2 Schemes

2.7 Projective Morphisms
2.7.1

&, M 1% invertible sheave Z DT, Vo € X I L, 2 € U = SpecA T
$|U = OU7 ///|U = OU atﬁ%ig)L:U%kéo f 1 L - /fﬁ’é%ﬁtﬁ@
Ty fo: Ly =00 » My = Op bEFELRD 1 € My, = O, ITHIET S
a€ L =0, BVHFIELT fo(a) =1 27T, f D Ox-module DT, f, I
Oy-module TH D, fo(a) =af.(1) =1 %D f,(1)1FHIGTa L IZFL W,

fit> T,

b ba~t

RN 2525,

2.7.2

| :Projk[x0,~-~ axn}’ p™ :Projk[y()a"' 7ym] ]C'j:s<° {307"‘ 78n}7{t07"' ,tm}
NIV ’%%W")‘%O)"G\ S; = Zj CLijtj AR ai; € k ﬁsﬁﬁj‘% (S = At, A=
[U,ij] &%ﬂ‘@“)o

22T, Tl ADrank ¥ d = dim V TH DD, sg,---, 5, FHEEZ LT L
LT, rankA=n+1 &7 % (Remark 7.8.1 12 b Z D k9 et 2) 1,
}:; = (X a0y, > angyy) EBE (T0E T = (Ay) &idd). L=V ()

5,
ZoEE, (1], Corollary 11.16 & D height/ <n+1ThHbH, %

(0) < (Z aojyj) & (Z a0;Y;, Zaljyj)v e, G (Z a0y, - 7Zanjyj) =1
(1)

X, A DHifE X D prime ideal 5% 5.2 %5 DT, height [ > n+1 25 height I =
n+1ThHs, £oT

dim L =dimT(L)—1 =dim7T/I-1 = dim T—height -1 = (m+1)—(n+1)—1 = m—n—1

%21%% (Exercise .2.6), Z Z°C, T(L) I& coordinate ring T % (Exercise I1.5.14),
ST

a: S :=k[xe, - ,xn] = T :=kl[yo, s Yml, xiHZaijyj
J

129 0% n>d—108EE, X (1) IKRT LIS, height [ =d L4 2DT, dimL =m—d
TH 5,



KRl a(Sy)=1THY, U={peP™p2a(S)}=P" V() »5
c:U=P"—-L—>P"
DIEES % (Exercise 11.2.14(b)),

RIZ, imy CU 27,
Inclusion 13 local HE DT, z € X ML, L|lw =Ow %% W = Spec B C
XTEZD (Thbb, Witz e X D germ 5 2 % open affine),

IZEWT (22 TD ¢ FIXIEMEICIE t|w 5F). p C B % prime ideal & L7z & &,
RiCyp)=6"1p)eL=V{I) ET5E, 7 p) D 1=(Ay) »5

p2 BB Hp) 2 B(I) = B(Ay) = v Ay = Ap*y = At = s,

X>TpDklso, - suls 2.L(W) = ZLw(W)=B = p=B 5B, h
Fp DEFICKT 2, £>Timyp CU TH 2,

tHh6 oY & o DI—FZE> T, P" D linear system (281 5 DD basis
MTESHDT, ZDRE automorphism v TEA3% (Remark 7.8.1),
PDEizkD o & o DEIF o £ P? @ automorphism v DEK yo TH %,

2.7.3

0Py PPl LT3,

(a) Theorem 7.1 2°5 £ = ¢*Opn(1) I3 invertible sheaf % DT, £ =
Opn(d), d€Z £ ET % (Corollary 6.17),

Dk %\ Z % fp = Op :k}[l‘o,-" ,Z‘n](p) 750 J: b OT‘Ci&‘/’O 3_5 k\
[(P",Z)=T(P",Opn(d) = k[zg, - ,Zn]a *H. d<013H D 275\,

d:O@&gbiXZOPn, F(Pn,f) =k c]:&b\ <,0*yj = a; Ekf%%o Z
D & E. Theorem 7.1(b) IZ#1F % morphism D—EMD 5 (b) DAEHD X 9 1257
fil L C#& Z UL, morphism DEFEIF @ IZHIEL TE D, W9 % ring morphism
Fy; = a; 226 klyo, -, ym] = k C klzo, -+ ,xn] 8%, T morphism Z f
ETBLE P IE F(p) 2572503 (p I3 k[xo, -+, x,] D prime ideal), Zl
i (0) DATHS, £k>Tp(PL)=pt BFEN, dimpP") =045,

d>1¢95E VCI(P,.2) DIEEKIE T (P, Opn(d)) D d REIHA LD
T, ZFUEn EDELS 5, koTn>mDEEIT s, -, 5, CTIREKTE R
(755,

n<m, p(P") # pt BEIZRXD (b) 5 dimp(P™) =n TH 5,



(b) n<m &9 %, Corollary 6.17 25
Z = QD*OPW(].) = OPH (d), deZ (2)

ThHH, BT (a) THERZ X (P #£pt 25 d>1Th 5,

2T blm>N= ("N 1%s@Em < (") -1 LrsiAD d D0
EEFLDT, ZNEWDHTAEBE, ZOduple® ) : P" - PN B, T5&,
k[ZOa"' 7ZN} - k[y()? ayM]a 20 7 Yo, s Zm b Ymy Zmtl 07 yZN 0
SR DT, MIBT 5 0 P™ — PN I closed immersion TH %, fiE> T,
Opn(1) =1*Opn(1) £ 7% (Theorem 5.17 DFEHHIZHITW 3),

Phicky ¢ :Pr A P4 PN S PN RH 5 (IRED automorphism 1&
Hif 7.2 LT, SIS DAL %), L = 0*Opn(l) = ¢*1*Opn (1) =
P*Opn (1) BF 521, Hilt] Exercise 7.2 2@ 3 2 L&D (1), (2), (3) Ziifi7:
T ERDNPS,

0 13 finite TH B, HBE. o P* APV [ S P % PmzBnT, ¢
%3 d-uple W Z closed immersion T®H O (FEEMEE 1), linear projection o (:ff
DHDGRAMTHZDT (AMLEZLSXHIITLBESNTRS), ¢ 2 finite D A
(Exercise 5.5(b)) ¢ b finite & 7% %,

¢ D3 finite ZDOTHE 3 256 n = dimP" = dimp(P") TH D2, Exercise
11.3.5(a) & D ¢ I finite fibre 2D,

H'E 1. d-uple & closed immersion TH %,

(REH]) d-uple ¥ Z2 V7R P ¥ PY - k%%Z%, PY — kI projective
72 DT separated, P} — k b projective @ X proper TH %, § 5% & Corollary
4.8(e) 225 1 | proper TH B, Lo Ty DBRIFFAEATH 2,

S = k[xg,---,xn] £T 5 &, Exercise IL5.13 2> 5 P =~ Proj S(4, §(@ =
Dn>0Sna TH Y. F7 klyo, - ,yn] - S 1Z2H %D T Proj S@ — PV 1%
closed immersion, & T d-uple ¢ % closed immersion T&H %, (FEIHH%)

PEE 2. finite 11 Exercise [1.4.8 D (a), (b), (¢) Z#i7= 3, @212, (d), (e), ()
b 729,

(FEHH) Finite morphism (Z affine T (Exercise 11.5.17(b)). affine morphism ®
HE affine 2 DT, T 2T 9 scheme I3 affine scheme & RTE L T &\,

(a) Exercise I11.5.5(b) & » closed immersion (& finite T&H %,

(b) SpecC — Spec B — Spec A %3 finite morphism D& >7 T 5,
A — B — CIZ8\WT BHWHIRAER AR, C HRAER B-I#EZ 513 C 136
FRAER A-IN#E<TH % ([1], Proposition 2.16), #E> T Spec C — Spec A I finite
ThH 5,

20: X Y % 0: X B p(X) S Y EAKRT, o4 finite ® A proper(Exercise 11.4.1), -
T ¢ 13 closed immersion C separated. ft> T ¢’ I3 finite THDOEH L %25 (HH 2(e)).



(c) THIZUZEWT, f': Spec A®c B — Spec B 28 finite TH 5 Z L Z/" T,

Spec A Xgpec ¢ Spec B = Spec (A Q¢ B)

/\
\/

Spec C

Spec A Spec B

C — B XY BIZC-NEETH 5, fHifinite 2D T AIFHBRERL C-IBEETH D |
AlZC Fay, - ,aq} THERINDG, $5¢, A®cBEB E{a1®c1, - ,ai®c1}
THERI NS, (GEWHFE)

P8 3. Finite morphism f: X — Y 2MFAET UL dim X < dimY TH 5, Ff
I, f ORI 51, dim X = dimY ©h 3.

(REHH) Dimension (ZBHEES D dimension TR E % Z &, & X UM finite morphism
I¥ affine 2D T, X,Y (Faffine E LTLWI &6, f:SpecB — Spec A DY
AIEEHT UL XV, ISR 5 ring morphism Z o : A - B 35L&, Bl
AR A-module TH2, TDEE, Bl A B L 7% 5 (1], Proposition 5.1,
(ii)= (i), or Corollary 5.3 #£® Remark), Corollary 5.9, [1] £ ) dim A > dim B
ThH . Example 3.2.7 95 dimY >dim X ¢ % %,

FIRERET S, po S - Cppy, r=dimY %S prime ideal 1% & 5, f 23
W Z po € Spec A IR L., qo € Spec BDBIFEEL Tpo = (qo) £ %%, T
% &, RAERH ([1], Theorem 511) 2°5 g0 € - S g, pi =@ 2(q;) €725 BD
prime ideal RINVEFET 5, > T, dimA <dim B, §%bH5 dimY < dim X
L%, (GEWIR)

2.74

(a) X — Spec A 73 finite type T, A 2% noetherian % T X b noetherian T
$ % (Exercise 11.3.13(g)).

& B X I ample invertible sheaf %2 6. % m > 0 IZN LT £™ & very
ample invertible sheaf & 7% % (Theorem 7.6), #€-> T, immersion i 23F{E L T

X5 P’ — Spec A, Z™ =1i"Op= (1)
T®H %, F7immersion I* open immersion & closed immersion D&k 7 D T,
XzU?'—iiZC"—)i'Pﬁ%SpecA

ThHH., ZnE X D A L quasi-projective TH 5 Z L 2R LT3, £72, The-
orem 4.9 X 1) quasi-projective I3 separated 7 DT, X |& separeted TH 5,



D) XX, =AL £ Xo = AL # U= AL — P C X5, i = 1,2 I2¥i> T
Db, ZHIEA P = (r) 2§D affine line TH %, LT, “HDF %
Pl, P2 VCIXEUT%O

U =A} - P =V(P)°=V(x)* = D(z) = Spec k[z], = Spec k[z, ]
ZIZTU:=U NUy=Specklr, 2t £BL,
X 137 DT (Web fi# exercise 2.3.15 YH 8). noetherian integral scheme
TdH 5 (HL., separated TlEZ\>, Example 4.0.1), PicX 3.2 &7 %,
Proposition 6.2, Proposition 6.11, Proposition 6.15%*5 Pic Al ~ CaClA! =
CIA' =0 TH 525 Pic Al FFEREL LT, CIAY BINEREE L CORE 2D
T, PicX; = {Ox,}. £5T Z|x, ~ Ox, TH 2,
Z DRI
OXi = $|X” 1 fi_l, Hfft € k(l‘)
TH.Z 51 (Proposition 6.13(a) DFEHH), ¥ = £(D) &7 % divisor D 13
D = {(X1, f1), (X2, f2)}
f1i/f2 € OFnu, = Elz,27 1" = fi=az"fs, a€k*, n€Z
ThHZAb6NS, §5¢
D ={(Xy,az" f2), (X2, f2) } = {(X1,2"), (X2, D}H{(X1, ), (X2, D}H{(X1, f2), (X2, f2)}
= D - {(Xl’mn)’ (XQ’ 1)} ~ {(Xlaa)’ (X2> 1)}
Z :'_‘/C“{()(l,fé)7 (Xg, fg)} iﬁprincipal THHZExHVK, 61T, ack DR
Z({(X1,0),(X2,1)}) = {OX1a_1> Ox,1} ={0x,1, Ox,1} = Z({(X1,1), (X2, 1)})
25 {(X1,a),(X2,1)} = {(Xy,),(X2,1): principal & ® T, Proposition 6.13(c)
D D= (Xl,(En), (XQ, 1)} 73)%%’6“50
i3
Z — CaClX, nw D, :={(X1,2"),(X2,1)}

MEFTHLIEZRL TS,
bLD,=Dg t95L,

{(thn)’ (XQ’ 1)} = {(Xl, 1)7 (X27 1)} = g({(lexn)v (X27 1)}) = D‘Z({(le 1)7 (XQ, 1)})

= 2"/1,1/2" € Ox,(X1) = 2" € Ox,(X1)" =k = n=0
5, HETbHb, koT, PicX~Z E% 5,

L =L (D,) = {Ox,27™, Ox,1} %% generated by global sections (ML, Z
N% ges LRlT) % 5DIEn=0I1CR5 2 LZ2RT,



Global section % s € I'(X, .%,) = {Ox, (X1)z™", Ox,(X2)1} = {k[z]z~", k[z]}
E¥sL

slx, € 27 "Ox, (X1) = 27 "k[x], s|x, € 1-Ox,(X2) = k[z]

= s[x, = 27"b(x), s[x, = a(z), a(x),b(z) € klz]
70, sheaf DIEED 5 (s|x,)lv = (s|xu)lv &V klz]le = k[z,z7'] iKW
Tz "(z)/1 = a(z)/1 &7 5D klz] DI DT b(z) = a(x)a™, T4DDL
s={g,9}, g€ klz] DIZ L%,
T5Esp, = (s|x,)|p =27"b(x)/1 =a(x)/1 € 27" Ox, p, = v k2] (2), 5P,
(S|X2)|P2 = a(z)/l € OX27P2 = k[‘r](m) DT, Sp =9, Sp, =9 L%,
L, 13 {s'}; T globally generated 72 &9 5% & (s' = {g',¢9'} £ L Q)

(L) p = ®:0p,g" = ®ik[z]yg", (Ln)p, = BiOp,g" = ®ik[z]pg’

LY D (p = (2) 13 P (B L P) 1K % prime ideal), &b 5, BN
TIEZENSIFFEL Y,
LAV (L)py, (Lo)p, BENENRDLHICHD

(Zn)p, ={(Ox,)px™ " = klz]yz™"

(gn)P2 = {<OX1)P2 = k[m]lﬂ

klaly = {155 Ye(a) d@)eria) BO Ty klalpz™ = klaly E5DDER=0DL ¥
DHRTH 5,

Coherent sheaf 2 IZX LT A @ L™ = A 13 ggs THVLDT, % & ample
TlE7% V>, F72. coherent sheaf Ox IZX L T Ox ® L™ = L 1&. —n DS
DETDO M I LT ggs TlEZ\, X-oT, X IZ ample invertible sheaf |¥FA1E
L%\,

2.7.5

X: noetherian, &, #:ggs £ § 5%,

(a) £ ¥ ample %2 DT, fEEED coherent sheaf F I L, 43 KE % ng 23
FAEL T, F ®Roy, L™ 1 ggs TH D (Vn > ng I L),

—H. ROMWE A4 LD, A" b ggsTHDY

(FRQLNQM" ~F R (L M) : generated by global sections
e HDT, Q.M 13 ample TH 5,
MWH 4. Z,9D3ges %6 F R0, G b ggs ThH 5,

(FE) Z, G D34 {s'}ier, {t}jes Tglobally generated £ 9% &, VP € X
XL T

Fp = ®ic1Opsp, Yp = @jeJOPtgp



= Fp ®op 9p = B je1xsOP(sh ®0, ) (3)
&, presheaf: U F(U) @o )9 (U) % (F @0, 9)” LB L
s Rox(X) th e (F ®ox 9)(X)

T 53, Proposition-Definition I1.1.2 £ D, 0: (F Qo ¥)” = F Qo 9 D
FIEL, ZOREHHICH 2 L9 1C0p=id £ D, Ko T, Ox(s'0t)) I3 F0Y
® global section T D

(Ox(s'@t7))p =0p(s' @t/ p = s @ )
253, R (3) 23 E
B jyerxsOp(Ox(s'et!))p = @(i,j)efo@P(5?®opt?>) = IpR0,9p = (F®0xY)P

BROEN, F Ro, G dges LD,

(b) Coherent sheaf Z 1IN LT .F ®o, L1 > 1y LR 2EED LICHLT
ggs £7 % (3o > 0). %7z invertible sheaf (& coherent %2 DT, T KEZ 7% m I
NLTC QL™ ges THD, oTHE4 XD

(y®$l)>< (///@gm)l:y@(///@gmﬂ)l
bges &N, TORELnICHL, A @ L 1F ample sheaf TH 5,

(c) .F % coherent sheaf &£ T % & F ®o, L IE1>ng £L&RBERED n 1T
LTeggs &% (Ing>0) £72, Ox Q@M =M D1 >ny LR DHEED NI
XL Tggs &4% (Ing >0) LoTHHE4 XD Vn > max(ng,nq) ICHLT

(LM =F (L QM
b ggs THYH., L@ .# 1% ample sheaf & 75,

(d) & D3very ample 7D Timmersion i : X — P% AHEL T L = i*Opn (1)
EWF, Fle o WP ggs £V T EDH Theorem 7.1(b) & D morphism ¢ : X —
PR BEL Tl = p*Opn (1) EDT 5,

PN

PTL X P’HL

p1
/({T \
PP~ X2 - pm
immersion
\ ‘Karated

Spec A

S f F -G DLE pL(f(U)s) = fr(pf s) = (f(U)s)p = fr(sp)



Exercise I1.4.9 D& ¥ MZdH 3 X 9 IZ Segre embedding o & closed immersion
ThH 5,
ZDEE

(06)* Opn (1) 2 66" Opn (1) £ §5*Oprypm (1)

£ 5 (p; Ope (1) @ p3Op (1)) £ (p10)*Opn (1) ® (p26)"Opm (1)
=i*Opn(1) @ ¢*Opn (1) = L @ M

DIRALT B, T 2T, 213 Exercise IL5.12 R NIEE 7. £ 13 o % closed im-

mersion ¥ Z Proposition 5.12(c) IZEBWT U = Proj T DEEIHL T 506 T

b2, 512 %13 Exercise IL5.11. Z 13 Exercise 11.5.12 &N 6 12 & 2.,
P} — Spec A I projective 72 D T separated TdH % (Theorem 4.9), X -

T, base change IZT separated % stable 72D T p; b separated, i = pid &

immersion W Z ¢ | immersion Td % (Exercise 11.5.12 £ 9), Immersion D&

B3 immersion & 7% %2 O T (FE 9), do: X — PV & immersion TH 5,
DlElick ) @ # 1% very ample & 725,

(e) Theorem 7.6 2> 613 RKE 7% % ny I L L™ 1 very ample TH 5, £7-
ample DERD S, T RELIEH ny ITHL T, Ox L7112 = 7t vn >0
13 ggs TH 5,

T25L, (A)DPOEEDR > 01T LT LM QL2 = Lo ny =ny+ny
I% very ample & 7% 5%,

2.7.6

(a) Z D¥very ample 29 T EDH, i X = PPBMAEL T, £ =i*Opm (1)
£7% %, X B projective over k DT 3In > 0 I LT X — PP I3 closed
immersion=-proper=-finite-type T, P} (& noetherian W 2 X % noetherian T
b % (Exercise 11.3.13(g))o X #% k | projective 7 ® T proper (Theorem 4.9),
P — k & separated, & T ld proper (Corollary 4.8(¢)) €720, X (I P™ D
closed T integral 72225 V(p) DL %5 (p C S = klzog, -+ , Tpm) (&K prime
ideal)s S = T = S/p B3EHLEDT, i: X — P™ IZ closed immersion T®H 5,
xoT

L7 = (*Opm (1))8" = Ox (1)®" = Ox (n) = T(n)™
2L, FREL n I L TRADLD 32D (Exercise 11.5.9(b)),
P(X, 2") = (X, T(n)") = T,

Theorem 1.7.5 2> 5 Pr(n) = dimy T, % DT, Px(n) =dim (X, "), §7%&
bb dimy [nD| = Px(n) — 1 21324,

AT =8/p=S(X) DT, TXAL p. 52 D 2Definition IZHEZF Px(n) = Pr(n) TH 3,



(b) rln D& Z
nD=0%DT, ¥=%(D) 7% ¢ Proposition 6.13 2> 5

g = L(D)*" = (D) = Ox

BEIZi X7z X 912 X 1Z noetherian “C projective 724> 5 proper TdH D, Exercise
I.4.5(d) £ b

NX,2") =T(X,0x) =k
= dim|nD| = dim;, I'(X,.£") - 1=0

Th 5,

rfhDEE

CDHE D #07%DT, b L effective divisor E > 025 E ~ nD %iii7z L
TWhbtd5EE>0%E7%%, Effective divisor DEFED S, 0 TZ effective
divisor DA 0 T\ effective divisor £ 25D T, rE>0ThHb, L3I,
E~nD%5IErE~mDTHYH, rD=0256rE=0%t%D, FET 5,

> T|nD| =2 %5 dimg |[nD| =dimy @ = -1 TH 5,

2.7.7

() X = P2, % = (D) = Ox () 1BV, D]~ V' = (2,42, 2%,y 2, 21)
[(X,Z) 56 X — P} BMFoN 55, Z4Uk Example 7.8.3 £ D 2-uple embed-
ding TH %,

(b) V = (a2,9% 2% y(z — 2),2(x —y)) 3. 2(y—2) =y(z —2) —2(z —y) &
D, z,y,z CBLTHIRETH S Z LITHERT %,

Remark 7.8.2 Z WV CREHT %,

() PQeX, PAQDEE, ax? +by? +c2® +dy(x — 2) +ez(x —y) IZ
P=(a,B8,7) ZfRALTO0, Q= (o, 3,7) ZIRALTIHELRL L) ITa,- - e
ZEDOLNLDIFHE D TH 5 DT, Proposition 7.3(a) Z i’z 7,

[(b)] AMEE X local T, z,y,z KL TRHIELEDT, 2 =1 L LTEZ,
P=(a,b1) T 5,

a,b DTN DIEFEDL E (—MEZEKI LR a£0LT D)

s=1/2a-2*—a/2-1
s'=(@-y)—(a—0)-1

D tangent space I
0s/0z|qp(x — a) + 0s/0ylap(y —b) =z —a

0s'/0xlap(x — a) + 0" /Oylap(y —b) = (x —a) + (y = D)

£0. (x—a,y—b) ZEKTES, T2, VteTpX =P2IIHLT, D~
S =as+ps o,k &T5LTpD = {(z,y)|(a+B)(x—a)+ By —0b) =0}



DT tETpD E525 X910, ZIETEE, TOLEE, "(P)£0&D
PcSuppD £% %,
(a,b) = (0,0) D& Z i,
s=—ylx—1),s =z —y
g,
9s/0x|o,0x + 0s/0ylo,0y =y

9s' |0z|o,0x + 05’ JOylooy =z —y
X (z,y) ZEKTE2DT, HLIFFARICL THEATE 5,
(C) —‘ﬁgllﬂf%%’j < kti< P = (0,071) c X = ].:.2 };’C‘?éo ﬁ‘%&_ P %

W52 RERLEHAZ (ax + by + c2)x + (dz + ey + f2)y DIERDT, #F
0V = (2%,y% vy, yz, 22) THZONSE, TDOEE

VS =klto, - ,ta] > T =k[z,y,2], ti—s; (0<i<4)

2 2
So =2x°,81 =Y, 82 =Y, 83 = Y2,54 = 2T

IZXf 9 % scheme morphism 1%
f:U=X-P—P*

ThHZo6Nn 5,

FEEE, U = {p € P?|p 2 ¥(Ty)} THH (Exercise 11.2.14(b)). »(Ty) =
(22,92, 2y, yz, 2zx) 2 & max ideal IE p = (z,y) KWR2DT, (T, 2&T
prime ideal b p DA, U=X —P &% %,

ZDLE,

USV(EG AW S VEG) 5P W = Vit 1)

F = toty — toty, G = tot; — 13

DR D 32D (0.i. | open immersion),

() variety ET Z := {(a®,b?,ab,bc, ca)}appev = V(F,G)NW 237, Z C
V(F,G)NW IZHE 2 TH % (U DIGIE P = (0,0,1) ZERWTWADT, a?, b2 D
WINDFEFETH D), Wi, F=0,G=0T»2t #0,32%, T5&,

(to,t1,tasta, ta) ~ (1, t1/to, ta/to, t3/to, ta/to) ~ (1,13 /t5, t2/to, tata/ts, ta/t0)

~ (15,13, tota, tata, tato) ~ (22,92, 2y, yz, 2)

$oTZrV(EF,G)NW TH2, Un Z IZHHTH S, (.- 1%)
PLEICE D, ¢: U — P* 1% immersion & 7% %,

10



Example 7.17.3 AT 5, BHES {Q S X|fQ OX( )Q = @0§i§40X,QSi} =
X-P=Utks, EBEP%2&F%\ D, (v), Di(y) TEMHIZ 3T %25,
Dy (z) TlE P~ (x,y) Tlocalize 5% & —E&7, %?}’Luﬂ@}ﬁf‘bigﬁlﬂ'5o

w : k[t07~-~ ,t4] — k‘[[&y,Z], t; — S; (0 <3< 4)
»o
kf[to, e 7t4] - k[to, e 7t4]/ker¢ ~ lIIl’(/) = k[x2vy27xy7yzazx] — k[ﬂ?,y72’]

U — Z = Projk[z?,y?, xy, yz, za] — P*
WD SLODTREAXZH 2,

/\

mclusmn

Lp

¢i¢®ﬁ@ BoTED, o HHEDTI U - Z bHHTH S,
ERz BT X 1F k| projective % ®D T (Proposition 7.16(c)). ¢ & pro-

jective @ 2 (Exercise 11.4.9), proper %2 D THHE, X > TZDHlR » b PHER

Th b,

X, X,Z & b7 DT (Proposition 7.16(a)) °, U =X, 7~ Y(U)" =U" =

X;um—_LF__Zfﬁé(%aﬁﬁﬁéwf E%f%#m%&%%aw

B EM %), X OPIESIIEHRIC X > THEGIMmZ DT, U C Z 95
X=U" cz&&%ﬁ%ﬁirm%ﬁntwf X ZTHBH (FEiF X, 7
Pt MR DOFEL DT, 2 BT AHEIE—ET 3),

RIZ, X D degree ZKd 3,

dim ko, - - ,ta]/(F,G) = 2 & O X I3 surface TH . Z D degree 1M
ALEBIFRIC D % 2 il D hyperplane DR DRBUZEFE L v (7% A b p.a8 L
57)e P* @ hyperplane Yooy ait; & X OIEES (7388) 13 apa® + ary? +
axxy + asyz + agzx DT

apr? + a1y2 + asxy + azyz +agzx = 0, box? + b1y2 4+ boxy +b3yz +byzx =0

DREBERD D, v 40 EFELTIRDT, s =1, LTz 2iHETILy
DIRAELRDZDT, KRFIE3, T deg X =3 Th 5,

2B PRBAEMEar+ By =0THED, B#£0 LIRETES
DT,y = LTI, 2DEE X ~ Projklz?, 4%, 2y, yz, 22] ICBWVT,
(22,92, 2y, yz, zx) = (22, N22%, \a?) Avz,w2) ~ (1, A2\ N2, 2) I31ERR V(t —
N2to,ty — Mo, t3 — Mg) DIIET %,

57 = Proj k[z2,y2, 2y, yz, zx] ICB VT k[2?,y?, zy,yz, 2] C klz,y, 2] 3B TH %,
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85 P2 OEMy = Nao, N # MIWIET 2 (1, V2N, Nz, 2) 28 (1, A2\, Az, 2)
E—ET 5 2 BAFEL R BOT, WIS 2EMIIELD S 0,

(22,92, 2y, yz, 22) ICBWT, 2,y DOTNDIE 0 TRODT, 2 #0 ERKET
2, ylr=XET DL (22,92, 2y, y2,20) ~ (1, A2, N\ X2, 2) £ D Vit — N2tg, ta —
Mo, t3 — Mg) KIET, THOBIEEOMIE P2 OER Yy = \x DBRICEZNS,

2.7.8

Proposition 7.12 ICEWT, Y =X, g=id: Y 5 X £ & L, 7o =idy
L% % o DIFAEE, Y LD invertible sheaf ¥ X V25 ¢ : id*E - & DIFAE
FElCH B, kB, HEREM £ ~id*&/kery £ D £ 1 quotient sheaf T

H 5,
P(&)
Y =X id X

2.7.9
(a) Picard group morphism Z XD X ) IZEET %,

p:PicX xZ — PicP(&)

(Z,n) = 7°L @0p,, Op&)(n)

Exercise 11.6.8(a) & h 7*.Z & invertible 2 DT, 7*.% Rop ., Op(g)(n) 1&
invertible TH 5%,

Pic X x Z IZIZHRICHMEESA>TE D, Hitlid (Ox,0) TH 5, 4
X LT (3R > T 5,

[ E]
T ZLR0(n) = Opgy £ T2 L, b m, ZFHSE T 7. (1* L@0p (£ (n)) =
7.(Op(s)) 75 Exercise I1.5.1(d) & Proposition 7.11 % F\>T

£ @ m.(Ops)(n)) = Ox

2%,
ZIZT, bln<0td2EM4130 %D (Proposition 7.11), Ox &% L
BVDT, n>0Thsb, 2ok, X

L ®S"(&) = Ox

& 72 % (Proposition 7.11),
£oTE(E) =L € PicX 5 S™(&) Drank 1d 1 TH S, —Ji, Exercise
IL5.1112 U §7(8) O rank & ("H771) = m4r=l 0t 2o)G > 0,5 > 2

DEFETTINDLELRDZDIEN=0DATH S,

12



IDLEE, LRSUE)=0x S L =Ox BHFENED, (L, n) = (Ox,0)
kO o ZHEHERD,

[A 53]

X O affine open cover X = {U} %, &y =0 ' £%55L9Ict 3, TDL
EV=rYU)=P};'=U xP~1 i3 P(&) D open covering & %> T2,

U 3B X @Fﬂ'ﬂﬁﬁ%é‘@ 2B CTH %5, F7:. regular, separated, noetherian,
reduced 13 local B 72 DT, U IX regular, separated, noetherian, integral ¢
b5,

Exercise 5.16 & O (&|v) = Ovulxo, -+ ,xp—1] DT,

P(&|y) = Proj.7(&ly) =U x P71

E%%, —Ji. Exercise 11.6.1 25D CL(U xP""1) = CLU xZ £ b Pic(U x
P"1) =PicU x Z £ 7% 1) (Proposition 6.11 & Proposition 6.15)

PicP(&|y) = PicU x Z = imgp

BRFoND, ZIT RED S E e BHEHATHE I LICk S, iE>TP(E|y) I
O invertible sheaf 1 777} ®o,, Oy, (n;) D% LT3

X @ open covering X = {U;}; ICHIET 2 P(&) 0) covering z# {V;} &
%5EE. VM € PicP(&) 1T LT Ay, € PicV = PicP(z§’|U) = PicU x Z
L0, Ay, = 114 R0, Ov,(ni) T2, FARKIC VI TiE 4]y, =
5 *Z; ®(9V OV (TL]) 2:725

ST, V” =V ﬂV L. (.///|v1)|\/” :///Vij = (%|VJ)|V1J DT,

(7 Zi ®oy, Ov,(ni))lv,; = (7L ®oy, Ov,(nj))lv,
= ﬂ:j"%|U7‘,j ®0Vij O‘/ij (nl)) = ﬂ‘?j’%|Uij ®Ovi]- OVij (n]))

E%&:ﬁ‘tf:%%ﬂﬁfb)%\ n; = nj, .,%‘U“ = "%'Uu L BDT, N, =N L TE,
D L ePicX WHELT Ly, =% ThbD, #H>T, M=1"L20(n) L
70, ARMELR I N,

b) X ETo:P(&)SPE) EF5, &I Thrank iF2 ke LTK

WEBDLNZDT, TITRZIRET 2, ZDEZ, p*O'(1) i3 invertible 2D
T (Exercise 6.8(a)). PicP(&) @ L. BEITRL 72 (a) 225 X @ invertible sheaf
L 2T 0'(1)=0n)@n*¥ L1535,

n=1THsI L2nrT7,
(".") Proposition 7.11 %5

& =012 1.00(1) = 1. (0n)or" L) L 1,.0(n)e.L = SNE).L (4)

*

BOT, rank 2 LT = (") 25, 2T, 2 L zhen Fatke

5. Exercise I15.1(d) IC Xk %, % &, n>0kt§%@iﬂ% IRLEEBDTHS
B, bln=0%,T2Lr=1LA>TLEIDTR>1TdH5%,
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(n+r 1) _ n+r11 “n+1 in@i@f]ﬂﬁgéﬁl&@“( r= (1—:1;1) < ( ;i— I
LD, FfRICL Ty <ri7>f%'=6ﬂ%@"(’ r=rThd, T5LHNr
(Y b =1 %85, ()

ot (4) &0

)=

E =m0 =m0 L=
E2 5,

WL =60 L T2L 8 =rm*E@n* ¥ L7 5D, Proposition 7.11(b)
o T*E - O(1) ZEFTH Y, tensor FLHTERLDT

& - O(1) @ m*% € PicX x Z = PicP(&)

DIK Y 2D, KT Propositon 7.12 %25 ¢ : P(&) — P(&”') & 7% % morphism %%
—RWWITHET % (—EMEE Propositon 7.12 OFEHDO IR INLTWV3), & =
&' 216 BIRFEC LT o P(&') — P(&) 65,

Y=P&),g=mmtlLT pr0p051t10n 712 2T 5 & #E'@i?)% o=
ldp(g) ﬁ’ﬁl‘%h I_H% LT QDQD = ldp((@/) %)ﬁl‘gﬂ%) DT, P((o@) (éal) »
IDRVASH

WE 5 1. X5 Y Sok &, functor & L Cm.p* =7, TH 5,
(FEH) P(&') EDEED 4 I/ LT, Exercise 11.5.1 DEENMEE 106

W*(p*g = <%On’l((Qp(g), ’R'*(p*g) = %Om(’ﬂ'*Op(éﬂ), @*g)

= Hom((¢™)'m" Ops), (¢~ 1)"¢"Y) = Hom((wp™")" Op(s), 9)
= %om(ﬂ/*Op(g),%) = %Om(Op(g),ﬂ'ig) = W;%
AR Vo, (FEIE)

2.7.10
(a) P"-bundle over X DEZIIBNS N T 5

(b) & %3 locally free sheaf of rank n+ 1D & &, P =P(&), n: P - X
CNLTX ={U}i, Vi=n'U; =P} £§5&, U= SpecA C U nu; i
ﬂ?‘ % transition automorphism (3 Exerc1se I1.5.18(a) TR L7 & 91T, hnear

automorphism 1272 %, &> T, P(&) I projective n-space bundle & 7% %,

() POEEDS 7: P— X IHL, X ={U;}i, Vi=rU; =P}, C P T
HhH, P=XxPr i3,
Zi = Opn (1) £ 5, UiNU; HOEED affine open U = Spec A, V =
LU) IERL Ty Ll (V) = Opy ()(PR) = Alo,-+ 2] ED . BRI
Zilv(V) = Algh, - ah]y £ B,

14



Transition automorphism D506 Alz), - -+, z,
Wi &HHITED P L invertible sheaf £ 2155,
E=m2L T DL EEOx-module TH Y, &y, = 1% = m.0py, (1) 25

| = Alzo, - ,x,] DT,

(Elv)lv =mOpy (Do = Opy, (]z-10 = Oy (1)[z-10 = Opy (1) = Ovulzo, -, znly

LB (FEBE &lu,(U) = mOpy, (1)(U) = Opy ()(Py) = Alxo, -+, @n]1)s
S {x ) ZEK E T 5 rank n+ 1 D free sheaf DT, & % locally free sheaf
ofrank n+1TdH 5,

EDBP(E) ZIFRT % &, & D3 Ox-module DT, Sym (&) 1% Ox |z, , 7]
%%, PHLP(&) BZNDOHRINTHEDT, FL L2137 TH 225,
fliHcE 21E, P(&) D projection morphism % n/ L5 &, 7Y (U) b o/ ~1(U)
bUXPY72DT

P=1'X)=XxP"=7"1X)=P(&)
I ZzNnsIFEFEL Y,

X Diregular &9 Z & 13 locally factorial £ TR TE %5, FEFE, (b) TlE
transition automorphism & linear automorphism 1272 % &9 Z & Z R L T
V55, ZUTIE Exercise 11.5.18(a) fRE DR TN X 912, Pic X 22 O(1)
THERINEZEZHVTWS, LA L, Picld CaCl 26 ERINTE D, HA
& 7% Corollary 6.17 & Z DFEEHICZH % Pic X 23 O(1) THEEI NS Z Lid, Cl
DRUHKIE L T B, X5 TZEN% Pic Tffi 9 I21Z, Proposition 6.11 127~
5T\ 5% X 912, locally factorial 72 51X L V2D T, regularity % # Z £ THED
5Z LIFHHETH B,

(d) X EP"bundle PIZNLTP~P(&) Lhd &/ ~2RNHSEE, 22
TrlEE~E &8 =84, 34 : X L invertible sheaf, & 72 2 [FIfHEBILR,
Exercise 7.9(b) & AR Exercise 7.10(b), (¢) 226, TOXIRNE 1 X% 1 TH 5,

2.7.11
(a) Exercise I11.5.13 £ D, fEE®D open U C X IZX L T

Proj(P _ s (U)" =Proj(p _ ()"

DR IODT, X = Proj@, -0 f" — Proj@, -, " #ntiud+un7c
b5, R R

£, 7 coherent % DT #%: coherent, d > 0 TH % (Proposition 5.2(b)),
Fronlyd = (n717) TH D (Exercise IL5.1 IRENIE 3), 717 - O
invertible 7 @ T (Proposition 7.13(a)).

7l 0z = (s 05)?
b invertible T&% % (Proposition 6.12), & - T, Proposition 7.14 X H X —
Bl ya(X) M1ET % (Bl i3 blowing-up 271~ 7),
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LRIk YD X = Proj Pzl " IRE NI,

(b) Invertible sheaf # |& coherent sheaf, coherent sheaf @ (tensor) & co-
herent sheaf 2 DT, # - _# I coherent sheaf TdH %,
S =g LT HE, Lemma 7.9 005

I« J=Prsiec 7 =P 7"

d>0 d>0
= Proj =Proj s *« ¢

WA, FLIZBIT S X D blowing-up & £ - 7 IZEF % X D blowing-up 135 L
Vo,

() U %, f7lU = U %iii7- T K open set L §5LE, f7lV =V %3
open V IX V C U %77,

X M regular 2 DT, . DAEIG (X: noetherian & D THIR) D AKAKIIG
DAL, Z U & % Cariter divisor (WIS % invertible sheaf # .F &3 3%,

Theorem 717 IZEWT, (b) 25 Blg X =Bly X =Z %DT, fld« TDH
HY, WoT WV =V DL (V! := X — Supp (Ox/F'). V' CU =
Supp (Ox/#") D X —U %213 %,

77U = Proj Daso L (U) £ 7 U = Blyy(U) %D T, Proposition
713(a) 226, (7SI - Og)|p1p =7 Iy - Op-1y 1 invertible TH %,

7 WU~ U = 7Y0p) = Op-1p = Oy 2567, 7Y (I y) = Flv @
(ﬁ_lf : OX)|7T*1U = f|U -0y = <ﬂ|U b invertible TH %,

£oT(b) 26 ' = F b U Tinvertible T, Supp (Ox/#') C X —-U
URDARVASH

DLk, WiZEzA&bE S E, Supp (Ox/I) =X —U o2,

2.7.12

iy :Y < X £T3, X &5 = F + I, BT 3 blowing-up TH H
Oy = Ox /Sy 7% DT (Proposition 5.9 DAEHN), Y IZEF 5 # D inverse
image ideal sheaf (¥ ¢ = .4 - Oy = 9 -Ox /Iy = I/ Iy TH 5,

£-o<C

¥ = Proj (7 /5)? = Proj (P 74/ D 7

d>0 d>0 d>0
Z = Proj @(ﬂ/ﬂz)d = Proj (@ Jd/@ I
d>0 d>0 d>0

6Zorn DA S, T X BHMEK open set IZFEET 2, £/, fT1UN=Ux = f7HU,\Un) =
UyUr &0 AV =V = VCU TH3,

TFXZYDEE, Oy 5 mO0x = 710y = Ox THY, z,mx THAD stalk % & 4T
—HT5DT, W_IOY :)(')X L3,
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Ehb, $5¢&

Z = Proj (P 7/ P 71 (N Proj (B #4/ P #2)

d>0 d>0 d>0 d>0
VIEp sV 7)) =viep # + P %)
d>0 d>0 d>0 d>0
= Proj (P + 72)" /(P # + P 74)) =
d>0 d>0 d>0
NI RVASN
2.7.13

(a) PLick W T, {0} =(0,1), {c} = (1,0) £ T %, TKHXD C — Speck
I projective W Z (C' = ProjS/I — P2, S = klx,y,2], I = (y* — 2% — 222)
X, S — S/I 3272 DT, closed immersion), proper, f£-> T base change ®
Cx (P! —{x}) = P! — {0} ~ Al & proper TH %, [k C x (P*—{0}) —
— {0} b proper ThH %,

W\

Speck

)
\ ~ foc)
/

G,, =A!' —0=P! - {0,00} = Speck[t,t ] IR L.
©:Cx (P'—{0,00}) = C x (P! = {0,00}), < P,,u >—< Py,u >

WEFETE S, TIT, P € C 13 Exercise I1.6.7 T/R L7 K 912, t TRE LD
TEZENEZHRT 272012 P, L3EL T3, t1F max ideal (T —t) C k[T] IR
LTw3

Scheme glueing lemma Exercise 11.2.12 I8 T

Xo:=C x (P! — {o0}), X1 :=C x (P* - {0})

Upp := C x (P! —{0,00}) C Xy, Upg:=C x (P! —{0,00}) C X,
wo1 =@ : Uppt = Uio, < Py,u >—< Py, u >
w10 =9 L : U = Upt, < Pryu >—< Py1p,u >

EF UL scheme X &8, 7: X - PL2YWERTE S,

=id TRZVDOT, X =Cx Pl Li3hohnl IR

17



ZDBE mo Uyt D U B P — {0,00} = G, DAL DT (19 = M0, <
Pu>—< Pygu>—udDI L), Xg—Pl—{x} & X; =P {0} DD &
bz X 5P LXib,

Uoi —— Xo

AT

LP01 1§ l ¥10 X Hﬂ Pl (5)

\/ e

Upjp—— X4

Xo — Pt —{oo}, X7 — P! —{0} I3% % proper 72> 7% DT, Corollary 4.8(f)
5w X - P proper TH D, ko T X Ik Lk complete TH 5,

(b) C' @ normalization 25 C' = P & 7% Z & i3 Exercise 11.6.9 T L 72
23, T2 LD IS (Exercise 11.3.8 f#EN) 2> 6

O x Al =P!x Al (6)

E%, FEE TRACBWT, EXZ#H0 o . P! - COUP. LT5L, £
MOXITf:Z Cx AL THEAT G =0 x 1: P! x Al 5 Ox Al %
WRTE, £l gD —BHIZHS»TH 5,

c=0ox1

Pl—2 ¢ P'x A —77° - Cx Al
ak % 9= M %sz
Z

Exercise I1.6.9(a) 1 X = C x A L LTHH D D, FEBE ZOMREICE WL
T snake lemma SV SN T W50, Z2ZD kera = I'(X,0%) = k* DKL T
2HMIE, X =C x At DANY v 7% V = Speck[z,y]/I ® k[u] £ LT sheaf
BORLTEZS E, Ov(V) = k[E, 7,7, u] = k[t,u]* = k* DY 7D, X =P!
WZDWTHFEBRICL T (W, 05 ) = k[t,u]* = k* &7 % (W := Speck[t] ® k[u]).
1& ¥ Exercise 11.6.9(a) O E%fp%@i FHZ 5,
ZZ7T, X'=C x Al £ LT Exercise 11.6.9(a) ZH#/H T % &

0 - D(CxAL7.0%5 ,,/Ofyar) = Pic(Cx A') T Pic (P x A1) = 0 (7)

&5,

ZIT, 00ldy=00¢,TBILICENDCERYyZ=03+22 EARRT,

—f&Iz LCM@S:?(M@N)/(L@N) M/L®N %OTO Zhzv
2L COMITE AN (ERIFZA —0) DIETICTITEILENTES, ThbL,

706, 41/ Ocxar = 0:05/06 @ Ops
9Xg — P! — {0}, X1 — P! — {0} I & BIC projective TH 225, projective D\ Tik

Exercise I11.4.8(f) 1337 L T Corollary 4.8(f) 232§ % LIZRS v,
Um@n+L@Ne(m+L)®N,((m+L)®@n=m@®n+LOneMON+LQN

18



LB BHDT (stalk ZHAUTEL <, APl Z D5 open U LTFO, , /O5, a1 —
0.05/0%® Of1)s

(@:0¢, a1/ Ocxar)poxar = (0:05/00) [ p, @ Opila

L Op, ® 0% L G @O = GO
THD (£ 13 Exercise IL6.9(a). = If Exercise IL6.9(b) @ Op, /0%, = Gy,)
(705, 1/ Otxat)(Po x A1) = GOai (A) = Gukl[u]” = G

L%,
Proposition 6.6 & Proposition 6.4(c) Z 2 #UE, Pic(P! x A!) = Z TH
b, R (7) &

0—G,, »Pic(CxA)—-Z -0

Ehh b,
CDRBERINITHL T3, FEE,

a:Z — Pic(Cx A, 1 Ogyar(l)

&9 % &, linear system & LT (t,u) = (¢*z,0"y,0%u) £ D, 7 (Ocxar(1)) 13
BETCE %5 DT, Opiyai(1) =" (Ocxar(1)). 7Fa =1z TH 5%,
£oT

Pic(C x A =G,, x Z
BESND,

ST, Pic(CxAY =G, xZ> (t,n), t€Gp,neZ L L), TDEED
n 1% Pic (C x AY) 3 £ (D) ® deg D T&% % (Proposition 6.9(c)). Exercise 11.6.7
"5 Py =Po+P,—F DT, Pic (OXAl) > g(D), D= Zl’ﬁq < Pti,ui >
DEE, D =< P+ (n— 1P, > n=degD =3 n TH% (curve
2Tl prime divisor DXEE 1),

CDEE, 0> Gy, 2 Pic(CxAY) - Z =5 0I2BVTIE Tt e Gy, 13 It
ICRIELTWw 5,

Pic (C' x (A —0)) L Tld, X' =C x (A' —0) & L= (7) IcREL T
0— (X', 50%,/0%/) — Pic(C x (A" —0)) 7 Pic (P! x (A —0)) = 0
DI D 37O,
BB, Cx (A —0) DEHEIZ P! x (AT —0) T (X (6) LR, klu,u'] 135
). Exercise I1.6.1 %> 5 Pic (P! x (A'—0)) = Pic (A'—0)xZ TH D | klu,u™]

& UFD w2 CL(A! — 0) = CL (Speck[u,u™']) = 0 % DT (Proposition 6.2),
Pic(P!x (A1 -0)=1xZ=Zt%k%,
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Cx(Al—0)DEZED (0’*(9*@X(A1,0)/0&(1&170))(0 x (Al —0)) DEITDH

kT (A' — 0 = Spec k[u, u™1])

(o’ OZ‘X(Al—O)

/OZ‘X(Al—O))(C x (A =0)) = Gpk[u,u '] = G,, x Z (8)
DT, BRI
0= G, xZ— Pic(Cx (A'-0)) =Z =0
LB, SHRABRKAAT 20T
Pic (C x (A' = 0)) =G, x Z x Z
IR

()
9 &

<t

o

=iy

[BREAR Pic (C x A') — Pic(C x (A' —0)) 2. ZNZFNDEERIIC

o

G, Pic (C x A") Z
0—G, xZ—>Pic(C x (A' - 0)) —=Z ——=0
215825, KO G,, = G X Z Tldt=tu € G ITHYL TW/ADT, t=<

t,0 > L%, TROFIOITGIFMFDOIL < 1,0 > L nZ2EBbELLDLERD,
Pic (C' x A') = Pic(C x (A! —0)), <t,0 >—=<t,0,n> &% 5,

58471
0— G, xZ—Pic(Cx(A'-0)—=Z—=0 (9)

CBWT, G xZ3<t,d> Z>n, T4%bHHE Pic(C x (Al -0)) > Z(D) =<
t,d,n> &9 5,

G xZ>3<t,d>13RX Q) 5EFTVBEDT, G, xZ DI < t,d> 1Z1FHE
i tu? TH B,

T hEERRI (9) 12 o 2IEHIEE 5, CHUd o < B, U >= ¢ < Py i+
(n—1)Py, ILul > & O ¢, DO Z nFIFEHET 2 L) 2 ks, —HIC
DE tut 5ty LELI DT (u; ZFELEDTu EFLTWS), BT
tud — tudtn L B,

EoTpltkoT, Gy xZa<t,d>—=<t,d+n >, Pic(Cx (Al -0)) 3<
t,d,n>—=<t,d+nn>EE23,

(d) X 12 Cx (PL-{0}) &£ Cx (P! —{x}) Z ¢:Cx (P! —-{0,0}) =
C x (P! — {0, 00}) 1Ziy > THE D £F1F 72 scheme DT, X3 (5) Dits %2 HwT
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RO AR S NS,

Pic (C x (P! — 0)) —= PicC x (P! — {0, 0})
vi

Pic X ®
&

Pic (C x (P! — o00)) — Pic C x (P — {0, 00})

Pic X DIGICR LT, LD —FTIR.Z s (£,0,n) — (£,0,n) € Pic O x (P! —
{0,00}) = PicC x (A1 —0) £ D, I5ITpIT&>T(t,0,n) — (t,n,n) L2t
T2, —J. FOL— kT L o (t',0)) = (',0,n') € PicC x (P! — {0,00})
El5, ZNHDBEHEL VDT, (¢,0,n)) = (t,n,n) = t=t,n=n"=0%2%,

ko> TPicX 3.2+ (t,0) € Pic(C x (P! —o0)) = Pic(C x Al) = PicC X
. PicX @ PicC ~DBRIZXEL 0 D divisor 2>5 72> T %,

3T, X Pk L projective EIRET 2, C = X - P" 5

PicP" — Pic X — PicC

BFoN 5, Exercise 11.6.2(d) £ D, P" D divisor DE > 72 TOREIAT E S
scheme DRE MG 72 DT, HZIXPT DREL1 D divisor DEDREUF 1-degC =3
Eht, E2AD, TR KL H 12, PicX — PicC %2iBi7T % divisor D
KB 0 > TLEIDT, FIET 2,

& 5T X IZ projective over k TlEZWwW L, 7: X — P! % projective Tld 7%
Vg

2.7.14

(a) X =PL & =0x(—-1)%", r >1&,F2%E, X I3 noetherian T, & I
invertible 7 @ T locally free of rank r TH b, F7HRAE Ox-module DT
coherent TH 5%,

P :=P(&) = Proj P -, %% L L7 L E, Op(1) D global section I'(7 1 X, Op(1))
71X = Proj @,.,8(X) D 1 KA %EDT E(X) = Ox(—1)(X) = 0. T
b T(rn X, 0p(1)=0TH5!,

CDEE, bL Op(1) B X ICBIL Tvery ample 72& 35 &, i: P — P%
&, Op(1) 2T % global section sg, - -+ , s, BHEL T s; = i*w; 2729
L2 53, Op(1) D global section (£ 0 D Tr =0, $4bH P — PY &
ZoTLFw, THEHHPRRV, X>TOp(1) IE X IZBIL T very ample Tl
AR

[FE] X — Y OEE&ICIE, Theorem 7.6 13 FRldME 7 ISR T X9 IS (=) &
PERTE LD, (<) IOV TIHHL b THRVLDT, Op(1) 2% ample TR:)
5 &> T X IZBL T very ample THRWEIXF 2R\,

12 X = Proj S = Proj g Sq D& %, I(X,0x (1)) = S(1)(X)|o = 51
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(b) Ample D E#E (Definition, p.153) Tl&, X %% noetherian &9 Z & A3H]
RLL->TVBEDT, TITH X I3 noetherian & T 5,

Proposition 7.10(b) 225 Op(1) @ 7*Z™, Im > 0 1F X 1B L T P I very
ample TH h, F7, Exercise [L7.5(e) 22512, & 5 IEEEH ng IR L, £, Vn >
no ¥ Y IZBIL T X |k very ample TH %,

& o T, Exercise I1.5.12(b) £ D

(Op() @ T*L™) @ L™ = Op(1) @ T L™, Vn > ny
Thbb

Op(l)@n* L™, Vn>N=m+ng
12 Y IZBIL T P L very ample &% %,

ME 6. (—MAl Theorem 7.1)

f: XY LT3,

(a) Morphism ¢ : X — P% =Y x ProjZ[zg, - ,z,) BWFEET S E, X kD
sheaf .2 := ¢*Opy (1) (3 invertible TH D, LIEs=p*z, i=0,---,n Tggs
INd,

(b) X L invertible sheaf . %% s’ € Zi, i = 0,--- ,n Tggs IN%7% 53,
©: X = P B EINSHEL T, £ =" Opp (1), 5" = o*z; 2T,

(REM) (a) Opy (1) A% invertible 2D T . := ¢*Opr (1) b invertible TH H 13
. Theorem 7.1(a) DFEHIEZ D £ £KLT 5,

b)sel(X,%),i=0,- nVB L %ggsT5LT5, X;:={PecX|s ¢
mpgp} EB < o

Y @ open affine covering D—2% V =SpecA L L, U = f~V, X! = X;nU
9%, TOLE, sy el(U, L) \& L % ggs T5 DT, Theorem 7.1(b)
25 oy U — P BB—RBIICHFEL T, Ly =) Opn (1), s'lu = @i 2
729,

Z DI, YU - U—)Pg . U, =UnNnX; :{PE UlSﬁ; Q/mp.,?p} L

A[yOa T 7yn] - F(UZ,OU7)3 Yj — Sj|U/Si‘U7 Y; = :L'j/xi

= U; = Py, Vi =SpecAlyo, -, yn]

oD bR TRS N, sT|y DD G D global section s/ WA, 5
oy : U= PLDS p: X - P ~DH ) —EROM)EOEVHREL 2D,
st = B/SN, L = 0" Opo (1) BILD LD, (FEWIHK)

PEE 7. (—MAl Theorem 7.6(=))
f: X — Y 2 finite type, .Z %% invertible sheaf £ 9%, TDL& &,

Z : ample = Z%™ : veryampleover Y, Im > 0

122 ¢ Exercise IL7.5(e) 7 f : X — Y OEETHHILT % D3, #E5RK Theorem 7.1(R DM
B 6) B X AR Theorem 7.6(=)(RXDMHE 7) PR T 50256 Th %,

Bz f: X - Y T, F Y Einvertible sheaf 72 51 f*.% b invertible sheaf TH 2, ¥
5. Zly =0y, U= flVOrs (f*F)|u=F Flv=F0y =?710V®7 Oy =0y

_1OV
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(FEH) f: X - Y IZEBWT, Y D affine open covering Z &£ >TY DV, =
Spec A, ##% 2 % &, Theorem 7.6 D (=) WA DIHIZZDE M5, 2D
Bg%\ Vi Z))ET’F%M?: {bl,i,jacl,i,j}l,i,j i&éﬁg}: LT%Z\ @ X — Py %%%Hﬁ
Theorem 7.1(1E 6) ZFH L T7 ¥ A FaEH & FRRICHEE T 1UZ K v, (GEHR)

[[#&] Theorem 7.6(«=) IFFEBHTE Th\, FHEEE, 25 5 Tl Serre DER
517 bILRT 20EHNH D, 25 Z D Y D noetherian TH 2 Z EDBNEE R D,
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