2 Schemes

2.5 Sheaves of Modules
2.5.1
& = Homo, (&,0x)
(a) Morphism
p:8 = Homo, (Homo, (&,0x),0x)

DEFET 5,
() F = Homo, (Homo, (£,0x),0x) B, o ZRD LI ITERT 5,
YU C X IZxf L

o(U) : &(U) = Home,, ((#omo, (&,0x))|v, Ov) = Home,, (#ome, (€u, Ouv), Ov)
s (t: Homp, (&u,O0v) — Ov)
t(V) : Homov(g‘v,OV) — O(V), VCU

(fv:Elv = Ov) = t(V)(fv) = (fr(V))(slv) € OV)

Z T fy #¥sheaf morphism (HIFRE4R & compatible) 2D T, t b sheaf morphism
Ele A

Homo, (&]v,Ov) 3 (fv : &lv — Oy) — F(V)(slv) € O(V)

I " I

Homon, (€1, Ow) 3 (frlw : Elw = Ow) Fes fulw (W) (slw) = fv (W) (slw) € O(W)

o T bRITAT & 9 IC sheaf morphism & 7% 5:

(V) 3 sly Y% (4] : Homo, (G, Ov) — Ov) € F(V)

b |

(g’(W) = SlW  E— (tIW : %Omow (éaw,OW) — Ow) € y(W)
(- #)

X=UURRL &y =08 3%, oL, HEEQ) 55

Y

|U = %omoU (5|U, OU) = JfomoU (Og, OU)

= (#'omo, (Ov,Ov))" = Op (1)
X h & % locally free THH., koT

%Omox (g,OX)|U = %Omou(é}h}, OU) = %OmoU(Og,OU) = OZ = éa|U



DD LD, o> THERD v € X ITxfL
Ep = Homoy, (6,0x),
LHED. o DIET B L LADE D L
&~ Homo (Homoy (€,0x),0x)
Thbb
&~ &
2135,
T 1.
Homo, (Ox,F)~ F (2)
(REHH) £
ox : Home, (Ox, F) = F(X) (3)
PIET D2 2R,
Homo, (Ox,.7) IJBT ¢x : Ox — F 1 sheaf morphism TH 2, Z0 &
&, ox(ox) ZRATERT %:
ox : Homo, (Ox, F) — F(X)

(¢x : Ox = F) = ¢x(X)(lox))

W, s € F(X) PG Z 50U (X)) (locx)) = s 279 O(X)-morphism
Y(X) B—RINTEE %, 512, V C XL TR o(V) Z29(V)(low)) = slv
TERTLE, ZOYV)b—ENTHS, T5&

((X)(ax))lv = (ax¥(X)(Lox)))lv = avsly =¥(V)(av), av = pxvax € OV)
L5 DT, P IFHIBREE & compatible TH D, ¢ € Home, (Ox,F) &% 5,
& 2T ox 13 module morphism & L TRHTH D, (V) D—EM» S HHETY
HBHDT, ox FFAMTH %,
X (3) 10k %

oy : Home,, (Oy, Z|y) = Z(U) (4)
»o

o:Homo, (Ox,F)— F

BREond (o(U) :=ou).



v : Oy — F D sheaf morphism THIREM & compatible & DT

o(U)

Homo, (Ou, Z|v) 3 du ou(U)(low) € Z(U)
l a(V) i

Homo,, (Ov, Z|v) 3 ¢uly —= oulv(V) = ov(V)(low)) € F(V)

6. o bHlIREE & compatible T sheaf morphism & 7% %, X (4) 7> 5 stalk 23
%L <7D, sheaf morphism SHFFET 5 DT,

%Omox(OX,g\) ~F
Th 5,

(b) £

Homoy (6,0x) ®oy F — Homo, (8, F) (5)
DHET LI LERT,
(HUCXDEE, U € Homo, (8|y, Ov) & s € F(U) DI, Homo, (&, F)(U) =
Homo,, (€|, F|u) DRDIG ¢y ZHIESE 5,

du(V): EWV) = Z(V), e oV (V)(e)s|ly, YW CU

2D ¢y iE. oY D¥sheaf morphism % D THIPRER & compatible TH b . Homo,, (&, F|v)
CEY, 7o, WBEE&RROT

Homo, (£],Ov) Bo, F(U) = (Homo, (&, 0x) ®ox F)™(U)

— HOmoU(éa|U,3Z‘U) = %omox(éa,ﬁ)((])
WFIET 5, ZDEMRL . oy & Y 7 sheaf morphism & DT, HIREE & com-
patible & 72 %,
X-o T,
(Homp, (8,0x) oy F)P'C = Home, (8, F)
DFEL, > T
Homp, (8,0x) Roy F — Homo, (E,.F)

T S,
(- #6)

& W locally free ZDT, X DAN—X = JU IZH L, &y =0 £HT 5,
j‘% k\

(%Omox (Q’@’ OX) ®ox y)prC(U) = %OmO(U)(g’ OX)(U) ®O(U) f(U)



= Homo,, (€'|v, Ov) ®ow) Z (U) = Homo,, (O, Ov) ®o,, -F(U)
= Homo, (Ov, Op)" o) F(U) £ O(U)" @ow) F(U)
=(0U) @ow) ZU))" = F(U)"

ool aE ) Ick s, —A.
(Homoy (&, 7))(U) = Homo,, (&|v, F|u)

= HOIIIOU (O;}, 9|U) = HOIIIOU (OU, 9|U)n = gz(U)n
X0

(Homoy (€, 0x) @ox F)P(U) = (Homo (&, 7))(U)

WALT B,
£-o T,

(Homox (€,0x) ®ox F)P° = (Homoy (€,F))s, Vo € X
DD VLB

(Homoy (6,0x) oy F)u = (Homox (&, F))s
tsnT, A (5) LPFET

Homo, (&,0x) @0y F ~ Homo, (&, F)
2135,

(c) 7
o Homoy (€ G0, Z,9) — Homoy (F, #omo (£,9))

DIFHEZ T
V:E®oy F =GR, o) : F = Homo, (£,9) 2 (LT, o) Z
ey EBELT)

(py)(U) : F(U) = Homoy, (€lu, |v)
s = ((pP)(U))(s) : €lv = Yv
() (U)N(N(V) : (V) =4 (V), VWV CU

t= () (U)) () (V)(#) == (V)(O(V)(t@s]v))

TEHET 5, T IT. 0 1dsheafification morphism 6 : (£ Qo F)P™ = ERoy F
Tbh 5,



() (U))(s) D restriction map & @ compatibility (&, 1,60 25 compatible 7%
DT AR LS TH S,

EWV) 2t ———=p(V)(0(V)(t @ slv)) € 4(V)
EW) 3 tlw ——=p(W)(OW)(tlw @ slw)) € 4(W)
2T ((¢)(U))(s) € Homo,, (€lu,9|v) TH 5,
% LT p1p D restriction map & D compatibility &, ((p¢)(U))(s) D compat-

ibility 2 M\ THERICEEHICTE 2 DT, ¢y € Home, (F, #Homo, (£,9)) & 7%
%, £oT, o DEFEIRI NI,

RIZ o BT HS 2 E2TT, o) =0 T3

((((NXN) (X)) = PX)(O(X)(t @ 5)) = 0, Vs, Vt

BT, P(X)O(X) = 0 L 5D, ko>TYU C X X LT o0 = pxv ($(X)(X)) =
025 0 =0 D LD, T3 & sheafification D U. P. 25 ¢ =0 28 5,

IR o DEFTH 5 Z & %R T, Sheaf morphism & LT
F = Homp,(E,9)

BhZons L

a(U) : Z(U) = Homo, (¢|v,9|v)

s—=aU)(s): Eluv = Yu
(@U)()(V): £V) = 9(V), VU
t = (a(U)(s))(V)(t)

EBH5DT

0: (& Rox F)'* =Y
ERDEIICERTE 5,

oU):&U) ®o, F(U)—=¥9(U)

t® s (a(U)(s)(U)(1)

ZIT(ts) = (a(U)(s))(U)(t) DIEREE F Tz,

o D% sheaf morphism % D C, ¢ b restriction map & compatible TdH %,

& 51T sheafification D U. P. 2*5 map 0 : (& Qo F)P*° = & Qo F 2H
W5k

o =060



% i 72§ sheaf morphism
0:8 R0 < F -9
D —EHFET %,

ZITHELN S IF p(d) = a’i’(ﬁﬁf’ﬁ‘ EEINT,
Vs e Z(U), \ﬁeéZ‘(V), v WAL

(@) (V)(#) = s(V)(O(V)(E @ slv)) = a(V)(t @ 5)
)=

= (a(V)(slv))(V)(t
25

(PONW)(5)(V) = a(U)(s)(V) = (#(8))(U)(s) = a(U)(s)
= o(0)(U) =aU) = () =a

=351,
8. & 3 locally free T TH

Homop, (8 ®0y F#,9) = Homp, (F, #omo, (&,9))
B RYAC R

(d) f: (X,0x) = (Y,0) KRL. Y DAN—D DV TEy = OF &
3.,

f=flv:U=f1 V)=V

[(Z00yx [ E)lv D T.(F@0x [*E)v) = T Flu@oy (FE)0) B F(Zlu@ou T (€]V))

F(Flv@o, f (OV)) [ (Flu®o,00) = F.(F0)") = (F.(Zlo)" = (fF)lv)"

(f«F )|v = (f* Flv@oyElv = (f+F)lvRo, Oy = ((f+F)|lv®o, Ov)" = ((f«F)|v)"
T, g T f X S Y IHLT
[*Oy = [0y ®p-10, Ox = Ox (6)

N ARVAS R A T

LIz, sheaf Z, 4 12xf LT
FU)L9W), WCX=>F=9

THb, TIT. T EHEIC=TH 2 T LAEET, T S TR T S & RS A,



DLECED, &y =00, Y=V %2 VIZBILTiE

(feF ®oy E)V) = (fo(F @ox f7E))(V)

ST T %, fE2 T, EEDRIZE T stalk 23— T 3

1T 00, &R . T 00, f.0¢ D 1(F 00, 176)

X D, MFDMIZ sheaf morphism D3FELET 5 DT,

f*g\@(?yng*(ﬁ@ox f*é‘))

PIRT B, B, B3 p. 110 @ Adjoint Property

Homo (f*¥,.7) = Homo, (¥, f+.7))

KBWT, 9« &, F «+ f*& ERATHUIRONS & — f.f*€ ZHOTVS
MHE 2.
(y ®OX )w;yx ®OI g:m reX (7)
GE) (F(U),9(U)) = Fo D0, o, (5,1) 5 50 @0, t, DWEIE G D
T, y( )®(’)(U g( )_>=/93®(9 gx7( )’_>Sz®ot7bﬁr'§‘50 1¢OT
H =F Qo Y, 5~ (ﬁ@o g)prek%(&\ zeUCXITHLRDKF
PESND, T2 T3 O2DOXEIIATH B,

ES

a: oy — Fou R0, Gy hy > 5, 1

RIEMBRD UP. 663,
RIZ

5§z®orgz—>%

BERT D, Sag@txéfx@omgx ETB L. S$=8UEJ(U), tx—tUEg( )

7 = U
EARBED e IUC X DL ([1], Exercise 2.15 £ D TD X 9 7% sy, ty 35—
BINCHET 2 L ARE D), s, ®o, t

Lt ICRFL T sy ®ow) tu € ' (U) =
MICHFES B,



T3 yw=auy 56

SU®tU{3hw}g)Sm®tw
&b hy, € 5, DB—TRIZHEIET DT,
B:ﬂ\z(gozgz_)%» Sm®tz'_>h:r

DHHET B,
fED Jitr 6

off =idz,00,9., B =1ds,
ERDDIFSDTH 5,
PE 3. f: X Y ITxL

T ©oy 9) =f'F @10, 'Y (8)
DY ED, R, UCX DL E

(7 ®ox 9)|lv = Flv ®o, Yu ()

GEW) IR~ D TR Z (V) — L, G(V') = f719, Oy (V") = f10x
CEWT, W=vVnV'nV’' 2 fU)zENBT L6, VV V 3ELLTE

fZU)@ 10,0y f19U) = vg]{r(lu) F(V)®limy»5 ;0 oy(v”)v,glj}%m g(V')

- Wg%)(gz(m Royw) G(W)) = fHF @0, 9)(U)

L7 % ([3], 6 & 5 fii, fiE 11, p.316),
fE->T

(fTLF @10, [T9PU) = (fTHF @0y 9))P(U)
DYER TR DD T, presheaf & LTHL (., ko> Tsheaf & LTHHEL W
[LZ @0, 719 = 1T ®0o, b)
MWHE 4. f:(X,0x) = (Y,0y) DEE,
F=Fflgrqy: V)=V, VCY

E95eE
(feP)lv = [ (Z|p-10v)) (10)
(FD -1y = F (©]v) (11)
DA RYASEN

2N (V)= Dk EiF, X (10), (11), (12) £H 0=0 %325, RIFHET 3,



GEY YW CV ET2E, F (W)= f1(W), F'\W)CF (V) Thh.
(f TN W) = (f.7)(W) = Z(f~H(W))

FAF a0 W) = Flyaon T (W) = ZF (W) = Z(f (W)

ED (o) lvW) = (F(Flp10) (W) TH %, Z DEZEGHIGARHFIREE &
compatible % DTz (10) (FE2T 5,

-1

XA LTI, U=fY(V)IcHLTET

DN =F @v) (12)

ZRY,
(HDWCUWRRLT, fW)=fW)CV &D

(@) =l g = lim ol (V)

S lm W) = (JTGPEW) = (FT)W) = (S7D)|u (W)

W'D f(W)
6 (FH@v)Pe = (F19) |y DELEL, 5T
7)) - (f-1g>|U

DI ST, BB, =1k, W D f(W) ORRZ W 132D T, V 2 f(W) D
QW’QV&&ZM’P%“CJ?)%
—Ji. x e UITRL

T @)e = @) i) =Y

((fT"DN)e = (D)2 = G
T, EXEADLET

C¥v)= (D
2145, (oK)
3T,
FDl L (79w @10y Oxlu

x — 1 _
FElv)=F @lv) @510, Oxlu = (f'9)lu @10y Oxlv

L0 (11) 7b§)3iyff%
BB (D) TEUC fUV) LESHEAUTOT U5V ETBL,
%@iinﬁ%imk)iO(Jﬁ( 0) TIFERIZL V),

9



HHE 5.
[+7 ®oy [:9 = fo(F ®ox YD) (13)

G V C Y icxtL
(7 @0y L G)P(V) = (£:F)V) @0, (£:9)(V)
=Z(f7H (V) @0y G(fH(V) = (F ®ox 9)P(f1(V))
= (F ®ox 9)(fTHV)) = fu(F @ox 9)(V)
koT
(f+7 ®oy D) = f(F ®ox b)
o
[ @0y [4 = fu(F @0y 9)
2135,

2.5.2

R % K Z&1F % DVR. HitKideal Z m, X = Spec R = {(0),m}, K = FracR
£9%,

X OBEAIZ {2,{(0)}, X} %DT, n=(0), U={n} £ T2, nZ&ih
FHEBU L X, mZ2EUHEAR X DATH S,

OU) = lim O(V) = 0, = K

O(X)=R
(a) Ox-module F BAET % & &,
M := Z(X); R-module
My =MG®gR,=ManK
L:= 7 (U)=.%,; K-module
CDOEE, BEMEED UP. 26 pxy = pp Zii72 7
p:My=M&rK— % =L
RIS 5, 22T, pdRAboMERBEHRTH %,

M- 25 7, =1
#l /

Alp
Mﬂ

10



Wz M R—module\ L:K-module. p: M @r K — LWHHET S L &,
FRRDE)IEET S, n=0)CRET S,

F(X)=M
FU) =L
zoT

pxr =pp: F(X)— F(U)
DHIRGER L 72D | F 13 sheaf TH 2,
(b) XADRALT %,
F: quasi-coherent & ¢ : M = #, M =T'(X,.#) : Rmodule <= ¢, : M, > .7,

BE. opld pxu = ppp 27T O T, BRUBRT: p O—FEDRS p= ¢, TH
%, ¥ EDVHLT D, X ={p,m} IKBVT, M, ~ %, THY,

My =M = Z(X) = lim Z(V) = Fn

) (m ZEUHESIE X OR), F & M I stalk T3 L., Exe. 53 &0
M—F >EED¢OZ)!6“C25Z>

2.5.3
£9. M — .Z @ global section ZH{% Z £12Xk b

o : Home, (M,.Z) — Homy (M, T(X,.7))

BEETZDIFHSTH 5,
o: M — F(X)EL, X =UD(f) KR LTy %

of: M(D(f)) = My — Z(D(f))

m/ [ = o(m)|ps / f*
LREFRT D, 22T, F(D(f) 1: Ox(D(f)) = Ap-module ZDT1/fi € Ay &

D w(m)|pip/f € F(D(f) THZ, T pr(m/1) = p(m)|p) TH 5.
D(f)ND(g) = D(fg) 7D T, Theorem 3.3, Step 3, p.88 & b ((pf)fg (©q)fg

BT THIUS, op 5 M — F ZHRTE 2,

m m/1

(pr)rg s (Mp)pg = Mg > W = (fg)

¢r(m/Vlpg _ (@m)p)pirg) == £m)|D(19)
(fg) (fg)! (fg)

€ Z(D(f9))

11



ITE R Z(X) = Z(D(f) = F(D(fg)) &£ F(X)— F(D(fg)) W& LW
Eilks, £oT

-
—
-
—

m . @(m)|pirg m_

X0

(1) fg = (Pg)tg

2135, )
PEo>T, M — F ThHDH,

3 : Homu(M,T(X,.7)) — Home, (M, .F)

DIFEIR I N,
aff = idhom, (m,r(x,7)) TR
Blp): M — F I

¢y M(D(f)) = Z(D(f)),m/ " = o(m)|ps/ [
2> 5 13 5 3172 sheaf morphism TH ., % D global section
M — F(X),m— @(m)

X o TH 5, global section ZH 5 Z D aZDTab(p) =p L% %,
R B = idyomo_(1.5) 28T

Sheaf morphism o : M — . \ZH L (o) = o(X) TH Y. o(X)|p(s) = o(D(f))
% glue L 7z sheaf morphism 13 o 1217 & 72\ (sheaf H§R D —EM:), k> T
Boa = idHomoX (V,7) Th 5,

BLlick D

Homo, (M,.7) ~ Homu(M,T(X,.7))
DI LD,

254

Ox-module .# % quasi-coherent £ §% &, Vo € X INL z € U, U = Spec A
&7 % open affine U 2MF{EL, F|y = M, M : A-module & TZ % (Proposition
5'4)54 7% Acmodule W 2 M DARIE {mibicr DEEL .

o: Al = M, {®a;} — Zaimi
EBDT

kercp<—>AIi>a>M—>O:exact

12



PEOND, ZIT, kerp C AT H A-module DT, FARRIC Y : A — kerp &
5 AT IFEL, ¥ : AT s kerp =imyp — AT L RE¥ S, ko,

AT B AT S M 50 exact (15)
M = A’ /imip = coker 1)
TH %, Proposition 5.2(a) £ 0
O[‘;golﬂgﬂ\U%O:exact
D5 Fly = 0L/ ker p = O Jimip = cokery) #13 %,
W Ve e X it L, Fly = 0L /imp, THbBL
0l 5 0L 4 Zy — 0 exact

£$ %, Of, 0 1% quasi-coherent 7% ® T Proposition 5.7 & » cokerip = F|y 1&
quasi-coherent, &£ =T .# Hx b quasi-coherent TH 5,

X 23 noetherian & 5%, Proposition 3.2 & D A | noetherian TH %, Z 3
coherent 7% 51X, Proposition 5.4 2> 5 M 3G R4 A-module T

0—kero - AT B M —0: exact, |I| < oo

EDFBH, X ¥ neotherian 7% DT noetherian A? @ sub A-module ker ¢ 13
AR TH Y, A (15) LRRICLT

AJgAI—w»M%O:exact, [I| < 00, ]J] < o0
%35, & T Proposition 5.2(a) 2> 5
OégO{]iﬁ\U—)O:exact
UG CE N
Fly = Ol /im¢ = cokerip, ¢ : Of — OF, |I| < o0, |J| < 00
L%,

WIS TH B,

2.5.5

(a) X = Speck[z], Y = Speck & L. k — k[z] IZA)ET % morphism %
[: X =Y &EF5,

13



F = Ox = klz] IZBWT klz] 3HBRAER k[z]-module W 2 .Z & coherent T
H5,

—J3 f«# ¥ quasi-coherent 7 DT (Proposition 5.8(c)). ® % k-module N (Z
koT fu.7 = N &F (Y DIZEHERIZY OR), T(Y, f.F)=N{Y)=N
ERBD, (foZ)Y) = Ox(X) =klz] ®Z N = klz] TH %, klz] ZHBRER
k-module TlZ 7\ DT, f,.Z I coherent Tld 7\,

(b) f: X - Y % closed immersion & ¥ %,

Y DEED open affine V = Spec B2 L, U= f~1(V) £B< &, closed
immersion |3 local property 7 ® T (Exercise 2.4.3 DFEHHICE T 21EH 2), f D
HR fr : U — V b closed immersion & 7% %,

o> T f(U) =SpecB/b, b C B &%} (Exercise 3.11(b) or Corollary 5.10).
B/b I3HRAK B-module % DT (“EWIGIE 15,,). Exercise 3.4 £ D f 1X finite
Th 5,

(c) Noetherian scheme [H]® finite morphism Z f: X — Y &§ 5,

Exercise 11.3.4 X V. Y ODIEED affine affine V = SpecB IZNL T U =
f~Y(V)=SpecA £} 5, }

L7 F 1% coherent 2 DT, Fly = M, M : finitely generated A-module &
Kb, ZOLEf=fly:U—=V EBLWEH 4) 25

(FP)lv = F(Flo) = F.(M) = M

NRrEond,

M FERAEMR A-module TH H., A FBEREK B-module 72D T, gM 138
FRARK B-module & %%, fi€> T f,.% & coherent TH %,

2.5.6

(a) my 13 germ TH H m € M = M(X) | global section %D Tmy, = m|y, =
m/l e M, TH5 (peIVy),

pESuppm & my,=m/l =0« 3 ep’tm=0
Sp°NAmm#I < p2Annm < p ¢ V(Annm)
fit>T
Suppm = V(Annm) (16)
Th 5,
(b)M DHERFICE {miticr, 1| <oo &T 5L
peESupp M < M, # 0 m) #0,3i €1« peSuppm’, Jiel
SpecV(Ammm'),Jiclepc U V(Annm?) = V(ﬂ Annm?)

i€l el

14



ZZ7T
ac AmmM < aM =0<am’=0,Viel

sSacAmmm’,Viel ©ac mAnnmi
iel

226 Ann M = (;c; Annm’ DT
Supp .# = V(Ann M) (17)
DALY 5,
(¢) X iF noetherian 7% DT

X = UUi’ U; = Spec A;, |I] < o0
i€l
EDIT,

Flu, = M;, M; : finitely generated A;-module

& 7% % (Proposition 5.4),
k&l (b) 225

Supp.Z# NU; = Supp Z |y, = V(Ann M;)

13U 1B %A L 75D T, Exercise 2.3.5 DWE 3. 25 SuppZ & X T
PEATH 2,

(d) X = Spec A (Z noetherian %% D TZ DEITHEA U b noetherian, & >T
Proposition 5.8(c) 2> 5 i, (Z|y) 1 quasi-coherent T 5%,
DL E, Exercise I1.1.20 K h #6515

0— HNF) = F 5 i (F|v): exact

IZEB T ker ¢ 13 quasi-coherent TH 1) . H#2(F) ~kerp & D, #Q(F) b quasi-
coherent & 7% %,
IFz(F)3Tz(X, Z)DZ & LEbLNED, Aldnoetherian 7 DT a IFHRE

BThh.
meTly(M)sa"m=0, In>0am=0, Vaca, 31>0
S a€VAnnm, Va € a<s aC VAnnm
& VaC VAnmmm & Via) = Z 2 V(Annm) = Suppm < m € ['z(F)

XD T (M)=Tz4(F) &% 5,
ST, HP(F) IF quasi-coherent 7% DT,

HG(F) = (A (F)X)™ =Tznx(X, Z|x)” =T2(X,F)~ =Tz(F)"

15



THY, o THRLEI DD
HZP(F) =Ta(M)~
%%,
(e) X @ open affine covering D—2% U =SpecA £ 5 ¢
ZNU =SpecAla, Fly =M

EnT 5,
A D3 noetherian D & Z, F B quasi-coherent % & IXHIAD (d) 25

KR ()| = Hgau(Flu) = Ta(M)™
L% 5DT, HP(F) I3 quasi-coherent TH 5,

F 78 coherent D & F3.F|y = M &7 % M 3 finitely generated A-module T
b5, AD¥noetherian 72 DT M b noetherian, & ->T M @ submodule T'y(M) b
finitely generated A-module & 7%, WZIZ H#Q(F)|y =Toa(M)~ 225 HQ(F)
I3 coherent TH 5,

2.5.7

X OBBED —~2% U = SpecA £ L., F|y = M. M: finitely generated
A-module, M DHEEICZE {m;}jes, |J] <oo T 5,

(@) z € UICHIET 2 AD primeideal Z p £ § 5, F, = OL DEE M, = A]
1 free module TH D 5 my; ICHIET 2 M, = Al DIT {m;/1}jes 13 % DAL
TLE DT, My, Drank |I| 1 |J| UM THRTH %, n:=|I] £,

m; D Mp ’\O)'fg%%

mj/1:®i€[aij/fij EA;L Qij EA, fijEA—p (18)

LT B, {my/1}jes & AL ZERT DT, AL DI {e; = (0, ,0,1,0,-++ ,0)}ies
E:

ei:Z(bij/gij)(mj/l), bij EA, Gij EA—]L iel (19)
jeJ
ET 5,
22 Ch=1licrjes fijoi; £ET2ERgp THSB, KX (18). (19) 25 my/1
I AT B L,
My 3 m/b" = (> aym;)/h" = (a;/h")(m;/1)
J

J

16



—Ji. AN ODIEE DT

D (/W e = (cif W) Y (bij/9i5)(my /1)

iel iel jed
=3 (eibij)/(h¥gij)(m;/1), c;i € A
jeJ iel

EMUT, Zie[(cibij)/(hkigij) c Ak H5DT, I M;, 2@,
PLRICE ) My =AY %25 2 b o7, 2T

Flpwmy = (Flo)| by = M| pmy = My, = Ap = A" = Opm)"
z21353
(b) Lid (a) K OHSHTH B,
(c) Invertible sheaf & ICEWT, z€ X £T5 L, K (1) 25 & b invertible
sheaf 7% DT
(éa RPox Cg&)x = gx Ko, g = Oac Ko, O:c = Ox

TH2%, —Ji. Exercise [L5.1(c) ICEWVWT .F <&, 4 <=0x LTI EQE —
OX 75%%‘6“%@“@

ERE~Ox
DI LD,
W F R0, 9=0x £T2L, 2 X IINL F, ®0, % =0, L5,
Local ring O, DK ideal m IZH L k:= O, /m £ §5 &
k=k®o, O =k ®0, T RKRo, 4, = (k Ko, g\r) (293 (k Ko, %T)

DR NDD, k®o, Fu, k@0, G 1F k-7 FVZERTH D, RILORD 1 7
DT, FRZENEFNDRILB 1 TH 5, E>7T, ko, F, &k L—D2DILTH
Kz,

[1], Exercise 2.2 £ D k ®o, F» = Fu/(mF,) BDT, Fp/(mF,) Bk =
Op/m E—2DDIuTHERI NG Z L% 503, T4 & (1], Proposition 2.8 025 %,
DO, F—=oDTE v THERINS:

Gy = Opv
ZZTac€AmZF, CO, tT2¢ aF, =002, T5&
a0, = a(Z, Ro, Y:) = (aF;) o, % =0

EVa=al=0%t%%, koT, F, = O, DIRY LD,
BECR L7 (b) 226 Zly = Oly RSN 5 DT, F |d invertible TH %,

SMp, = (M(D(h)))™ = T(D(h), M|pn)~ = M| p(n)

17



2.5.8
a) U ={zeXl|px)<n} BHEATHEZLERT,

(
X OBE%E {U}icr ET5 L
U :open< UNU;:open, Viel

L0, Al local THEZTLL, X =SpecAd, 1=pC A LTI,
F % coherent D THRAEK A-module M ZHWTC F =M 05, M

DERITE {mj}jeJ, ‘J| <oo &EL,
ri=p(x)<n &35%&, [1], Exercise 2.2 £ D

Tz o, k(x) = My ®a, Ap/my = My /(my M,)

W r RITR7 FLVERTH Y, ZORIKZ5 25 M, DEB {e1, - ,e,} 1T Ay
b M, 25T % ([1], Proposition 2.8), D& ZE, m;/1 € M, &
(20)

m;/1 = Zbij/gijeia bi; € A,gi; € A—p
L%, )i e 1 M, DILTH D {my}jes 25 M DEFICR DT

ei = (Y aiym;)/fi = (ai/fiym;, aij € A, fi € A—p
J

E»FsE, 22T
h=1]] figi; ¢»

j

LF5E, c=peD(h) BDT, ¢l M, DITLERKE D, m;/1 bAKTH 5,

qe D(h) ISR LT My 13 Ag L {er, - e, HOM) THEKTE 2, (%)
() er, my /10 My ERBEEDH, My, — My & D205 (D) 1& M, DTG &

%%, M, DIERDILI
mje=>> dym;/c="> (d;bi;)/(cgij)ei, dj € A, c€ A—q
J ij
EDTBEN, blgjeqeddiheqtho>TLEwqeDh)IIKT S, &o
T EqTHO, HoTeg; qeinbIeDB, mfcld Ag Eer,--,e,} T

AR ING, ()
My 3 Aq bE{er, e} THEBRINDE I ED 6. My/(mgMy) DRITIE r B
T, Thbb, oq)<r»6qelUtih, £oT
x € D) CU
285, SR UDPHEETHE I EZRL TS,

18



(b) 9, o l(n) BHEATH S I LZ/RT (I T Tl X 1& connected T
<T%iw)
(HU Yn)#£ 2 L5, .F ¥ ocally free ZDT, x € UKL F, & free
TH U TZ) & HijiHE Exercise 11.5.7(a) & b

Fly =0y, Ir>0, Vo
Ehb, THL
o(z) = dimy(y) F2 Qo, k(r) = dimy,) O Qo, k(r) = dimy,) k(z)" =7 (21)

THH, =T @) =no2kDT, r=nThs, £>T, F|ly =08 LK
( 1) EFEBRICLT p(y) =n, Vy e VBIIRDZE, V CU 26 U IZHIESG L &
o (%)
ST, o WEBBITHEVET S L, [Imp| >2TH D, Imp C Z IZIFm/D
Bon 3HHEST 5, T5¢

ulJe ')
i>n
£ b X 13 disjoint % 2 DDFEEDONIES £ 7% D connectivity 12T 5,
it> T p ITEBBIETH %,

(c) (a) LB B VS

o(X)=n tT%, Local ICAEHTIUTL VDT, X =SpecAd & LTLW,

(%) IR L7 2 E25 . Vg € D(R) IALT My 1 Ag b {er, -, en} TER
IND (5DEERFr=nTH2), {>T My/qMy 13 {e1, -+, e, } (D) T
RENBDS, M, JqM, 13 n JTERT P LVERIBEDT (e, - en} 122 = THIE
BYIETTH 5,

{m;}ijes & M ZHRT 20T (20) £ D My, 13 Ay F{er, - ,e,} THER
SN, ZNLIFHEZ LT,
Eh 2o My OREAREE S, SRR RE Y dle =0 LT 2L, Ch
% M, /qMy ~ETE {er, e, RILEE 2T DT, FE=0. THbB d €q
T‘%b\ agzaiht J:b a; €q &V;%o

Ap, 2 q:primeideal < h & q< q € D(h)
5

N(Ap) = ﬂ ﬂ q>a;

qCAp qeD(h)

E% B0, X B reduced DT N(Ap) = N(A), =0&D a; =0, $hbdbH
{e1, e, } FEEERZ T, (- #%)
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it>T My, 13 free. $%bE M), = A} TH %5, Corollary 5.5 225 M, = zzlvﬁ
Ei s,

M|D(h) = My = A} = Op

IZBWT, z=pe D) Eo2kDT, .F =M Z locally free TH 3,

2.5.9

(a) 118 HOERICHENTH % & 912, m € My 13 HIRIC global section m/1 €
(X, M(d) 252 % DT,

M — T, M = ®aezl (X, M(d))
DVIAET %,

(b) Example 4.8.1 2>5 X = Proj S & projective over A Tdh %,
 F=M,N=T.7 9%, N=M EIZRS %A Proposition 5.15 £ h
N=M77%kDT

M < N = M < N=M = M'(n) = F(n)

TH Y. Theorem 5.19 DiLHEZ % Z 2 Z L TE,. M IZEBRA A-module &
LTk, AT, BioZRWRD RiE exact TH 5,

0— M~ = M - MY/M™ =0 (22)

= 0— Mt — MY — (MY/M*™1)y — 0 (23)
—Ji. Proj ¥4 TH funtor ~ 1F exact EERRFET 200, X (22) &b

0— M=t — M — (M /MY~ =0

= 0— M"Y(n) = Mi(n) - (M*/M*~1~(n) =0

= 0— (X, M (n)) = T(X,M'(n)) = T(X,(M*/M"1)~(n))  (24)

E2 5,
—MIZ p: M — NIZHLT

Mg>mg——> @(md) € Ny

| I

(X, M(d)) 3 mg/1 — @(mg)/1 € T(X, N(d))

AM(d)o & d RDTEHS % b7, Mg — I(X, M(d)) 13XE%H#ET 5 morphism TH 3,
5Exact RFIc2>WT

L—M—N = Ly— My, — Ny = Ly = My — Ny = Lp =My -+ Ny = L+ M- N

20



dafaze e, 3 (23), (24) £ D

0 0 0
ker ker 3 ker~y
Mt M} (M'/ M)y ———0
[e% 5 v
0 —=T(X,M""}(d)) (X, M'(d)) — (X, (M'/M"~1)~(d))
coker « ——— > coker f ————— coker~y

235, () 225 a, By I3FET 5, 1T, Fld4Texact TH D, %7 snake lemma
5

ker @ — ker 5 — kery — coker a — coker 8 — coker~y

b exact TH 5,

Z 2T~ ¥ isomorphism 7% 5 3 & isomorphism & 7 %, () v: isomorphism
&0 kery = 0, cokery = 0. ¥ 7hEDIED S o b isomorphism W 2
kera =0, cokera=0TH 5%, £oT

0 — kerpg — 0: exact

0 — coker 8 — 0 : exact
LD, BIFEHHTDH D, (- 1%)
PLEI2 X D v Y isomorphism TH % Z & ZREiE kv, Zqud M/ M =
(S/pi)(ni) 25
(M /MY a = (S/pi)(ni)a = (S/Pi)n.+a
L(X, (M*/M*=1)™(d)) = T(X, ((S/pi)(n:)~ (d)) = T(X, (S/pi)~ (i + d))
%MD T, Theorem 5.19 DFLEIHEZIL S, =S, ZRT I L% 5,
Theorem 5.19 AEHDRZICH 238D S IFBRAEK S-module 72 DT, AL

s bier, | <00 £ F2E. s €S Do, AINCHD X I Son,s, C Son,
BIKD VLD, T T do = maxi{deg s} + n;} EBFIE Sy C Soap &5 B
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—H. 8’28 oo, fEE
S;l = Sn, n Z do

iﬁ\hﬁjj— 5 o

(c) Cytg % quasi-finitely generated S-modules modulo ~ D717 TV —, Ceon
% coherent Ox-module DA 73—t 3%,

a qug %CCO}U M — M

B Ceon — qug7 F =7

WERTELZLZRT,

M€ Cyg £ 5L 0: Msq = ML, IM’: finitely generated S-module T
b5, . -

FT oMM ZRDEIICEET L, HEGUCXIIHL, peU &
2L fep EBRDBERIGf €S BWHIETHDT

s€ MU) = s, =m/t =mfe/tfH) S m'/(tfY) e M'(U), tdp  (25)
BEOENZM, SZTHL fepThiMDggp 2 ET2E
9o (fm) = o(g?f*'m) = flo(g'm) = o(mf)/tf* = o(mg®)/tg"

DL SEOD T, o(U) : M(U) — M'(U) 1F well-define ICEHTE 3,

@ 1FTHIFRE4R & compatible 7 @ T sheaf morphism T&bH % ((.7) s — s ITH L
TfgpeVCUsly =&y IKbliZ5DT, sly sy Ls—sEVT
LW,

[FEkIC sheaf morphism ¢ : M' < M bTFIEL, Yo =idyg, ¢ =idy, %D
TMEM %133,

7B, X (25) LFMkICLT

M~N=MZN

L BDT, a:Cqg — Coon WEHTE B,

RIZ, F % coherent £ § % &, Theorem 5.19 DFFHAS ZF =M L3
BRAZEL S-module SHFET %, (b) KDV 1.7 =T .M~ M WA T,.F €Cq 75
50T, B:Ceoh — Catgy F — I.F BT 5,

(b) £ T.M ~ M % DT Ba = ide,,, TH %, —Ji Proposition 5.15 X 1
T.Z) =7 5D Taf =ide,, THD, 2T Cqg & Coon 1IFAMEE 2 2,

coh

2.5.10
(a) S = Afzg, - ,2,] % A ESHABE, [ 22DHKAFT7LET S,

sel=alsel= falis=alifsel,feS= fsel

22



s,tel=alis,alsel=alti(s+t)=a alis+alialitel
=s+tel

EDTEATTATHD, £
§ = @Dd>08d € 1= 33?13 = 33?1 Dd>0 84 = @dzox?isd el

ICBWT, 2lisg EHFRDZ alisg €l =s,€1 LRDHTEDS, TIFHERAT
TIVTH B,

(b) Closed subscheme Y C X & 7y = I 13 1% LIS L T\>5 (Proposition
5.9), fiE>T

N=2aei=T7

ZREIE K0,
(=) AR s I L dy =degs LB &

scll=t=alscI'=s/l=t/z] c I = s/xl € I(lxi)
ZZT,

Loy = ooy = Ploy o = Iy
o

s/xfs € Iéi) = s/xfs = r/xf”, rel>=ats=arecl’>=scl?

k&bﬁzﬁb§ﬁ‘zbgoo
s/ads € Iwy,sel=alsel= s/xde € I

x;)

Th5,
ER-R

I‘D‘F(Ii) = (I(wz))N = (T(zl))N = T|D+(xl)

Il
~iR

ThY. I T=T1LabET (Exercise 11.5.9(b) DA DINE), I
2135,
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(c) Closed subscheme Y C X I LTI =T,.% L32L 1= 9 TH?
(Proposition 5.9 & O %y (3 quasi-coherent),

selICS=t:=alisel=s/l=t/x]" €1,
IKBWT, dy =degs T2 &
5/1€ I(de)(e,) = 1(d) (D4 (1))
=sel(d) (X)CTI=T,% =1
IO, I=1,%2%DT, I=T.% lIsaturated TH %,
Y IZHIET 5 ideal 2 J £ T 5 &

JCcTYT=o1

—~
=

26 I Hy 1ZY IZHNIRT % max ideal TH 5,

(d) S @ saturated homogeneous ideal I IZ%f L X = ProjS ? closed sub-
scheme Y = Proj S/I 2345415 (Exercise 11.3.12(b)),

CIT, D (¢) 26 T Sy 13Y Z7EFKT 5 saturated homogeneous ideal
BOT, ZOMBEEHTH S,

7. (b) &b ZD &9 % saturated homogeneous ideal I—2 7% DT, Hhf
TbH 5,

2.5.11

S x4 T 1 graded ring T, deg(Sq®4Ty) =dTHY, degf=degg=d D
£ E deg(f@ag)=dTHS,

(i) PI‘Oj(S XA T) =X XA Y @ﬁEEﬁ

Proj(S xaT) 3 Di(f®g), degf=degg>1, fe S,geT TAN—ZIN
Bo FE SxaT =®g>0(Sa®aT) 13 f@g TERSNEDOT, bLAN=T
EuTpof®g degf=degg>1VfeSVgeT b pDBHELIET
2L, pD(SxaT)y L%>TLEIDSTH S,

9, degf=degg=d>1, feS,geTITHL,

Si5) ©aTg) = (S xa T) (o)

s/ Ot/g™ = (fMs @ g"t)/(f @ g)""™", degs = dn,degt =dm (26)

ZIRT,
(well-define 1)

(S5 Tig)) = (S xa T)(seg), (8/f"t/g™) = (fMs@g"t)/(f@g)"T™
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ST = s/ = [ = s g™ = g™ = g = g
WAL T

(fms @ g™"t)(f @ g)" T = (f™s @ gt ) (f @ g) T
ERB T EDPS,

(frs@g"t)/(f@g)" ™ = (f"s @ g"t)/(fo g™t

M55 DT well-define TH %,
WHRIETH H 5 DT, 2 (26) 1 well-define & 7 %,

(A5E)

(s@t)/(fR9)™ € (SXaT)(fag), degs = degt = dn I L Td s/ f"@t/g" €
S(f) XA T(g) BT %,

(B
(SxaT)(fog) 2 (fMs®@g™t)/(fRg)" T =0 = (f"s@g"t)(f@g)" =0at Sx T

Ko TSXxAT — ST — SpRT, 126 ST, IZBWT (f™s/1eg"t/1)(fRg)" =
0THb,

(s/fr@t/g™)(f@g)" ™ = (f"s/1® g"t/1)(f®g)" =0

E55, fRgIZSFQT, ICBWTHILAZDTs/f"®t/g™ =0ThHb, s/f"®
t/g™ e Sip) ®a Ty DT, 3 (26) IFHHTH 5,

BRI XD S ®a Ty = (S x4 T) e DIRILL
Dy (f) xaD4(g9) = D1(f ®9)
285, hozlih ol
X xaY =Proj(S xaT)
2142, BB, ¢: D+()f xaDi(9) = Di(f®@g) & ¢ Di(f') xa Di(g') —

Dy(f'®g") D Di(ff") xa Di(g9') = Do (ff' ®gg") ~OWRH—FT % DT,
D &b 3R L 72 5,

(ii) Oprojsxam)(1) = P1O0x (1) ®xxy P50y (1) DFEEY
Oxxy (D (f®g) = (S xaT)(r04)

p; ' Ox(Di(f®g)) = x(W)=_lim Ox(W) =S5y

lim =
W2p1(D+(f)xD+(9)) W2D4(f)
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Py Oy (Dy(f®g)) =Ty

Py Ox(1)(Dy(f ®g)) = 5(1)(y)

Py Oy (1)(D4(f ©g)) = T(1)y)
ZHWTELNS

P1Ox (1) ®ox .,y P20y (1)

=p; 'Ox (1) D10, Oxxy B0,y py Oy (1) ®p-10, Oxxy
=p1 ' Ox(1) ®p-10 py Oy (1) Qp-10y Oxxy
Z D (fog) FHIES L,

PiOx(D)(D+(f ®9)) ®ox v (D4 (F249)) P20y (D)(D+(f ® g))

= S(l)(f) @54 T(l)(y) Q1 (5 xa T)(f®g)
E b,

ZD Obroj(sxar) (1) (D4 (f®g)) = (S xaT)(1)(soq EFLWVI EZRT,
()

SW)(p) ®s(y) T(D(g) @1,y (S x4 T)(p9) = (S xa T)(1)(s9)

s/fret/g" @ (s @t)/(feg)") = (ss' ott)/(f @ g)™"
deg f = degg = d, degs =degt =nd+ 1, degs’ = degt’ = nd
FE ST IKBWT (s@t)/(fog)" =s/f"@t/g" 5DT
s/fret/g"@((s'et)/(feg")=(sat)/(feg)" e (sat)/(feg)")
=(ss'ott)/(f® g9)*"

THY. R S1)( ©T(1) ) = (5 x4 T)(1)(gag) (e 5 (26) B 5HEH]) 12
BT,

F, (s@t)/(fog)" e (S xAT)(l)(f®g) WZH L ClE degs = degt = nd + 1
BOTs/frot/ghol=s/f"ot/g"®(["©g")/(f@g)" BESEUTEL L,

s/frot/g" (T g/ (fog)" = (ffs®g™t)/(f©g)* = (set)/(feg)"

Ei b, (-1%)
fE-> T,

(P10x (1) ®ox .y P20y (1))7 (D4 (f @ 9)) = Oroj(sx 41) () (D+(f © 9))
THY., REHUH AbEAELRDT

(P1Ox (1) @ox vy P20y (1)) = Obroj(sx 41) (1)
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BEoND, ko7T, D pre-sheaf % sheaf & 72D
P1Ox (1) ®0ox vy P30y (1) = Oprojsxar)(1)
2135,

(iii) A[Xo, -+, X,] = S BRHEE DT, Exercise 11.3.12(a) 25 closed im-
mersion (projective embedding)

X =ProjS < P’y = Proj A[Xo, -+ , X,]
DEET 5,
A[ZO,Ov B ;Z'r‘,s] - @dZOA[Xoa T 7X’r‘}d XA A[Y07 T 7Yr]d

= P’ x4 P — PY

(i@ ay; }ig V& Sx AT DEBTLEDT, 281 A[Xo, - X,J0aAYo, - ,Y,] —
SxaT BFET 52 05

Proj (S xaT) = X x4 Y < P’y x4 P — P

215,

2.5.12

(a) Immersion i : X — P}, j: X - P IKNL .2 =i*0(1), 4 = j*O(1)
£E9 5%,

Py

s S
y Xy Py

Fiber product @ U.P. 5 i = p1p, j =pap L2 5,

Y : Py xy P — P 1 closed immersion T® %, FEFE. closed immersion
I3 local property 7% DT (Exercise 2.4.3 DRI E T 2 E 2), Y = Spec B £ ¢
% L. Blzoo, - ,2rs] = Blzo, 2] Xz Blyo, -+, ys] 13EFHWZ | 1 1E closed
immersion TH % (Exercise 11.3.12(a)).

£ ®oyx M =i"Opy (1) ®oy j Ops, (1)
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(29) * %k * % 28 * * *

2 " piOpy (1) @0y " p50py (1) E &7 (9O (1) ®0p, py P30ps (1))
* ) * ok *

" Opg xpy (1) P Opy(1) = (W) Opy (1) (27)

[Proposition 5.12(c) Di#EHIZ D T]
Y (% scheme ZDT, £ Y =SpecB £9 %, P} xy P{ — PY TN
% ring homomorphism (&

Exe.5.11 Prop.ilQ(c

B[+ zij-+] = Bl ayj] =B[x; ] xp Bly;-]

LD RHTH B, fit> T Exercise [1.3.12(a) 225 U = P, xy P§ THH (P} x
P35 = Proj(B[---@i---] xp B[---y;---]) ICHEE), v*Opy (1) = Opy iy ey (1)
&5,

—D Y I LT, V =SpecB% PY OAN—D—DL L, W=y 1(V)
£95 L (1) &Y (" Opy(1)lw :E*(Opg(lﬂv) Ex D SR L7z local %
RS 2 OP;,XP‘;(1>|W I LW, koT (¢*0P5(1>>|W = OP’"YXyPﬁ,(INW
LD, ZOREZRED bR,

¥ Opy (1) = Opy xypy (1)

=135,

Immersion i, j IZX L, XOWE 9 LD ¢ =i x j I immersion TH S, ¥ &
closed immersion WA, 1y & immersion, &> TH (27) & L ®0, A X very
ample TdH 5,

ME 6. f: X Y ITRL
F(F ©o, 9) = [*F @0, [*Y (28)
(REBH) B 3 Xk 1
[(F 00, 9) = FR0,9)@f10,0x = [ F @10, f'9Qf10, Ox
=T @10, Ox @0y [T'Y9 @s-10, Ox = f*F @0y [*Y

WE 7. X 5Y L 7L Z -0 sheaf Z 125t L

(f9)'F = g" I*F (29)
(fo) ' F =g 'f ' 7 (30)
GEB) Saicak (30) 2R T,
EScn
F(W) ddi F W' (31)
/—L‘Z/]Vl M%/I
1 - . Py . N =1 g
[UFW) = Jim FW) == lim FW) = [F V)



AR TH B, EBE, (1], Exercise 2.14 Dtk E H vy

M; (32)

M/ ~—F M) &

IBWT, M = @M, M’ = ®icpM;, ICT DEE, M, M DFRfEREFR ~, ~
. AERD 4,5 1S L 2 & pyiag ZRA—BT 2 FEERBRLDOT, 2 ~y=amy
DRERICDH B, Ko T pf = ppg, ppi = ps DY SEDD T, opy = iy &
D, AL 22,

Rz

WDF(V) B W2 Fg(U)

U
/\V %

Jim (1LF)W) =g~ T F W)

BT, ERO UP. 205 pl, = oY, &7 2 U BEET 5,

S0P Y = pphy, ZET (g, 2 fTLF(V) = fLF(V) 3
BEER, TRASH), ks, ERRO ERIRX (32) O op; = ) (YT 2
phviiy = vy BIRDIE, 7o uff, = vl = ol = (BT phy )y 225,
NERRERD U.P. A B 2 =B X D o¥ =l p1, K56 TH 5,

LoT, REFVIEMRD U.P. 55 U = 3pUAY %

WO TR (U) = (f9) T F(U)

DBEET 5,
CDEE, Y g fLF — (fg)~1.F D% sheaf morphism (THIREAR & compat-
ible) TH % Z &2 RT,
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IZEWT, M (31) 25 L
Vi Pww = Py
iy PW W = P iy

)‘gip%/v' = P?JU/)\g
BRons, Ihs k. BicEon

U U,V
Hw = Yyvy

vy =AY

By = Y

v =AY
ZHVAUE, £9

¢gip%/vﬂ/r‘//v = plu by
ERDBH, ZOEEVae fLF(V) IR L Tda=vy,(b) %2 W, b DMAET
% DT ([1], Exercise 2.15)

wviP\l/V' = ngU"‘/Jg
DD ILD, T5E, TNs DAL S
Pl VA = ¢ p D
DIRSLT B 08, FAREDFIEIC K D
R
285, £oT
g T = (fg) T
I% sheaf morphism T %,
—J7, Ve e X 1T LT
(6 F)e = (T F)ge) = Fro) = (F9) ' F)a
DT, R (30) BT B,
nzfHws e
g F =g ([*F) @410, Ox =g ' (fT'F @510, Oy) @10, Ox
=g ' T @y15-10, 97Oy @10y Ox = (f9) ' F @(s9)-10, Ox

= (f9)*F
NP ARTASN
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' 8. Immersion I3 stable under base change T®H %,

(GEH) TRIRIE X xp (U xsY) = X x5 Y @ Z fiber product D& TH %
73, open immersion(o.i.) & closed immersion(c.i.) (& base change TIR{EFI 115
DT, Z2N5DHEMD base change TIREI 1L 5,

XXSY

Y
Y

UXSY

/\
e

B 9. Immersion @ product 1 immersion Td 5%,

(REWH) P 8 X D immersion /& stable under base change T®H %,

i:Z =Y, j:Y = X % immersion £ §5&, BHESGV CY IZHL T,
i(Z) =CNV,Y 2 C: closed TH Y, j 3RO DT j(i(2)) =
J(C)Nj(V) C X, j(C): closed, j(V): open 2*5 ji ¥ immersion Td % (The
Stacks project Lemma 26.24.3),

DL EIC X D Exercise 11.4.8 DHif (a)-(c) Ziifi7z DT, (d) 7> 5 immersion
@ product (¥ immersion T %,

anﬁ&tsmmwziﬁﬁPZ&ﬁEL%ﬁm@@\::@@Z%Wﬂ:
2R 5, X SpecZs PSpecZ & i%%b‘tﬁi’%/ﬁl\Ci%L: x, P" %(‘f_:ﬁ“ﬂj—o

PWxWPW Ps, ﬁ W
><g QI wX1 il
Py, Py
PV SpecZ

22T, Y :P"xP* PN, N =rs+r+sid Segre embedding TH %, *
7o Py xw P§, =P x P§, IQHEET 5 L. BIAIER,

1xj:Py — Py xw Py
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PHET D, o:=(1xj)i LT 5,
f=ai, g=pj

1 x 7, @ 28T 3 fiber product ? Universal Property 7> 5
@2(1 x j) = jo

e =(1xg)i

1 : P" xz P < PN % Segre embedding £ 3% &, ¢ x 11ZE} 3 fiber product
@ Universal Property 7> 5

Y x 1) = Bge
Ei s,
gf = Bjai = Bga(1 x j)i =~(¢ x 1)(1 x j)i

THY, 1:= (¢ x 1)(1 x §)i IF immersion TH 5,
( 7) DIRED ¢*Opy xpy, (1) = () *Opy (1) IKHE T 2FAZ 02 &

©"Opy, xwps, (1) = " Opy (1)
THDLMB, —h
¢ Opy, xwps, (1) = ¢7 (41 Opy, (1) Q@0 ey 60p;, (1))
= i*(1x9)"Opy, (1) 8o f5"Opy, (1) 2 i Opg (NS0, f*M = L 80 [*0
)
&L Qo "M =17 Opy (1)
PEEND, Bk, LIEROWH 101255,
P 10. f: X =Y, X,Y: scheme IR L
(I x f)"Opy (1) = Opr (1)
TH5,

(REFA) X,Y X affine & L TXVDT (ZOHAEZIEHTE UL, (a) DIEHA
IZE 1} % [Proposition 5.12(c) D@ IZDWT] LFER, WD T AEE), X =
SpecA, Y =SpecB £ 5 %,

FACAIET % morphism % p: B - A LB &

1®¢: Zlxg, - ,2,]@B = Blxg, - ,x,] = Zlxg, -+ , 2, ]Q@A = Alxg, -+ , 2]

D1x f: Py —PLICHIGLTW2
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S := Blxg, - ,x], T := Alxg, - ,2,] £T5L ST THYH, T D prime
ideal p 1%

P2(1@)(S4) «p 2Ty
BT, EBEL 1@ BREERETL20TT, D (10 ¢)(Sy) 256 (<) XA
HTHD. p2(1®e)(S4) B5IX (10¢)(S4) 32 WAP DTy £4h215T

b5, &> TExercise [1.2.14 IZEF % U 13 Py 1% L | Proposition 5.12(c)
»5

(I x f)"Opy (1) = Opr (1)

2.5.13

X =ProjS, Y =ProjS@ £ E<,
fesSgtvsrt

d % i
Sty = S(g)s s/ < s/f (33)
&0
: _3g _ 37— ¢@ _ — Pro; old
Proj Slpx(s) = Slox(p) = Sip) = S5y = 5Vpy () = Proj S“lpy )

% 72§ DT (Proposition 5.5). DX(f) = DY (f), f€ Sqa TH3, £>7T, C
NS I AbESNLIDT, X =Y., Tihbb

Proj S = Proj S

2135,
612, K (33) LRIfkIZLT S(d)(f) = S(d)(l)(f), feSshBEoNn

—_~—

Ox(d)lpy (1) = S(d)is) = SD (1) gy = Or (1)l py
E0, TNLMYAOE LD T,

Ox(d) = Oy (1)
DI D 7O,

2.5.14

Connected normal closed subscheme i : X < Y =PI ISNIGL Tklzg, -+ , 2] >
klzo, - . |/I, I =T.Ix BHIET % (Corollary 5.16),
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(a) X 23 normal @ 2 O, = S(,) & integral TH %,
S(z) B3 integral 7 513 S(d)(,) b integral TH 5,
(Hz=p &L, S(d)(w) IZBWT

L9 0 fgen si¢p dogs=dess—d degt =degg —d

&9 5%, S(w), S(d)(gg) 1% S, DERITER T DT, S(w), S(d)(a:) DHEHE L Sy DEHE
TEATH &,

T, €p &b, WHEETLDT(TRVEPD S, Lh>TLEI),
fg 1 foog

0=~ 2. —=0= —— =0

s t ¢ szl txd

fo_

s t
THBH, Sy & integral ZD T, f/(szd), g/(tzd) DVTNHRIE0THY, —
ez g) 2 ekl fl/(sad)=0,F %, T5&,

SR

R
(N S =Sa (34)
max mCS(d)
ZINT,
() £,
N S <€ 5@) (35)
max mCS(d)

LB, BERS, ge Ny S(d)m IEXL
I=1{aeS(d)|ag e S(d)}
X S(d) Dideal THH, bLICImET DL,
g=>b/t,be S(d),t € S(d)—m = gtt' =bt' € S(d), ' € S(d)-m=t'€ICm
Lo TFHIERDT,
I=8d)=1€l=1g=g¢c S(d)

EBPLTH A,
=¥ (35) DI d R DT, ﬂm S(d)(m) CSyThsb, —fi. S4C S(d)(m)
Mo, Sy C ﬂmS(d)(m)\ £oT

max mCS(d)
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L5, ()

A (34) I2BWT, BRT/R L7 & 912 S(d) () 1& integral 2D T, Sy b integral
Ehk b,

ERED d T L Sg DY integral D &£ ZF, S b integral £ 7% 5,
() fg=0%,%2 f#£0,9g#0DFET 5 EREL T, degf+degg DiR/INE %
25D% &5 (BHEDHEITIEARIT f,g Z U 3 TH 5 DIE, graded
ring DFX prime ideal DHIE & 2 FAKETH %),

bLldegf=degg T 5L Sqeg p DI T 2DT, d=degg—deg f >
0/6‘35%0 ZDEZE., Sq=0 D R SZdZO Eh, 97&0 5:&?%0 ko7
Sao2y#0EB2yMPHEL, yf-g=00F50 5, Sqegg DML S yf =0
ERBD, Tt deg f +degg DE/IMEIZRT 5,

PlbEick) S3#Ech s, (%)

S = @,>ol(X, Ox(n)) = S (S DEEAGL) 27T,

r=peX =ProjSIZNLT, fep, feSETDL[ITS, Lk
ThHhbd, EE Y, aift =0, a; € Spy £ % & dega; =0 & O XD D 5
a;ff=0%&87%D SIFEIEDPZ a; =0 TH 5,

Fes Lot

Sp = @Sy f* = S [f] (36)

EEFBED (aeSqa=a=(a/f")f% (a/f) € Spy)s X B¥normal DT Sy
ZEEPH, T2 EROMHE 11 LD S, bEMHEL S,
CDEE, S =®,>00x(n) I L, 7 bEHTH L, HERS

Fp = On>00x(n)p = ©n>05(n)py = {f/gldeg f > degg, f,g€ S,g&p} €5,

IZEWT, a € Frac.¥), = FracS, 287, B L T2 L, BRICS, LETLH 5,
Sy IFHEPAZ DT, a€ Sy L%, ald S LERDT

a" 4 by1a™ T 4+ by =0, b € .S, by £ 0
THHD, T2 ThLldega <07 & degh; >0 & D XESILED S a™ =0, m>1

LD S OB 5, £oTdega > 0025 a € .7, D61, 7 (FEEH
&7 % (& 13 normal),

S =T(X,.7) DI L% LERT,
() £9. X =ProjS=U; Dy (f) IKRL,

R:=7(D(f)) = ®nz05(n)(s) [2 S(p)]
WA TH B L BRT-0IC, s €FracRDP R F#EET 3,
J ={y € Rlzy € R}
i$ideal 2722, JCpC S CRERD pDIHET D LT 5,

Zp = Dn205(n)(p) = (Bnz05(n) (1)) (p) = Bep)
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R L% 2 € Frac R = Frac R(,) (8 L, Ry [2 R] 2M¥P% DT (&1 normal)
r€ Ry NFracR=x=a/s,ac R,s ¢ p = tsz=ta,t ¢p

=tseJCp

CHBFBEHEDT, J=8; =veR A, RIBEHERT,
RIz, —fRIZ. X O affine open covering X = JU I L, #(U) 238 %
LI #(X) bEIHTH 5:

8" ap 18" M tapg =0, a; € H(X), s = % € Frac #(X), a,b € A (X)

= st +an_i1|us|y 4 Faoly =0, aily € AU), sly = ZU € Frac (V)
U
=slpeHU)=>seHX)

koT, F(X) =S 122D EOTRETSH S, ()&

Theorem 5.19 D 5 S C S’ C S DT (S 7% integral 722> 57T %),

Sci-95c5is=95-8

%f3%, Z2T213 (1], Corollary 5.5 12 & %, [l Corollary 5.5 %5 S 13 S D%
o, i3S HMTH 5,

MHE 11. R: #PH & Rlz]: BPH, /> T, p 251 %5 Sy B = S, BT
b5 (K (36))

(M) (=) K = FracR, L = Frac R[z] = FracK[z] = K(z) £ B Z., f(x) €
L% Rz] F# 9%, Rlz] C K[z] £V f(z) 13 K[z] FETHH Y, Kz] 3%
PADT f(z) e K[z] £72 5, X> T, K(x) IZBF % Rlz] DEEPHTLIZRA 2 i
729,

R[] C Klz]
—77. [1], Exercise 5.9 ICBWVWT, A <« RB « K,C <« A L B1}F R[z] =
Kl — K(z — Kz
R v mzs, bREY R = R o,
—— K(z)
Rlz] = R[x]

25 Rlz) (3%PHTH 5,
(<) y € FracR C FracR[z] W R M E T2 L, ylI Rlz] hTHHEEELD,
R[z] L2387 DT,

y € Rlz]NFracR

6L MESAFITIRIL T 2
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Thbbye R%218%,
p2S17%53feSi—p LR (36) BILL, Sppy: BB = S, BEHE 4 B,

(b) Exercise IL5.9(b) ICEWT M =S5 &9 5 &
Sy ZT(X,0(d) = 8, d > dy
»Fons,

(c) L&t (b) £ D
S~ S =S, = Spa ¥n>0,d>0

X 1% noetherian TH . k 1FEIPHIA, X — Speck (X proper % DT
(Theorem 4.9), Exercise 4.5(d) &0 I'(X,0x) =k TH %, it>T, Sy =k =
[(X,0x) =8y &b, BTOR >0 LTS, =S,y Thbh, 51D =5
=5,

T, ST PEALSIE T YEEHTH B 2 EEIRT,

() €FracT® CFracT BT F¥E T2, $2L, TWODCT %DT, i
T BT HY, zeT b, T=ThDT, zeT &b

) T:integral

xeTﬁFracT(d):x:g/f, f.geT g=af,zeT, fgeT

L0, KBS 2 e TW %155, fE>TTWD 13HATH 2, ()
koT, (a) 25 8 RO T, §(D L, S HEHTH B,
Corollary 5.16 2*5 S 1 homogeneous coordinate ring k[zg, - ,z,|/] %D

T AT/ = (0nT0)/(Bndn) = On(Tn/In) &9

S = klxg, - 2, ] D /TD

/N
5 k[yo, - yn] — klzo, -+, 2] D 5 K[z, -+, 2, ] @ /T = @
= X = Proj Sy Proj (k[zo, - - ,xr])(d) SN PkN

255

ZITOREE®A SD = Ky, ,yn]/kerd TH DD, T4iF S
X < P @ homogeneous coordinate ring Tdb 2% Z £ %R LT3, S 23
PAZ DT, X < PY 12 projectively normal T®H %,

(d) X 27 projectively normal &9 %,
0:T=Alxg, -, a,] > S =Alzg, 2] /TS =5 (37)

ICBEWT, SHEHDZ S =S K0T, o: T - S 3eHEAhs, koTnX
W2 S ¢, : T, — S =T(X,0x(n)) b2&HTH %, Proposition 5.13 X
h T, =T(P7,Opr, (n)) DT

Pn F(PrAv OPQ (n)) - F(Xv Ox (n))
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(B RN
—J. WE 12 X OEED p IS L Oy = S MW A X 1 normal TdH
Z)o

WIZ, X 23 normal T, ¢, : T,, = T'(P’, Opr, (n)) - I'(X,0x(n)) = S, n >
03 LT 5,

T2L0:T—>S—>SPEHELELDT, S— S 132HTHS, (a) THL
7kHlc, SCY =5ShDT, fEHS=8 k%D, SIFEEH, X & projectively
normal & 72 %,

WE 12. S BEPAZ 51X S, bEHTH 2,
(REWA) x € FracS(p) C FracS %8 S(,) L¥EE ¥ %!

2"+ dy_1/cn_12" -+ dy/co =0, dege; = degd;,d; € S,c; €S —p

(cx)"_1+-~-+d0£c”_1 =0,c=cChp_1---C0ES—P
Cn—1 €o
RBUE di(c/c)) T e SKRDT, cx e S=5ThhH (SIFHEH), ze5, &
%%, degz=04%D xely, 2155,

= (cx)" +dp-1

2.5.15
(a) X = Spec A, .F: quasi-coherent ® & ¥, .Z = M, M : A-module & %>

I} % (Proposition 5.4),
(1,

Exercise 2.17 X O A-module 136 RAESEH 5 MEEDONEMRIR 5 2 545!
= hmMZ ZMz U

2T, MUIRAERAR AMEET M D MJ, for i > j TH Y. A DS noetherian
DT M' % noetherian, .Zi := M’ 1% Coherent Th b,
ME 13 kD (11_1>an)1 = hmM;ﬁ7 reX RDT,
—

1

Fy = M, = (lim M), = lim M’ =lim .Z! £ (lim 27,
— — —

1l
220, 2i3limg Fi = (hm i)pre — (hm He Itk 5,
—
Exercise 11.1.10 & D lim.#* = 1i£an — M DL,
—

= hmgzl Uﬁl

L7537,

TM*D MI = FPDFI, fori>j
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ME 13. A-module M, Ag-module N IZEWT, ol : M' — N ol = afp¥
Zii7z 9 &35 & ([1], Exercise 2.16 DidiEz ).

(lim M*), = lim M?
— —

(REHH) TRIAICE W T

Mt — MEIZE 3 JaHto U.P.(Universal Property) 2> 5
o =3l - pl (38)

lim M* 2B 2 EMRD U.P. 225

o =Na -yt (39)

(lim M), 125 BRFHLD UP. 55

a=3lag - ps, (40)
AR 1 DIl p OEE XD

patt = i,
D RYAC RIS

iE> T, o = ap® = agpept = (apul)pl %505, X (38) D ol O—FE
5
0 = Oty
DIRALT %, _ 4
al = appl 2l Y ap D—EMEZ, BL g al = gul 27T ET B L,
Oy = iy = Qppy = GHoPy = o' = gpop’

WKEWTHK (39) D a D—EED S a = gp, DL, 51T (40) D o, D—
2o onb g=o, 12k %,
PLEIZ XD, RO UP. 525 (lim MY, = lim M D3R Y 32D,

(b) X = Spec A, A: noetherian, i : U — X, #: coherent on U § 5%,
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X 1% quasi-compact 7% DT, fEE D open affine V C X XL i~ 1(V) b
quasi-compact T, i ¥ quasi-compact & 7% %, Open immersion i I¥ separated
7% DT, Proposition 5.8(c) 2*5 ,.Z (% quasi-coherent T®H 1 |

g T . AL _ i_ i i
in.Z =M, M : A-module, M = lim M ZM UM
LCED, 22T M IIHERER AMBE, F¢ = M % coherent T 5,
¥7
Tl = F
Th b, %¥% 6 Exercise [L.1.18 2°6 i, F |y — F.
(1+:F|0)e = (1x:.F )z = lien‘}ﬁ(VﬂU) =F,, veU
EroThs,
BEIZR L 72 & 9 12 U 13 quasi-compact DT, U = U, D(f) IFHBRIEADOMIE

ATHD, D(f) = Spec Ay ITEWT, A %3 noetherian @ 2 Af b noetherian,
& = T U 13 locally noetherian, quasi-compact T & 1), noetherian & 7% %,

w7 (D(f)) = Z (i (D(f)) = Z(D(f))

C llary5.5 . .
Orgy Z*9|D(f)=g|[)(f) =>Z*9|U=y

128V, F & coherent @ X .7 |p(p) & coherent 7 DT (Proposition 5.4),
. # . i
i« | p(p)(D(f)) = My = lim Mj

ZERAER A, RECH B (Z 12, WH 13).
{M}}ier BWRZDT, ARILZETED M} BAHET 205, ZDild fIC
HELZVE)ITTE S (X BERED D(f) cbnsh56), £o>T

i.7|p(r) = Mi|p(p) = inF v = Mily
2T =M ETHUZ, 4k X LD coherent sheaf TH Y, F|y = F
2729,
(c) Sheaf morphism p ZXD & I ITEET 5,
p:9 = i.9u
p(V) =pvunv : 9(V) = iYGu(V) =4UNYV)

S'—>8|Umv

ZDEE, Fi=p L T IXROMWH 1412 L D & D subsheaf TH %8, ¥ 23
quasi-coherent 7 ?D T, Proposition 5.4 725 F'[C 4] b quasi-coherent & 72 %,

8p=lF L (07 F)(V) = pyyny F(V) DT &L
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Fluy=F W, VUKL F|u(V)=pyyapinZ (V)= F(V)IZL 3,

#13 (b) £ & FHRRIC LT, & & coherent &7 5%,

'E 14. Sheaf morphism ¢ : J# — G IZB VT, F B Y D subsheaf 7% &5 X
L 1% 0 D subsheaf TH %,

(AEHH) Presheaf & 7% 2 DI 572 Td %, Sheaf F{fFED (b)-(3) & A D sheaf
LRV AV RVASHR
IR (b)-(4) 29,
U=UVi s € wvlﬁ( i), silvinv, = Sjlviny, £ T %o DY sheaf T
sieA(V;) k0 3s € #(U), sly, =s; TH b,
—7i. pv,si € F(V;) 25

= (pv;85)lv;

(pvisi)lviny; = eviav; silvi

BOT,
dte Z(U), tlv, = ovisi

Th 5,

(pus)lvi = pvislv, = puisi =ty
IEBVBT, (b)-(3) D—THED 5
pus=te FU)=sc e, F(U)
2155,
(d) X & quasi-compact 2D T, X = V1U---UV,, V;: open affine £ TZ %,
Uy =UNV; & affine Vi ® open TH Y. 9|y, Flu, |ZNZH quasi-coherent
& coherent TH %%, LT (c) Z@HITIUE, F' CY|v,, F'lu, = F|u, 2

729 Vi £ ® coherent sheaf .7’ % 37?%?:'3‘%
F'lvav, = Zluoav, BDOT, F, F' 13U =UUV 515*)/“\'@‘#7(_‘[ Ay

D. #41% coherent subsheaf .7, of G0 £ 9D, Fly=F, Fily, = F %
727,

DUFFEERICL T, £, C Y, Zulv =.F £7% % X LD coherent sheaf .7, 7%
WRTE 5,

BB, G =i, F=>F =9y Tb5,

e~

(e) U 1281} % global section s € .Z (U) THIR I N5 sheaf Z ¥° := O(U)s
L L,
y(V) D) gs(v) = Ox(V)S|V =) S‘V (41)

9Proposition 5.4, V; I¥ Dy (f) ICH4L, M »YERER LS M) bARERRDOT F|y, &
coherent TH %,
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Thb, $56L9°=0U)sH5 G512 U I coherent £%5DT, (d) &b X
L@ coherent 9" DFEEL, 9% |y =95, 9" C .F ZiiT,

ZDEEL G C T DO Upery¥9 € F THBH, —H, A (41) XD
s €9 (U) =9° (U) 5OT F(U) C Uye ) 9°'(U) 25

FU)= |J 9'U)
seZF(U)

£ D Z 1Z coherent subsheaf 95" @ union TH 5,

2.5.16

(a) HEDY 4 2E KDL LV, Fly = 09" OIIEE {01, 0} £F
5L,

(P =T"(Flv) =T7(0l7") = OfF" ® -+ @ Of"
£ D TT(F) 1% locally free(FEE % £ module) TH D, FEIEDH A Rld n',
S"(P)o = 8" (Flu) = S"(Olg") = Olg" -+ Olg"

£ D S"(ZF) b locally free TH Y, KL {z;, - 2y, i1 < - <y} RDT, K
EOW A R1E  H, = ("),

N(F)u = N (Flu) = A"(OF") = Olg" A+ AOJG"

D AT(F) b locally free TH D, HIKIEF {z), A Ay, 11 < <ip} 5D
<. HEEDYA U () LA B,

(b) X @ covering {U} L F|y = (Ox|0)®" T3 &,
N'"Zlu = (Ox[0)®" A+ A (Ox|v)*" = Ox|u

Thb, T, FREOHELGV IZHL T
NFWVYQAN"T"FV) > AN"F(V), 2Qy—x Ay

DT
NFQN"T"F - \N"F

Th 5,
ST, A VITHL,

N F (V) — Home |, (A" F|v,N"F|v), [ = (glw = fwAglw), WCV
MEZTELDT,

0 : N F = Homo, (N"T"F,N\"F)
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DFET 5,
fit>T, &IZ

N F(U) = Homo, ., (N"7"F|u, \" Z|v)

ZREIE X,
S H0m0X|U(/\n7T9\|U,/\n9\|U) ETBEE N Ty~ OX|U X0 J(xir_'_l/\
/\iEZn) S OX|U DT, P %z

V(o) = Bir<cin 0 @iy Ao AT )Ty A ANy,
TEHET S, ZIT {ipgt, - iny ={1, - nt={it, - ,in}, b1 < - <ip
Th 5,

CHUFHERMY (module & LC) TH Y, $AHHTHH 2, FBE o(wi, A A
) o =0, ip41 < - <ip ETDE (x5, A Aay,)y=0,VCU=0=0
Ehke b,

I 61T, Diy<ooo<iy Qg iy Tiy N - NTj, € /\ry(U) LT, o %

U(xir+1/\' . /\xzn) = ailu.ir(fﬁil/\' . ~/\xir)/\(x“+l ARR '/\"Ein)[e /\nj(U)] (42)
= a4, [€ Ox (U)]
TERTDE, Y DEEDNPDS

d)(o’) = @7;1<.‘.<1‘T0'(1‘ir+1 A '/\l‘in)l‘il A - '/\J?z'T = @i1<-~~<irai1-~~irzi1 /AR '/\"LL'T

b, 2HTH S,
fE->T

N'F(U) =~ Homo () (A" ™" Flu, N"F|v)
THYH, o

N'F = Homo, (N F, N F)
o

AT Homo (N F, NV F)

LRDARVASH
—J7
(A" F) @ AMF ~ A omey (NVTF, AVF)
£ D (Exercise 11.5.1(b))
NF S (NVTF) @ ANF

i)gﬁjj— 50
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n=2r=1:92%2¢.73ZNZ»HoNn%,

(c) KiF S(M) LD T Toy 34K T TH2H, BFELTHwsNT
lIlz}Fop = SPF' @ STTPF 13 STF D subsheaf TH b, {TEOBHEAV C X I
XL T,

FP (V)=SPF' (V)@ S PEWV) LS SP.Z (V) ST P77 (V)

pre

AT % (tensor D U.P.), ZIZ T, ¢ : FEEL(V) — 0 £ D10 sheaf LD

pre

UP. 56 ¢o: FPTY(V) 50T %bb FPHY(V) C kerpg. quotient ® U.P. 55
PPy e v) Y sz vy @ st (v)

DHEET 5, 2D morphism IZHIIRER & compatible 7 DT, presheaf B{%
(FP ) Frttypre g (SPF' @ STPF7)Pre

MR VLE | sheaf fIT X D
PPIE 5 05t o TP 5 (43)

2%,

Flo, T, Ty Difree LB, X & AN—F BIEAD D% U £5 5,
Free module 1% flat 1225 L T2 DT

0—F'lv— Flv— F"|lv —0: exact
CEBWT Fly=F |y Py BRYLD, §5L
FPly =SPF |y @ ST PF|u
= SPTF |y @ (Bo<i<r—pS ' F'ly @ ST P LT |yy)
=SPF Ny @SSP |y @ SPF |y @ (Dr<icr—pS F'ly @ TP |1y)
=SPF |y @ STPIF |y @ FPTy
P56
FPly /FPHYy = SPF |y ® ST PP |y
BESNDE, koT, A (43) LAbET
FP/FPTE = SPZ! @ ST PF”

gng 5 §n2” BEbIE (F — )" TH3, itoT. SF @89 LF - S(F'/F)®
SIU(F/F) = 0 b6, FPH = SpH1 5 @ §r-Pr-1F(V) = SPF © SF © ST P 1F
SPF' Q0Q STPTLIY =0 L5,

NZ oy Ox =F &D Ox I3 flat, [1], Exercise 2.4 & ) O% i3 flat.
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21585,
IDLEFY=8"7Z THbh. FPII finite filtration & 7% 5,

(d) (c) &< FHERIZLT
NF=G2G 2 2G"2G " =0
GP/GPTY = NPT @ NTTPF (44)
N ARVASH
Rank n @ locally free sheaf .# & A" =0, r > n Ziii7c T, 2¥%6 F|y
Wiree BKDTAN Fly=0L%5505ThH5,
KA IZBT, r=np=0%,T5%L
GO=A"F" e (NF QA" F) D - AN"F'
BRoNDH, F,.F Drank BZNZN/ 0" BDT (n=n"+n"), ZOHRIZ
AT = NV F' @ N F
&5,
(e) HH 6 £ D
TF =T f*F
Th 5,

SC.UCX WL AU) ={axb-—b®aa,be FU)} £T2L, &S
OB X I Sl F®.F Dsubsheaf £7%%, ZTNEnEHIZLEZDDE 7
i

MWE 15956

00— —T"% — 8" — 0: exact
= 'S — [T"F — f*S"F — 0 : exact
THBHD, —H., RDFTEERINSFET 5,

0— 9 —T"f"F — S"f*"F — 0: exact
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9 % & snake lemma K D

0 0 0
ker cv kerﬁ/ ker vy
s 1"y —— f*S"F ——=0
« / B ol
0 f*7 T F —S"f*"F ——=0
coker « — coker f — cokery ——= 0

0 0 0
DI E 72 223 ([1], Proposition 2.10 12\ T u DHIESAEL R WS, o, B 1F
Az 2 HHW Z cokera = 0, ker 3 =0, coker 8 =045 kery = 0, cokery = 0,
FoTHdeHB LR D,
fit>C

bFfkIC L TREHTE %,

[ fiR]
WE16 LY f(F)I)=f*F|f*I DT

(S F) =T F|I) = [F(T"F) () =T" " F/[(I)=S"["F
=135,
WY 15. f: X =YL, f~! & exact functor, f* 1% right exact functor T
b5,
GEH) £7f: X 2 YIKBWT, Y ETY —» 7 L35 L, [1], Exercise
21806 719G — Al BHEEL, > T f*9 — f*# bHFET 5,
Y LosiaRyl

0> %' - F = F” —0:exact
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IR L.
0= F, = Fy = F", = 0: exact
LREELEDT, y=f(r)eY LT5LE
0= (f ' F e = (7' F)e = (f 7 F7)0 = 0 : exact

=0 f 1P 5 17 5 71927 = 0: exact

Lo T, f71 & exact functor TH %, 22T e, , Z%F 5 &, tensor I& right
exact DT, f* & right exact & 7% %,

WH 16. f(F/I)=f*F|f*I

GEHI) [*F — [*(F)I) KBBT f*F -0 Lhb, BERL, f~1.7
[TUF)I) 2B VT, 2 € X Dstalk 2 LU 7, — F, /9, &1 7, DIRIF0
LD 5TH D,

it > T quatient D U.P. 26 f*F/f* I — f*(F|I) DBEFEET 5, —T5.

Z, ® Y1O T og *
_Mziégoy,yox,m:f(y/j)w

(fF)I)e = (FF)a) ([ I )e = 7, @0, Oxa 7,

DBRY D, 2ZT2I3, LS fat 75513
0—M®L—M®L-— M/M'®L— 0:exact

i)

M®L
M ® L

TH Y. free module Ox & flat 72226 TH %,
Lo P F) T S [(F)I) LabRT

M/M' &L =

N

P79 =5
2135,
2.5.17

(@) f: X =Y, Y=,;Vi, V; =SpecB;, U= f~}(V;) =SpecA; & L. [
BBV =SpecBCYIZHNL, U=fYV) LB,
Exercise 11.3.1 DT OWE 1 225

V NV; = Spec BN Spec B; = USpecBg”. = LJD(gij)7 gij €B
J J
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£, D(gi;) = Spec By,; = Spec (Bi)n,; = D(hy;
f~YD(hij)) 1& affine U; DH DT f- ( (hiz))
E %, koT. f7Y(D(gij)) b affine TH %

V =U,; D(9i5), 9i € B D12 DT, affine V D quasi-compact M2 v
T (Exercise 11.2.13(b)). #FZ AT Z0UL

), hij € B £ TES, TH L,
= D(h;;) DR LB 12, afiine

V:UD(gz)7 gzer |I|<OO
i€l

ED. X5 = f1D(9:)), 9i € B(Exercise 11.3.4 DFEHH O 2) 1F affine T
)= D) = X

DY T (g, = fI5(V)(g:) € Ou(U)). &= T, Exercise [12.17(b) £ b U =
f7H(V) i affine TH %13,

(b) (a) £ V. f2Yaffine % 51XY D affine covering {V;}; IC LT, f~H(V;) I
affine &7 %, Affine I quasi-compact % DT (Exercise 11.2.13(b)). f I quasi-
compact TH 5,

Proposition 4.1 & Corollary 4.6(f) %> 5 affine morphism 3 separated TH %,

Exercise 3.4 7> 5 finite morphism |3 affine TH %,

(c) & 1% quasi-coherent ZDT, Y DV = Spec AV IZX L, |y = m, MV .
AV-algebra BT 5, AV - MV kD

fv : Spec .o (V) = Spec MV — Spec AV =V

DHAET 5,
Xy =Spece/ (V) & L. affine open W CY IZXf LT

Uyw = fi, " (VW)

& BT, Exercise 11.3.8 DiLH L [ U & 9 12 Exercise 11.2.12 Z#H 9 %, §74&
bbb, VeeVNWIZxLT
xeSpecAXV%SpecAZZVQVﬁW Aa ~ AV ay e AV Jay € AW

aw’

DIEIET 5 DY (Nike’s trick, Exercise IL.3.1 GEFHAMEE 1), 22T AY — (V)
E0AY, - A (V)e, DT, AL = AV 26 d(V)ay = A (W)a,, %%,
T % &, Exercise 11.3.8 DR (13) & FABRD R

f;l(Spec AZ ) = Spec & (V)q, = Spec o (W)a,, fv}l(Spec AZVW)

12Proposition 2.3 DFEHIZE T2 F~1(V(a)) = V(p(a )) IRWT, fifAaZIUL X v,
I3Exercise I11.2.17(b) DFEHIICE I 2 TR LA X H1c, Z0fFHliciE X =, Xy, THAT
b2,



WHALT % DT, %13 Exercise 11.3.8 DFEHZWILE, Xy, fiy 2D E&HET
X, fEens, 27T,

f:X =Y, Xy=fYV)=f,;"(V) =Spec (V) : open

Th 5,

Fh.WoVOEE, 2ihs AV 5 AV, (V)™ (W), f~Y(W) =
Spec o (W) — Spec. (V) = f~H(V) BEZ60TED, TNHIFHIGEL T3,
7B, WKEO W) = SV WV KD f7Y W) C YY), Thb
L W) — f~Y(V) ThH B,

X F Xy TAN=Z0, Xy & Spec |y = Spec MV 72D T X (& scheme T
HY, Y, oI —EHBNTH S,

(d) Y DIEFED open affine V IZXT L f~1(V) = Spec (V) %2 DT (a) 25 f
I¥ affine morphism TbH %,
E

FOx (V) = Ox(f71(V))

= Ox(Spec 7 (V)) = Ox|spec w(v)(Spec & (V) = o/ (V)
DT, o = f:Ox Th b,

W f: X — Y Daffine T, & = f,.Ox €35, (b) XD f I quasi-compact
7> separated T, Ox & quasi-compact % DT (Example 5.2.1), Proposition
5.8(c) & & = f.Ox & quasi-coherent Oy-module (algebra) TH 5,

(V) = .Ox(V) = Ox(f~1(V)) e BT, f 5% affine DT f~1 (V) =
Spec B £&#F 5%, T2 L, (V)= 0Ox(Spec B) = B £V Spec & (V) = Spec B =
f7YV) ks, (¢) TRLE—EMDLS X = Speco 2155,

(e) X I quasi-coherent O x-module F IR LT, f..% 13 Y I quasi-coherent
o = f,Ox-module &% %,
RIZ M %Y | quasi-coherent &7 (= f.Ox)-module & %,

Y =|JVi, Vi =SpecA’, Ui = f~1(V;) = Spec B’

;m Lo #(Vy) =AM, MEE f,0x(Vi) = Ox(f~X(V;)) = Bi-module &
Mzé 2T V) B O iy (= Ox|p1(v,)-module & LT 54 = Mi L E7
EE (V) S X IEBT D ™). wij : Hluou, = Hluiou, BT
zelU;NU;= flx) eViNV;
= f(z) € Spec A, ~ Spec A} CV;NVj, A, ~ A}, a; € A',a; € A/

= z € Spec Bl ~ Spec Bg_y CU;NU;
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DT M B sheaf WA My, (D(a:)) = My, (D(ay) BN, Mi = Mg 7
B2, ko<

M — NI — a2 )
%|Spec B}Ii - MZ,L - Maj - %|Spec B(Jlj

ct b (,Oij . <%ﬂUimUj :) %|UimU]‘ ﬁif%%m%o
2D p;; D3 Exercise 11.1.22 DM 272§D T, 74 27T X EOx-

module 23 TE %, %ﬂ’i’jc‘: WY, =M XY, A3 quasi-coherent T&

0. AU = AU) = MU, = Mi = (V) &t T,

F =G INLT o F - LG PHET2DEM60TH 2,
B >l B AU) = M~ AU) = M, A(D(F)) = My —
A'(D(f)) = My & DilllIRGE L compatible ZDT, A — A TH 5,

RIZ
FFU) = LFV) = Z(f7UV)) = Z(U)

X0 f.F =F L2 (X DIEED open U Ikt L CIREEABIES 2 HHUL X ),
SRz

(fodl) (V) = A (fHV)) =t (V)
YO foll =M THD,

Pl Eiz & D X E quasi-coherent O x-module @ category 1 Y | quasi-coherent
o/-module D category & equivalent TH 5,

2.5.18

Y =, U; @& & isomorphism 1; : Ty = A7 WEIELTWS LT3,
FT2E, VCUNU IKRLT (V) S AL TH Y

vyt AL S AL
#1325,

(a) V =SpecADEE, f~1(V) = SpecS(&(V)) = Spec S(A") L% 5 DT,
Yot AL S AT E, A" ORI (2, 2,) ZVT

0: Alxy, -,z &~ S(A") = Alxy, -+, xy)

G 2, ZAUdid & AT ZDO TG TH | (X, f,{Us}, {¢:}) 1 vector
bundle & 72 %,

14 D(a;) = Spec B:iz,-
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Ely DEERICEHL TIE, HBIKZ2ZZ TOMIPAMZZDOT, KAELLEVLEWVZ
%O

(b)Y DU =Spec A TR L, S (X/Y) & sheaf &7 %,
fSZidU

f:f N U)= AL =Spec Az, 2, = U, s:U — f~1(U)
EL. f,s ZNFRUCHIGT 5 A-BUERIMZ f 5 &35, flcowTid

f:A—)A[xl,n-,xn], a—a

RO RVASH .

fs=idy IWET 2 s D&M fs=5f =ida: A—> AL 3(a) =a THEH
(Exercise 11.2.4 DRI D (3)), Z4UF (5f)(1) = 5f(1) = 5(1) = 1 =1ida(1)
WX OB SN TE D, £72. (3f)(a) = ida(1)(a) = a = 5(a) = a %&D
T, SICH MRV, XoT, L(X/Y)U) s & Oy (U)" 31K 11Tk
59 %,

YV CUIRKNLTH ZORMSIZHZL., HIRELRE H compatilble 72 D T,
(X)) = O £ D, L (X/)Y) 13 locally free Oy-module of rank n TbH

o

(c) s € D(V,&) = Hom(&|y,Ov) & s: &y — Oy I L, &y = OF %5
S S((oﬂv) = Ov[l‘h-'- ,.’L‘n] — OV kﬁiﬁ’ﬁ'%o

AUk s 1V = Spec Oy — Spec S(&ly) = AL = f~HV) D31 11Tk
59 %, TND fs' =idy 27z TDIE (b) TRLZHED TH S,

2T EPOBRIN TV LD THIREGHR L THTH D, &y ~ S (AL/V) iF
Y=V Tl AGbEREL %% %:

&S S(X)Y)

(d) (a) 2*5 locally free sheave of rank n @ & IZXf L, vector bundle X =
V(&) BFEIEL. (c) & h V(&) IZxt L., locally free sheave of rank n @ & 737F
1E9 %,

JAFTHIC#E 2 % & vector bundle X = A} X SpecS(&) DT, (a) &0
X =V(&) THY. locally free sheave of rank n & vector bundle [ZFfETH 5,
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