (a) vertical modes m=0-2, and (b) m=3-5.

mode m=0 is called a barotropic mode because
the values of the mode are approximately
constant and have no node .in the vertical.
The vertical mode m=1 has one node in the
vertical, m=2 has two nodes and so on. The
vertical mode number is defined in this paper
so that the mode number corresponds to the
number of nodes in the vertical. The modes
mz=21 are regarded as baroclinic modes. The
vertical structure for the higher’ modes may
depend on the selection of vertical levels for
finite difference method.

Using the orthonormal condition (6), we

where o
’ [un] [Vgha O 0
Wp=|va |=| 0 '\/g_'-h—m 0
| P 0 0 ghn
— . -
20vgh, 0 0
B, = 0 20vVgh, 0
L. 0 0 282 |
22/ gh, 0 07
C,.= 0 20vVghy, 0
0 0 20

can construct a set of vertical transforms:

f(0)= 3 fuGalp), NG

1 o
fu= )V FOGADD, (8)

where f(p) is an arbitrary function of pres-
sure. By applying the vertical transforms to
(1)-(3), we obtain a dimensionless equation in
a vector form :

%}VM+LIVnL=Bm+Cm+Dm: (9) :
"y
v (10
¢ ()
e d tan @ B
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20+/ghy 0 0
D.=| 0 20vgh, 0

0 0 212

The subscript m denotes the m-th component
of the vertical transform. After obtaining
the m-th vertical component, we make the
vectors dimensionless by a scaling matrix
involving the equivalent height, and 28
for time. The linear operator, L, is given
by

— ] Am iﬁ
0 ‘ —sind cos 8 i
L=| siné 0 @ 9
- n . ‘ n 80
an 0 ap 0
cos§ 02 cosd '80()C0§0 0 Js
(14)

where the dimensionless coefficient, «,, is
defined as

_Vghn
a’m——m. (15)

The linearized equation (9) substituted by
zero for' the right hand side is called a hori-
zontal structure equation (Laplace’s tidal
equation), and the solutions are called Hough
harmonics, H,,. The Hough harmonics are
obtained as an eigenvalue problem with eigen-
frequencies, o,,,, for the free waves:

_iosrmHsrm+LHsrm=0 , (16)
where ‘
. IIsrm(;{{ 0)=@srm(‘9)exp(i3/{) ’ (17)

and the Hough vector functions, &,,,, are
given by

U
@xrut(o): _l' V (0) (18)
Z Srm

Refer to Longuet-Higgins (1968) and Kasahara
(1976) for details concerning the Hough vector
functions. The subscripts s and » denote
zonal wavenumber and meridional mode num-
ber, respectively. The meridional mode num-
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F, S (13)
9.9
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ber is defined as a sequence of three distinct
modes. The one is a westward propagating
Rossby mode specified by /... The other two
are westward and eastward propagating grav-
ity modes, [, and /,. The Hough harmonics
satisfy the orthonormal condition in the fol-
lowing -sense :

1 (=2 (2=
g SHsm-H;!‘,,mcosﬁdldﬁ

2; -x/2J0 ‘
=5rr'5ss' ’ (19)

where the asterisk denotes a complex con-
jugate and the primes refer to another Hough
harmonics. -

Using the orthonormal condition, we can

construct a set of Fourier-Hough transforms:

Wald, 8, 0=3 3 wanHin(3, 0),
N (20)

1 (=2 (2= -
' wsrm.(t)—.‘ “2;5__”250 Wm('lr 0: t)

CHEL(A, @)cos 8dAd6, (21)

By applying the Fourier-Hough transforms to
(9), we obtain

W Wsrm +iasrnzlusrn1=bsrm+csrm+d3rm y
(22)

where the complex variables wym, Berm» Csrm
and d,, are the Fourier-Hough transforms of
the vectors of (10)-(13), respectively. Accord-
ing to (22), the time change of the complex
expansion coefficient of a normal mode, wsyp,
is caused by four terms, i.e., a linear term
related with phase change of the wave, non-
linear terms due to wind field and mass field,
and a diabatic process. Since the eigenfre-
quency is always real, the linear term con-
tributes only to the phase change of the mode,
but not to the amplitude change.

On the other hand, the summation of kinetic
energy, K, and available potential energy, A,
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is conserved provided that F,=F,=Q=0
(Kasahara and Puri, 1981):

c(lit[ngj J, Edp- F%' RT, g1as |

=0, (23)
where
E=K+4, (24)
1':%(u2+u2), (25)
L p g\
=5 <ap) : (26)

and the subscripts s for the coefficients denote
surface value of the basic state here. By
expanding the dependent variables in (23) into
the vertical normal modes using (7), the
equation of energy conservation is reduced to
a sum of squares of dimensionless variables
Um, Uy and Sm

[Eo bk Ss ug"+vf'l4‘¢%t)615]=
(@7)

Moreover, by expanding them into the Hough |

harmonics using, (20), we finally obtain the
equation of energy conservation in terms of
a summation of energies associated with each
mode :

2

> S 3 Eun=0, (28)
m=0 r=0 s=v df ‘
where
‘ Eorm:: %l)sh m I Worm I %, (29)
1 \ L
Esrmzif)xhr” wsrml . (30)

The energy of a normal mode is defined as
the square of the absolute value of the com-

plex expansion coefficient, multiplied by a

dimensional factor chosen so that the energy
is expressed in Jm=% The kinetic energy of
zonal and meridional components, K, and X,
and the available potential energy, A, for
each mode, can be retrieved by E,,,, through
multiplication by coefficients, Buw Be B. which
represent energy ratios of U, V, and Z of
the normalized Hough vector functions:
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](u ﬁu
K, =Esm ﬁv
- ‘4 srm ﬁz =srm
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22 srm -

In order to obtain energy balance equations
for the normal modes, Egs. (29) and (30) are
differentiated with respect to time, ¢. Sub-
stituting (22) into the time derivatives of
Werm, WE obtain finally :

—dd% E.\'r1n=Bsrm.+Csrm+D.trm ’ (32)

where
Born=ps2halwlnbsem+ Wermblin], (33)
Corn =Rk n[ W mCorm+Wernchin], (3)
Dyrm=psQhn[wndsntwandial. (35) .

According to (32), the time change of E,,, is
caused by the three terms which appear in
the right hand side of (32). The terms By
and C,., are respectively associated with
nonlinear mode-mode interactions of kinetic
and available potential energies and D,
represents an energy source or sink due to
the diabatic process and dissipation. The
linear term in (22) does not appear in the
energy balance equation because this term
does not contribute to the time change of
the magnitude of w.,. Eqgs. (33)-(35) should
be multiplied by 0.5 for s=0 as in (29).. The
energetic terms of the gravity modes for
s=0 were multiplied by 0.5 in this 'study
because a set of Hough vector functions
associated with positive and negative eigen-
frequencies are the complex conjugate of
each other (refer to Kasahara, 1978).

By means of the inverse transforms of the
vertical and Fourier-Hough transform, it can
be proved that the summations of all non-
linear mode-mode’ interactions, By, and Cyyn,
are zero because they represent global inte-
grals of the flux convergences of the kinetic
and the available potential enexgles, 1espec-
tively : -
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The vertical change of 7 is assumed to be
negligible, and the vertical geopotential flux
is also assumed to be negligible for the
surface integral at p, so as to obtain the
relation (37). The second term in (23) is
basically due to the vertical geopotential flux
at the surface pressure. This term has been
considered in this study as the secondary
importance for the global energetics analysis.

[n the actual computations with the FGGE
data defined by each the 4° by 5° grid, we
calculated the Hough vector functions utilizing

the associated Legendre functions which

satisfy the orthogonal conditions for the
finite difference scheme with data grids. The
Hough vector functions are truncated by 26
Rossby modes ([,=0-25) and 12 gravity modes
({,=0-11,  {,=0-11). Energetic terms are
computed for each observation time and
averaged during the data period.

4. Energy distributions

A summation of energies for all the normal
modes is equivalent to the energy integrated
over the entire mass of the atmosphere as
was discussed before. If we take a summa-
tion of energies for all meridional and vertical
modes, the resultant energy becomes a func-
tion only of the wavenumber. Because the
Rossby and the gravity modes are involved
in the Hough harmonics, the energy spectra
of these two modes are presented separately.

The distributions of kinetic and available
potential energies for Rossby and gravity
modes are illustrated in Fig. 2 as a function
of wavenumber. The meridional components
of the kinetic energy for the Rossby modes
are also illustrated in the figure. The kinetic
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Fig. 2 Energy distributions in the - wavenumber
domain. XK : kinetic energy, A : available po-
tential energy, K, : v-component of K.

energy spectrum for the Rossby modes follows
approximately the —3 power ‘law for s=7
(Leith, 1971). The available potential energy
spectrum also follows' the —3 power law
(Chen and Wiin-Nielsen, 1978). This range
is regarded as an inertial subrange for two-
dimensional isotropic turbulence in the atmos-
phere. The kinetic energy level is lower
than that expected by the —3 power law for
s=1 to 6. This deflection of the energy
distribution is attributable- to the meridional
component of the kinetic energy. These
results are consistent ‘with- previous research
(e.g., Wiin-Nielsen, 1967). The energy dis-
tributions for the gravity modes follow the
—5/3 power law, which is regarded as
three-dimensional isotropic turbulence in the
atmosphere. ' o
Synthesizing the energies with respect to
all the wavenumbers and meridional modes
for Rossby and gravity modes separately, we
obtain the energy spectra in the vertical mode
domain. Fig. 3 illustrates the energy distri-
butions of eddy kinetic and eddy available
potential energies (s=1-15) for Rossby. and
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gravity modes, respectively. The features
are ‘the same for s=0 (not shown), where
the normal modes for s=0 are obtained accord-
ing to Kasahara (1978). A large amount of
kinetic energy of the Rossby mode is included
in the barotropic mode (m=0). Another
energy peak is seen at m=4 which is one of
the baroclinic modes. As is seen in Fig. I,
the eigenvector for m=4 has a node at 600 mb
and a maximum at 250 mb. The tropospheric
jet near 250 mb level may cause the secondary
maximum of kinetic energy at m=4. This
secondary peak was found at m=3 according
to Kasahara and Puri (1981). The distribution
of available potential energy for the Rossby
mode shows an energy maximum at m=4.
Small temperature deviations from the global
mean near 250 mb may be reflected at m=4.
The reservoir of available potential energy is
small (but not zero) for the barotropic mode.
The energy reservoir of this mode should
vanish if the vertical eigenvector m=0 were
exactly constant with respect to pressure.
The distribution of both the kinetic and avail-
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able potential energies for the gravity modes
indicate their energy peaks at m=4. This
result differs from that obtained by Puri (1933)
who obtained the energy maximum at m=0
in his model analysis.

The kinetic energy spectra in the meridi-
onal mode domain are illustrated in Fig. 4
for s=1 through 6. With the results in Fig.
3, the distributions are presented for m=0
and m=4. The Kkinetic energy spectrum for
$=0 (not shown) indicates the energy peaks
at the first two symmetric modes of the
barotropic mode. These two symmetric modes,
[r=1 (3.3x10° Jm™* and /,=3 (1.9X10° Jm~?),
contain about 50% of the kinetic energy for
s=0. The distribution of available potential
energy for s=0 shows an energy peak at the
first symmetric mode of m=4. This single
mode, /,=1 (22.7X10° Jm~2) contains about
90% of the available potential energy of s=0.
The kinetic energy distribution for the Rossby
modes of s=1, m=0 shows the energy peaks
at /=4 and 6. The distribution approximately
follows the —3 power of the meridional mode
number at the range of large meridional
modes. A similar result was found by Kasa-
hara and Puri (1981). There is an apparent
cut-off of energy at the range of /,<4. It is
discussed in Tanaka (1984) that for s=1, m=0,
a transition of energy peaks was observed
during January 1979 from /,=8 via 6 to 4.
The wave energy started to propagate verti-
cally when the energy peak reached /,=4 or
3 which is a critical meridional scale for the
vertical propagation (see Dickinson, 1968). It
is found by the intermediate results of the
present study that the energy of m=0 is

~ transformed to m=1 while the vertical propa-

gation occurred. For this result, the meridi-
onal mode with the energy peak is considered
as the critical meridional mode for the vertical
propagation of wave energy. The range
where the —3 power law is applicable is
regarded as pertaining to the trapped mode.
Conversely the range of smallest meridional
mode is the propagative mode. The energy
peaks are seen at [,=3 for s=2, 3, 5 and at
l,=2 for s=6. The kinetic energy spectra
for m=4 show energy peaks at /,=6, 7 for
s=5 and 6. These energy peaks are associ-
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ated with the characteristic meridional scale
of the cyclone-scale waves. The energy peaks
for m=4 are flattened in s=1 or s=2. The
‘engrgy spectra for the gravity modes approxi-
mately follow the —5/3 power of the merid-
ional mode. The energy level for m=0 tends
to decrease as the wavenumber increases, but
it remains unchanged for m=4.

A Hough function is associated with an
eigenfrequency which is determined by the
horizontal scale ‘of the wave. Using the
eigenfrequency as a coordinate, we can inves-
tigate the energy spectra in the frequency
domain. In Fig. 5 the kinetic energy distri-
bution of barotropic mode is plotted as a
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westward propagating Rossby modes (large
symbols) and gravity modes (small symbols)
are plotted in the left half of the figure,
whereas the small symbols in the right half
indicate the eastward propagating gravity
modes. Since the energy levels of the gravity
modes are low and are accomodated with high
frequencies, the energy distributions for the
gravity modes are positioned in the lower
left and lower right corners of the figure.
The distributions show clear energy peaks at
the frequency ¢=0.03 (16 day) for s=1, and
0=0.07 (7 day) for s=6. The energy peak
is a function of the wavenumber. These
energy maxima correspond to those in the

function of dimensionless frequency. The meridional mode domain (Fig. 4). As was
K'm=0 Uni?)
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Fig. 5 Kinetic energy distributions in the dimensionless frequency domain
for barotropic mode (m=0).
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discussed previously, the frequency for which
the energy peak is observed, corresponds to
the critical meridional mode for the vertical
propagation. The energy spectra follow ap-
proximately the 3 power of the frequency at
the low frequency range. This range corre-
sponds to the trapped mode. On the other
hand, the spectrum follows approximately the
—5/3 power at the high frequency range of
the gravity modes. As is seen in Fig. 2 and
3, the energy spectra of the gravity modes

follow the —5/3 power of the wavenumber

and meridional mode. Because the phase
velocity of the gravity mode is a function of
the depth of the fluid (equivalent height), and
taking into account the relation ¢=0/s, we
thus have an analogy with the —5/3 power
law for the frequency domain. By using the
dispersion relationship of the Rossby-Haurwitz
waves, the same argument gives us an analogy
of the 3 power law for the low frequency
range. The most interesting features of this
result are that the energy distribution of the
propagative Rossby modes not only seems to
follow the —5/3 power law, but also merges

continuously with the distribution of the

gravity mode. The mixed Rossby-gravity
modes are positioned between the two types
of modes. The frequency in the abscissa is
determined by the theory for free waves in
the motionless atmosphere. Nevertheless, the

K m=0 (a)

K m=4‘
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energy peaks in the frequency domain may
be significantly related with forced and free
stationary waves in the westerlies. Supposing
that the energy peaks correspond to the
stationary waves, the spectral distribution
turns out to be similar to that found in pre-
vious research concerning the space-time
spectra of progressive and retrogressive waves
(e.g., Hayashi, 1982). It .is conjectured that
the meridional scales of the waves are ad-
justed so that the energy spectra follow the
3 or the —5/3 power law in the motionless
atmosphere. ' :

Fig. 6 shows the energy distributions of
the kinetic energy of m=0 and 4 and the
available potential energy of m=4 for the
westward propagating Rossby modes as a
function of the dimensionless phase velocity
(c=0¢/s). It may be readily noted that for
the trapped modes the distributions of Kinetic
energy follow approximately the 3 power of
the phase velocity independently of the wave-
number. The distribution of available potential
energy seems to obey the 5 power law
(Merilees and Warn, 1972).

Before leaving this section, the energy
distributions are shown for Kelvin modes and
mixed Rossby-gravity modes. Fig. 7(a) illus-
trates the energy distributions for these modes
as a function of wavenumber by summing all
the contributions relative to the vertical and

(b) A (c)

1 1 L L [

1

] ] ] | 1 1

10° 10
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107 107 10°
PHASE VELOCITY

Fig. 6 Energy distributions in the dimensionless phase velocity domain for kinetic energy
(a) m=0, (b) m=4 and for available potential energy (c) m=4.
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meridional modes.  Most of the energy is
included in the planetary waves for the Kelvin
modes, whereas the mixed Rossby-gravity
modes indicate an énergy peak in the cyclone-
scale waves. Fig. 7(b) illustrates the energy
distributions as a function of vertical mode
obtained by a summation over all the wave-
numbers and meridional .modes. Most of the
energy is included in the barotropic mode for
the mixed Rossby-gravity modes. The Kelvin
‘modes show an energy maximum in the range
of m=2 to 4, and the energy level is very
low at the barotropic mode.

5. Energy interactions

We start the examination of the energy
interactions in the wavenumber domain by
synthesizing all the vertical and' meridional
modes. The results for all the vertical modes
{(m=0-11) are illustrated in Fig. 8(a). Figs.
8(b) and (c) show the separation into baro-
tropic (m=0) and baroclinic modes (m=1-11),
respectively. The results are presented only
for the Rossby modes excluding the gravity
modes unless otherwise mentioned. The dis-
tribution for m=0-11 is equivalent to Fig. 1
in Kung and Tanaka (1984). The term C
corresponds to R(n)+S(n) and the term B to
M(n)+L(n) in the mentioned paper except
that these results are for the Rossby mode

only. The positive value of the nonlinear
interaction C means that the zonal available
potential energy is transformed into the
eddy available potential energy. By means
of a separation of this interaction into the
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Fig. 8 Energy interactions in the wavenumber
domain for (a) m=0-11, (b) m=0 and (c)
m=1, 11. B: Interactions of kinetic energy
(Rossby mode), C: those of available poten-
tial energy.
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barotropic and the baroclinic modes, it is found
that most of the interaction is included in the
barotropic mode. In particular, the wave-
number 2 shows large interaction. The inter-
action by the baroclinic mode is small for all
the wavenumbers. On the other hand, the
nonlinear interaction for the kinetic energy,
B, for m=0-11 shows negative values. This
means that the eddy kinetic energy is trans-
formed into the zonal kinetic energy. The
separation of the interaction into the barotropic
and the baroclinic modes reveals that these
features are valid only for the baroclinic
mode. On the contrary, the direction of the
energy flow for the barotropic mode is oppo-
site to that for the baroclinic mode. This
result would be important for an investigation
of barotropic instability because the result
suggests the possibility of an energy flow
from the zonal kinetic energy to the eddy
kinetic energy in 'a climatological sense.
Nevertheless, the kinetic energy of the baro-
tropic mode seems to be supplied by the
baroclinic modes instead of by the zonal
motions ‘as will be shown later.

Fig. 9 illustrates the distributions of the
nonlinear interaction in the vertical mode
domain for all wavenumbers (s=0-15), zonal
(s=0) and eddy (s=1-15) obtained by a similar
procedure as in Fig. 8. The available potential
energy generated in the zonal baroclinic mode,
especially m=4, is transformed into both the
zonal and eddy available potential energies of

C (a)

———

YERTICAL MODE

YERTICAL MODE

! ]
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the barotropic mode. Similarly the Kinetic
energy is transformed from the baroclinic
mode to the barotropic mode. Evidently, the
kinetic energy of the barotropic mode is sup-
plied by the baroclinic mode. The nonlinear
interactions for the available potential energy
and the kinetic energy are visibly expressed
in Fig. 10, where the abscissa corresponds to
wavenumber and the ordinate to the vertical
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Fig. 9 Energy interactions (Rossby mode) in the
vertical mode domain for (a) s=0-15, (b) s=0
and (¢) s=1-15. ‘
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Fig. 10 Energy interactions (Rossby mode) in the wavenumber and vertical mode domains for (a)

available potential energy and for (b) kinetic energy.
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. mode. The arrow in Fig. 10(a) indicates the

energy flow of the available potential energy
from the zonal baroclinic mode to the planetary
scale barotropic mode. Since the energy

. reservoir is very small- for the available

potential energy of the barotropic mode (see
Fig. 3). the energy must be transformed
immediately to the kinetic energy of the same
mode by the baroclinic conversion process.
If we sum up the gionlinear interactions of
the available potential energy for all the
vertical modes, 'the resultant energy flow
appears as if the zonal “available potential
energy were transformed-into the eddy avail-
able potential energy and then, this energy is
converted into the eddy Kkinetic energy.
However, according to the results above, it

“is suggested that most of the zonal available

potential energy is converted directly to the
eddy kinetic energy. Likewise, the arrows
in Fig. 10(b) indicate the energy flow of the
kinetic energy from the eddy baroclinic mode

fto the zonal and eddy barotropic modes.

Zonal kinetic energy is supplied by the eddy

kinetic energy of the baroclinic mode.

Fig. 11 illustrates the nonlinear interactions
for available potential energy as functions of
vertical and meridional modes for s=1 through
6. Large inflows of ‘the available potential
energy at the barotropic mode are observed
at the meridional modes /,=6 to 8 for s=1,
[,=2 to 4 for s=2, 3, and at /,=2 to 3 for
s=4, 5 and 6. These large inflows of the
energy coincide with the kinetic energy peaks
in the meridional mode domain (see Fig. 4,
m=0, critical mode). Evidently, the large
inflows of the available potential energy at
m=0 feed the kinetic energy of the plahetary-

. scale barotropic mode. The same distributions

of the nonlinear interaction for the kinetic
energy are illustrated in Fig. 12. The large
energy outflows at m=2 to 4 appear at [,=6
to 7 for s=5 to 6. These are to be associ-
ated with the activity of the cyclone-scale
waves. The energy outflow is extended to
the small meridional modes for the planetary-
scale waves where m=2 tends to dominate.
The large inflows of the kinetic energy at
m=0 appear at /,=4 to 8 of the planetary
waves. These energy inflows supply the
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kinetic energy of the trapped meridional
modes (see Fig. 4). It is noteworthy that the
large energy outflows are observed at the
propagative modes even for the barotropic
mode. The meridional mode [,=2 for s=1
shows a large outflow of available potential
energy. - The meridional modes {,=2 for s=2,
and /,=3 for s=3 show large outflows of
kinetic energy. These energy outflows must
be compensated by diabatic heat sources or
baroclinic conversion from _kinetic energy
(former) or from avallable potentlal energy
(latter). Consequently, ‘the energy flow for

. the barotropic mode ' is characterized by the

energy inflows at the trapped and critical
modes and by these outflows at the propaga-
tive modes. '

As in Fig. 5 the nonlmear interactions of
kinetic energy for m=0 and 4, and those of
available potential energy for m=0 are plotted
in Fig. 13 as a function of the dimensionless
frequency. In the case of the kinetic energy
the interactions for m=0 mainly indicate a
gain of energy with two exceptions at s=2
and 3 as in Fig. 12. These exceptional out-
flows of energy occur at the propagative
modes. The interactions for m=4 indicate °
outflows of energy. The nonlinear inter-
actions of available potential energy for m=0
indicate the same characteristics as those of
kinetic energy. The exceptional outflows of
energy are seen associated with s=1. These
typical energy outflows may explain the
decrease of kinetic energy at the frequency
of the propagative Rossby modes (Fig. 5). It
is still unclear why the energy distribution of
the propagative Rossby modes follows the
—5/3 power of the frequency and merges
continuously with that of the gravity modes.
One of the possibilities is that the Rossby
waves tend to behave like the three-dimen-
sional turbulence if they can propagate freely
into the stratosphere and the mesosphere
without feeling any rigid top boundary. If
this is the case, the —5/3 power law could
be derived without the assumption of isotropy.

Finally, the normal mode energetic varia-
bles are summarized in Table 2 in terms of
the classified modes in the wavenumber,
vertical mode and meridional mode domains.
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Table 2 Energy balance for the classified modes in the wavenumber, vertical mode and
meridional mode domains. Units are 10° Jm=2 for energy, Wm™2 for interactions.
mode K, K, K A E B c B+C
s=0 10.6 0.0 10.7 50.5 61.2 0.39 —-1.93 -1.54 -
s=1-5 4.6 1.4 5.9 3.7 9.6 —0.38 1.73 1.35
s=6-10 0.9 0.9 1.8 0.6 2.4 —0.25 0.60 0.36
s=11-15 0.2 0.2 0.5 0.2 0.7 0.01 0.07 0.08
m=0 8.6 1.5 10.1 2.1 12.2 0.78 3.86 4.64
m=1-11 7.7 1.1 8.9 52.8 61.7 -1.00 -3.39 —4.39
Rossby 16.1 2.3 18.4 54.7 73.1 —0.21 0.44 0.23
West-gr. 0.1 0.2 0.3 0.1 0.4 0.02 —0.02 —0.01
East-gr. 0.1 0.1 0.3 0.2 0.4 —0.03 0.05 0.03
Sym. 12.5 1.3 13.7 48.5 62.2 0.07 —0.52 —0.44
Antisym. 3.9 1.3 5.2 6.5 11.7 —-0.29 0.99 0.70

The zonal and eddy energy levels are respec-
tively 10.7 and 8.2 (10° Jm™*) for the kinetic
energy and 50.5 and 4.5 (10° Jm™%) for the
available potential energy. ‘These values
agree reasonably well with previous results
(Kung and Tanaka, 1983) despite the fact that
the kinetic and available potential energies
have been retrieved by the total energy
through multiplication by the coefficients §..
Bs B.. The -energy interactions between

zonal and eddy kinetic energies and between
zonal and eddy available potential energies
are 0.39 and —1.93 (Wm™?), respectively.
These energy interactions are also reasonably
close to those found in previous research
notwithstanding the fact that the period of
analysis is slightly longer in this study and
the stability parameter for the available
potential energy is fixed by the annual mean
state. Decompositions of the energy and
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«' .1 Table 3- Energy balance for Kelvin, mixed Rossby-gravity modes and low-order Hough
modes (s,7,m). Units are 10° Jm=? for energy, 10~2Wm™* for interactions.
‘mode. . . K, ' K, K A E B c B+C
Kelvin® 54 0.0 5.4 5.7 1.1 1.5 0.4 1.8
Mix Ro-gr. . 1.9" . 14.2 16.1 1.4 17.5 -1.4 1.5 0.1
(1,1,0) 0.4 0.1 0.5 0.3 0.8 —0.2 -1.1 -1.3
(1,2,0) 1.7 0.5 2.3 0.9 3.1 -0.1 —4.8 -4.9
1,3,0) 58" 1.5 7.3 1.8 9.1 0.7 2.3 3.0
(1,4,0) 9.4 2.0 11.4 1.8 13.3 1.9 2.1 4.0
2,1,0) 0.3 0.3 0.5 0.1 0.6 —-0.2 1.3 1.1
2,2,0) 2.3 1.6 3.9 0.7 4.6 -1.8 . 6.9 5.1
(2,3,0) 7.7, ... 4.1 11.7 1.6 13.4 -0.9 6.7 5.8
“(3,1,0) 0.3 0.6 0.9 0.1 1.1 -0.2 0.1 —-0.1
1.2 1.3 2.5 0.3 2.8 - 0.0 1.5 1.5

3,2,0)

energy interactions into .the barotropic and
the: baroclinic modes .reveal that a large

 amount of energy is transformed from the

baroclinic: mode to the barotropic mode.
Quantitatively, the value of the interaction is
4:64 (Wm™) which is larger than that
between the zonal and eddy motions by a
factor 2. This indicates that the energy is
generated in the baroclinic mode and dissi-
pated in the barotropic mode. This energy
flow is reasonable' because large amount of
available potential energy (s=0) is converted
to eddy Kkinetic energy in the atmosphere,
where the former “must be included in the

baroclinic mode but the latter is dominated in’

the barotropic mode according to the energy

~ratio in Eq. (31); i.e, B,+By+B.=1 and

ButB.<B. for s=0, m=4 but ,+8,> 8, for
$#0, m=0. Decompositions into the Rossby
mode and the westward and eastward gravity
modes show that the energy of the gravity
modes is about 195 of that of the Rossby mode
for the case of the GFDL version of the
FGGE data. Decompositions into the sym-
metric and antisymmetric modes show that
75% of the energy is included in the sym-
metric mode and 15% in the antisymmetric
mode. Although. as a total, the energy is
transformed from the symmetric to the anti-
symmetric mode, the kinetic energy inter-
actions indicate a reverse energy flow from
the antisymmetric to the symmetric mode.
The same energetic variables are listed in
Table 3 for the Kelvin mode, the mixed
Rossby-gravity mode and several low-order

!

Hough modes which appeared in the recent
papers. The values for the Kelvin and the
mixed Rossby-gravity modes are obtained by
the summation. over all wavenumbers and
vertical modes. The numbers in the paren-
theses for these single Hough modes denote
wavenumber s, meridional mode /, and verti-
cal mode m, respectively. The Kelvin mode
involves about the same amount of kinetic
energy (u-component) and available potential
energy. Both the kinetic and available po-
tential - energies gain their energy through
the nonlinear interactions. The mixed Rossby-
gravity mode has a large part of energy in
the meridional component of the kinetic
energy. This mode gains available potential
energy and loses kinetic energy through the
nonlinear interactions. The Hough modes
(1, 1, 0) and (1, 3, 0) were proposed by Madden
(1978) as 5-day waves and 16-day waves,
respectively. The former loses energy and
the latter gains energy through the nonlinear
interactions.

6. Summary and conclusions

The results of the normal mode energetics
analysis applied to the GFDL version of the
FGGE data during the winter period from
December 1978 to February 1979 are summa-
rized as follows: ‘

(1) The energy spectrum in the vertical
mode domain for the Rossby mode indicates
an available potential energy peak in the
vertical mode m=4, and a Kkinetic energy
peak in the barotropic mode (m=0). The
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kinetic energy spectrum shows a secondary
energy peak at ni=4. The available potential
energy generated at the zonal baroclinic modes
(especially m=4) is transformed to the eddy
available potential energy of barotropic mode.
Since the energy reservoir of this mode is
quite small, the energy is immediately con-
verted to the kinetic energies of the same
mode. On the other hand, the kinetic energy
of the cyclone-scale baroclinic mode (m=2-4)
is transformed to zonal and eddy Kkinetic
energies of the barotropic mode by nonlinear
interactions. Consequently, the atmospheric
energy flow is characterized by the energy
interaction from baroclinic mode to barotropic
mode. Thus, most of the kinetic energy is
dissipated by the barotropic mode.

(2) Parameterizing the horizontal scale of
waves by their eigenfrequencies, we find in
the frequency domain that the kinetic energy
spectra for the barotropic mode indicate clear
energy peaks at the frequency ¢=0.03 (16
day) for the wavenumber 1 and a=0.07 (7
day) for the wavenumber 6. The spectral
distributions. are characterized by the vertical
propagation properties of the waves. The
energy spectra follow approximately the 3
power of the frequency for the trapped modes
in the low frequency range. However, for
the propagative Rossby modes in the high
frequency range, the spectrum obseys the
—5/3 power law and merges continuously
with the spectrum of the gravity modes. It
is concluded from these results that the
energy spectrum of the planetary Rossby
waves is similar to that of gravity waves if
the waves can propagate freely into the
stratosphere and the mesosphere. The trapped
and the critical modes respectively gain their
energy through the interactions mentioned by
(1), whereas we find that the propagative
modes lose a part of energy through nonlinear
mode-mode interactions.

According to the results of this analysis,
the energetic process of the trapped mode is
characterized as the geostrophic motion of the
first kind and that of the propagative modes
as the geostrophic motion of the second kind.
Since the eigenfrequency of the normal mode
is determined by both the wavenumber and

Vol. 63, No. 2

meridional mode number, it is a preferable
parameter to represent the scale of waves
and thus to deal with the vertical propagation
properties. The frequency (scale) correspond-
ing to the energy peak is regarded not only
as the critical frequency (scale) for the vertical
propagation but also as the eigenfrequency
(scale) of the global atmosphere because the
waves can retain a large amount of energy
if they oscillate with this frequency (scale).
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APPENDIX: List of Symbols

: longitude

. latitude

. pressure

. time

: zonal velocity

: meridional velocity

. vertical p-velocity

. perturbation temperature

. perturbation geopotential

- frictional force in zonal direction
- frictional force in meridional direction
: diabatic heat source

: radius of the earth

. gravity of the earth

. angular velocity of the earth’s rotation
: specific gass constant

. specific heat at constant pressure
. surface pressure of basic state

. surface temperature of basic state
: temperature of basic state

. stability parameter in Eq. (4)
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o April 1985

. whole area of isobaric surface
'§7  zonal ‘wavenumber
#  : meridional mode .
m._ :.vertical mode
Lo meridlonal ‘mode for Rossby mode
lo mendlonal .mode for westward gravity
mode .
le merldlonal mode for eastward gravity
' “mode

hm eqmvalenE height

G, vertical eigenvector

a, : dimensionless parameter in Eq. (15)
E  :total energy. A+K.

A  : available potential energy

K kinetic enérgy K, +K,

K, : kinetic energy of u-component

K, : kinetic energy of v-component

B  : energy ratio of Hough function
,Bu‘l‘ﬂu‘l‘ﬂ'z:l

G5 . eigenfrequency

H,;., - Hough harmonics

: Hough vector function
- : dimensionless variable vector
B, : dimensionless nonlinear term vector
. for wind field
C, : dimensionless nonlinear term vector
" for mass field
D,, : dimensionless vector of friction and
diabatic heating ‘

Wsrm © Fourier-Hough transform of W,

bsrm : Fourier-Hough transform of B,

¢srm - Fourier-Hough transform of C,,

dsrm © Fourier-Hough transform of D,

Bgm : nonlinear mode-mode interaction of
Kinetic energy

Csym . nonlinear mode-mode interaction of
available potential energy

Dy © energy source and sink
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