2 Schemes

2.4 Separated and Proper Morphisms
2.4.1

f: X — Y % finite morphism & 9%, 44X finite type Tb dH 5,
Y =, Vi, Vi :open affine £ % & Exercise.3.4%*5 f~1(V;) 3 open affine
& 7% DT, Proposition 4.1 £ D

IV = v

I3 separated TH %, &> T, Corollary 4.6(f) 7°5 f IF separated TdH 5,
RDOMWED & finite 1% base change TR I 41, % 7 finite morphism &
closed % DT (Exercise 2.3.5(b)). f {3 universally closed T®H 5.,
&> T f & proper TH %,

& 1. Finite {41 base change TREFI 415,
(GEMH) f: X — Y % finite, S’ — S % scheme morphism & 7§ 5,

XXSS/

/ <
S/
\ /
S = USA, S\ = Spec Bj
A

f_l(SA) = Spec A,

IZBWT, Ay FARARK By-module TH 5,
—Ji. g7 H(Sy) = UH Wi, Wi = SpecChyy, £, S = g NS = UA/L Wi
NN C/\H =8 B)\-f'ﬁ%&é’_ &Zbo

P W) = X xg Wy, £ F71(Sy) x5, Wi, = Spec (Ax ®@p, Cx,)

7310)‘( 7Y (Wy,) 1& open affine TH %, &5 ( ) 13 Theorem 3.3 DEEHD Step
&3,

CAM & BA-fR&ZDTAA 7 —DIKR LD A\®B, C)\M [ C)\N-fJVﬁT%% ([1],
extension of scalars, p. 28), & 2T Ay ®p, Oy, DEEDILIZ

Z a; @B, ¢ = Zci(ai ®pB, 1) (1)

i

LEIT 5,



Z 2T, Ay EERER By-module DT
= blal, bl € By, d? € Ay
J
ERE, Oy, 3 BB A, EX (1) 1&

ch a; g, 1 ZZQ a’ @p, 1) ch(aj ®p, 1), e Chy
J

i

Eh b,
£ o T Ay ®p, C\, BHRAK Cyy-module, f' 13 finite TH 5, (FEIIFK)

2.4.2

Fiber product ¥ xg Y 122 FTRIKIZEWT, Y — S ¥ separated 72 D

T. A lZ closed immersion T®H 5,
Y xg Y OFBNEE?S, f=ph, g=ph %2 h: X 2Y xgY BF

Y%,

Y Xg Y
A
\
p1 Y ‘,h P2
L
Y X Y
f g
sep sep
S

COMATXE2ULET2E flu=glu. THEY xgYV OWFEIEED S h|y =
Afly £553. £oT. W(U) = Af(U) C AY) TH 3.
Y — S % separated 2 DT A(Y) IZPHESTH D,

MX)=h(U")ChU)” CAY) =A(Y)

MBI VED, o TazeX ET5E h(z)=Ay), yeY &%,
f(@) =pih(z) = p1A(y) =y = p2Aly) = p2h(z) = g(z)

DY f=gThH3%,

RIZ Sheaf IZE VT H morphism 25T 22 L, Thbbh=f*—g#* =0
#RY, VP € X IZ L, =D morphism ®—313 stalk & L T—3F i\
WO TRITINZHE > TEX DT X =SpecAd, Y =SpecB & L1, Pec X IZHIG

POFAAHZER E LTRLEZ D5 f(P) = g(P) %DT. f(P)=g(P) €SpecB £7%% B %
—DIZTED, T/, X,Y % affine L LTH X,Y,U DEBEBROLIICTES, 2¥%EL6 X D
open irgmersion Y — S &ffid separated, UW =U-NnW =W X

open set W & reduced, V'
D U3 W Tdence B5TH2,




9% A D prime ideal Z p &<, Scheme morphism & LT fly = gly %D T
hu = flf — gl =0 TH 2%,

PecU f(P)=g(P)€3aVCY,=Pc UCK, flu=glv:U—=V
RO f, g \CBHS 2 RRD W HAKIDAE T2 & > TH 5, BEITRL
7o X ITRHZERI T fLg YE L VDT, (V) =g Y(V), VW CY THh 3,
Oy (Y) D section s D% t £ <,

s€Oy(Y)=B M)

h(V)
Oy (V)

hy (V)=0

Ox(f~'(V)NU) = 0u(f5'(V))

hp=0

i) € Ov.10) = Br(p) Oxp=4p 31

AHED S ¢, =0 DT, t/1=0/1€ A, TH 2,
tr=0€ep, rdp=>tep=pec V()
SUCV((t)CX=>X=U CV({t)CX=V(t)=X=V(0)

= (1) € V(6) = V(0) “E* (0) =t =0

E£oT0=nhY)=fAY)-g*(Y) ThH?, BRERBIEL VDT, scheme
morphism & % L \» (Proposition 2.3),

X DY non-reduced @ & =D KHI
RETIEAA & D non-reduced scheme

X =Y =SpecA, A=k[z,y]/a, a= (27 zy)
IR L.
p: A=A z—0,y—y
f=idy: X > X
g=¢": X = X
%<, A prime ideal 13 a & klz, y] O prime ideal & 1% 1 MIET 20T

X =Y = {(2), (&,y — ) }oex



TH Y., (x)1Z generic point & 7% 5,

Py:= (z,y) EZPARZDOT, U=X - P BREATH I, Lo LHEAT
3w, () BLU = {(2), (z,y—b)}ozser = V(b), b D a EIRET 2 & klz,y]
I noetherian DT b = (hy, -+ ,h,) £EE 5,

p2bDaZi’cd pld(z),(z,y—b) IRSNDBDT, h; € (x)or h; € (x,y—b)
TH 555,

hie€(x), i=1,---,n=b=(z)(h, - ,h,)

= X#FU=V()=V() UV, hy) =X

0. hi & () BEFEIET D, T2E, hyc(z,y—0) £75H, hi(0,y) \dy DIE
BLHAB DT, hi(0,y) =0 Zifi7 THRIFHRETH D, hy E(a:y b) %37z
ToOOHBME RS, ZHUIV(b) = {(2), (z,y — b) }pzo KFIET 2, ()
fiE> T, URHEATEZ U =X Th 3,
PEAHZER Tl

g: X=X, ()= (2),(x,y—b) — (x,y —b)

b, f=9gTh32,
Sheaf & L T,

fIf =9It 13, # 97,
TharZezmd, PTHAITEWT
o: A= Ayipy = Agpy = Ap, T x/1
I RN
PeU=P=p=azx+By—>b),b£A0=>s:=x+y&p
E0. zs=2?4+2y=0%DT
o(z)=1z/1=0/1
&5,

A—2 o
.
P
A%O*l(P)TAP>AP
J:OTASO—l(P)T\&i(ELi%ﬁX)-T}SD\
op = (ida)p = gl = I

TH b,
—7i. p=Py = (x,y) TI&

sédp=>s=1lt+ar+py=as=x#0=2/1#40/1=0(x)#0



T\% D\

op, # (ida)p, = b # IH,
Th 5,

Y H% non-separated @ & = DKRH

X % affine line with origin P, Y % affine line with two origins P, P> &
%, Y & non-separated TH % (Example 4.0.1), X IZE T origin P IR %
DTU =X —Pltopen T, I 5IZ dense TH 5,

; U

fi XY z T EE
P ;z=P
; U

g: X =Y, z— ToimE
P ;x=P

ETHLE. UTf=gTHDEDB, XTIEfA£gTH5s,

2.4.3
% 7 closed immersion & local property TH % Z & 2R T,

MH 2. f: X =Y ¥ closed immersions fly : V — U %3 closed immersion
2T, V=f1U), VU=SpecBCY

(FEBH) —f%3m & L C. morphism g 2 closed immersion &> D%, g BZ D
BRANORAHF, Tm g DEHES . (LEOM P I LT gf 2388, D 344 &%
fiticd 5,

fit> T, SDEE. f(X):closed & f(V) :closed at U, V = f~1(U), VU =

SpecB CY # ¥+ Th 5,
(=) [(X)DY OPHESGZS f(V)=Unf(X) &0 f(V) I3 U THEATDH 5%,
(<)Y = U;Ui, Uy = SpecB;, Vi = f~YU;) LT 2 &, &tE2S f(Vi) =
UiNf(X) 13U DBEERGETH Y, Ui~ f(Vi) =U,; D(fij), fi; € Bi £ TE %,
2T D(fi;) ¥ open U; DFEALRDTY ORELETLH S, DL E,

Y — f(X)= U(Ui N(f(X)NT;)°) = U(Ui —f(Vi)) = UD(fij)

Y OBIES. o T f(X) REHEATH B, (REHK)

UxgVli¥X xgX ?Dopen subscheme TH O, TRRXD iy, ipv,iv, v,y



1ZW I Y inclusion TH 5,

A A

= L
X%lXXSX?X

Py
iU R v v

U< Uxgv 2 v

nv

ZIZT AW U xsV)=UNnV DY LD,
() X xg X DA 5

h=1iyyvyy : UNV — X xg X, prth =igiy, poh =iyiy
THBEN, —HUNV = X xg X IZiF h DI Aigey, Aiyvey D3H D
p1 o (Aigiy) = idxiyiy =ipty, p2 o (Aiviy) =iyiy
DY SEDODT, RED X x5 X DEBITEE D S Z4UdE L <
h = Aigwy = ipyluy = AUNV) = 0y (UNV) CUxsV = UNV C A~ Y UxsV)
NS RASTIE YR
UDpi(UxsV)DpAAN U xs V) = AU xg V)

THD, FRRICV DAY U xs V) XD UNVOIA U x5 V) Z21B5, (.-14)

U,V,S & affine @ 2 U xg V b affine THH UNV = A~HU xg V) %D
T, WEH226, Alynv : UNV = U x5V & closed immersion & %%, fit>T
Exercise 2.3.11(b) 2*5 U NV 3 affine TH 5,

X H' separated ThRWE EDRH

Affine plane A? = Specklz,y] D origin Z P £ %,
X : affine plane with double origins P, Py
U= A% with origin P, V = A% with origin Ps
UNV=A2_P
IZEWT, A2 — P =SpecA LIRET %,

klx,y], k[z,y], (387 DT ([1], Proposition 5.13 & X (' Z OEHATD LML),
P 1% normal point TH % (Exercise 1.3.17), dim A? = 2 & ®D T, Exercise 1.3.20
5 ADILTH % regular function 13 A7 ITHERTE S, k25T A= 0,:(A7)
£7% 0. scheme & L TA? — P =SpecA = A BMF5N 53 space &% L
birb LI, IN6IELLRVDT, FETH S,



244

Y — S d¥separated T Z — Y — S 4K proper 7% ® T Corollary 4.8(e) 2°
5 flz : Z — Y & proper Td %, Proper morphism /& (universally) closed 7% D
T f(Z)12Y Tclosed &% 5%,

f(Z) with its image subscheme structure & > @13 Exercise 2.3.11(d) (Z
BIL2YDILTHED, LX) f(Z) ZHESRZLRDT, ZD space 13
sp f(Z2) 12 L\, ko T, f(Z) with its image subscheme structure % f(Z)eq
Ths, AHTIFZNZ f(Z) L LTWwEDT, BUFZHUHE)

f(Z) — S D3 proper TH B Z &, ThbHE finite-type, separated, universally
closed TH 5 Z L 2T,

f(Z) 1 closed T reduced induced structure Z£f2D T f(Z) — Y 1Z closed
immersion W Z proper, X - T finite-type 7> separated TH %, Y — S IXHj
$25> 5 finite-type 2> separated DT, f(Z) — (Y —)S 13 finite-type 2>
separated & 7% % (Exercise 2.3.13(c), Corollary 4.6(b)).

f(Z) = S O universally closed % 739", Base change g : T — S IZXf L,
g T xs f(Z) =T BHEAZ S IE X W,

TXSZ

\
/

TxSfZ) z

ERRicB LT, TERWEE 325

(T'xs f(2)) Xpz) Z=T x5 (f(Z) X2y Z) =T xs Z

THHILITHERET S L, Exercise 2.3.15 DEEHOMWE 6 TRLA L) I, 4
%113 stable under base change % 9 T,

7 : surjective = f’ : surjective
J J

TH 5,

o, FEAV C Txs f(Z) KL W = f~(V) BHIEATH S, Z = 5
I& proper @2 ¢'f' : T xg Z — T I closed 7% @ T (fibred product (219 %
Theorem 3.3 06 T xg Z — T \Z—&EMN), ¢ f/(W) =g (V) 3HEAETH S, C
T, fIEFBOT W) =f(f"Y(V)=V ThbsrItrzHwi,

HE 3. X—=S5 Y8 YT, ZTDEE,
(XxsY)xr Z=X x5 (Y xrZ), X xgS=X
DI D 37O,



(RIEWH)
X x5S =X 13 X xgS D U.P.(Universary Property) 2> 5 %55 IZGEBHTE %
DT, (X xsY)xrZ=Xxg5(Y xp Z) 2T,

g2

EHRICB VT, b ODFEIZ X xgY DUP. L3, hy bHEKETH 5,

hi £ X xs (Y xr2) =Y xp Z = ZDBEETEDT, (X xsY)Xr Z D
UP. 25 g : X x5 (Y x0 Z) = (X xsY) xp ZDRFoN 5, [ g, bES
na,

CDEE, Xxg(YxrZ) = Xxg(YxpZ)DUP. D5 gogy = idxxg(vxr2)
Eh b, FRRIZ, g1g0 = id(XXsY)XTZ DT, Xxs(YxrZ)m (X xsY)xrZ
DKL T % (Stack Project, Lemma 4.31.8),

2.4.5

X 13 noetherian & ¥ % (Note on Noetherian Hypotheses, p.100),

(a) X 23R 72 DT generic point 71 Z b6, K = k(z1), SpecK > t; =
(0) =z € X £ (Exercise 2.2.7), X DEEDIGzg ld 2o € {21} =X %
7z 3,

bL RO, ZXBLTWVE LTS E, RDIRK ideal ¢y 1F O, DK ideal
2o WICHIEL T 5, R D/ ideal iZ ¢, = (0) THH, ZNUF 27 € X ITHIEL
T3,

Lemma 4.4 X D155 415 morphism T = Spec R — X & T' D generic point
t1 & (ﬁ@ﬁ ideal to @{% I B & U{\ o T“%H@G:/ki %) °

X 28k | separated 7% @ T morphism T — X 23F(E L 72 & 374U,
o T ag DELEL ETHUIE—ENTDH 5,

(b) X #%proper 7 DT morphism T — X B—KICHEET %, §5 &, Lemma
44 X0 RS 2 Oy DBI—RITHET 2 DT, center b—EINTH 5,

(c) (AfEZ1Z https: / /math.stackexchange.com/questions/3893572 /hartshornes-
exercise-ii-4-5c-a-third-time Z 2#&IZ L 7z, )
(a), (b) DHITE L % 25tk %2 &4 Ps, Pp L &<



Ps: function field @ valuation (&4 1 D center % F§
Pp: function field ® valuation (ZME—® center % >

n = dim X B9 2 BN CREIH T %,

n=00DcE, X D open affine HAELED—D U = SpecA ZI% & A
FETH 2%, koTU X1 HE»LAD, X FBERZRM L %22, BENADT
X =Spec A, A:field. £EITS, SpX =21 £T5B&,

A= Ox(X) = Ox(fﬂl) = OX79¢1 = Spec ]{1(.171)

THH, X = Speck(x1) — Speck I affine 2 DT, Ps, Pp IZ & 57 separated
Td % (Proposition 4.1),
Proper iz oW TliE, KX

Spec L X = Speck(z1)

Spec R —— Spec R’ Spec k

IZEBWT, R = RNk(xy) I3 valuation ring @ 23, X 23Pp 27z T &6,
R’ 21 center DMAET 5, §5 &, SpecR — X 006

Spec R — Spec R’ — X

PHET 5, BRI L 72 & 912, 2D morphism & separated 2D T, Spec R — X
IE—ENTH 3,
n—1FTHRZT S LREL, ROWNTAHZHED 5,

1. X' % X @ normalization £ ¥ % &, X' 2 X (G513 PRl tE 4 1o5R
)

2. dimZ =n —1 & 7% % closed integral subscheme Z C X IZ%fL., Z’ My
L7 BRI n — 1 D closed integral subscheme Z' C X' D3FE

3. X' 7% Ps(respectively, Pp. DAFFIRR) 27 3% &1 Z' 23 Ps(Pp) Ziifi/d

2L, X B Ps(Pp) Zii7- 261X X' 23 Ps(Pp) Zii7zz L, 612D
Ps(Pp) Ziiti7z 9 DT Z 73 Ps(Pp) Ziii7z 9 2 &2 5, > T, BUAWIE
DIRED & Z 1% separated(proper) & 7% D, TR T SpecS — Z IZ@m4—
@ morphism (Mf—® morphism) BFEET 52 DT, SpecS — X IZHFEAL—2D
morphism(Mf—® morphism) 23fF(E L, GEHME T T 5%,

SpecL—>Z$X

N

Spec § ————— > Speck

2dimA =0 & AR E WS T ED S, (0) 28 prime M OMKAEDT A= A/0) I3ETH 3,
Sv & RICHIEL 7 valuation &9 5% & v/ = v|y(y,) & k(z1) D valuation &% D, {a €
k(z1)lv(a) > 0} = {a € k(z1)|v(a) > 0} = RN k(z1) I3 valuation ring TH %,



1) v: X' — X (3 finite TH VY (Exercise 2.3.8). it > T proper. & 51 Uni-
versal Property #*5 dominant TH %, %7, proper ¥ 2 closed TH &H % DT,

vIEREER D, ko TROME4 XY X BY Th3,
2) Z ZXJun — 1 D closed integral subscheme Z C X &9 %,

ZXXX/

finite, surjective losed immersion

A X’

closed immersiomn nite, surjective

X

Z — X 1% closed immersion, X’ — X (& finite 2> 24 TH 5, Z415 IF base
change TRESINEDT Z xx X' — X' 1 closed immersion, Z xx X' — Z
1% finite( & > T closed) D> 2HTH 5,

1E->C, Zxx X' DRI E Z ORISR GICE S, 72 Z BERDTZ
B Zxx X' Db BZPHRIRT DR TH 54, Z xx X' — X' & closed immersion 7
DT, C ITHIET 2 X OEERED % Z/ DSEIE L. W2 Z) = Zxx X' % closed
immersion, f¢- T proper & 7% % (Corollary 4.8(a)), $5& Z' — C; — Z 1
proper 2O DER L D TEED proper 2O TH O, EH 406 7/ r g
Th 5,

728, finite morphism ZXILZ2 AT 5 DT, dim X' = n, dim Z’' = dim C; =
dmZ=n—-1Th%,

3) X 2’ 51Z normal & LT Ps(Pp) Ziifi7c T4 561X, XItn — 1 D closed
integral subscheme Z C X %3 Ps(Pp) 2742 L2 F A Xk,

Z={z}" £¥%, RC K(Z) = k(z) % valuation ring & L. closed immersion
Z — X ITNIBY 524 %

q: OX,z —» OZ,Z = k(z)

OX,Z g K(X) (2)

WD 2D, EBE. 2 & T open affine Spec A 1% X @ generic point n % & &,
Am, = An,, a/b— a/bDSHHZLDT (m,, C m; &1 well-define), Ox . C Ox
DHALT %, 51T qle ) =qle) ! TH 5,

T:=q '(R) C Ox. C K(X)

17 xx X' OWHRIBEAZ Cr, -, Cm L5 & (=¥ —%lE T D), Z =, f(C;) =
Z = f(Cy), 3

5Scheme DXL local ICEFTE % DT (Exercise 2.3.20(e)). f : Spec B — Spec A & L
Tk, BRAEBMEHIES AW 2 ([1], Proposition 5.1(i), (ii)). f 7% finite % 51 B 133 A
DEYPLRTH D [1], Corollary 5.9 »*5 dim A > dim B TH 5, 7 [1], Theorem 5.10 £ D
dim A < dim B %®D7T, WiAH¥TdimA =dimB = dimX =dimY 2%,

10



1% valuation ring IC%>TW5%, B¥4h6, ee K(X) &£T5&, Ox,, 13 K(X)
@ discrete valuation ring 72D TO, e, e DWW T N2 ELH, —WHEEKRS
E%e€0x, t95E, bl, eem, %5 elFIEHILHDT

e ' gOxz=qle ) =qle) ' §R=qle)eR=eccq (R)=T
bL.edm, &6 elifTLAEDT
e,e 't €O0x,=qle)orqle!)=qle) ' €eR=coreteT

EhroThb,

ST, X BPsZWi7T EZ 2V Ps Wi/ d 2 L 2T, RD center ¥
TOMEHBETICH center 2O EHB I EERF I,

2 eZDBRDcenter £ T 5, 1: Z—=X ET5HE

L#ZOX%OZ

THD, q= Lf E%, BRI LXK 91 OZ,Z’ — OZ,Z’; OX,z’ — OX,z’ TH
D, 2 ec{z}” =VU, 2256 FRIRZAHRE %5,

q=#
OX,Z > OZ,Z

P

/

OX,Z/ % OZ,z’

$oT ik qg= 1 DHIRERERZDT Ox = ¢ 1 (Oz.) TH D, g
local homomorphism TH 2% Z £5 5 (p. 73). Oz, # R IZ dominate 4L T\
% & Ox, \& T Tdominate S5, fE>T, 2/ 13T D X IZEIF S center & b
%5, L RDcenter WD EdH 2 E TITH DL LD center DMFET 5
Ltz 5,

RIZX DPp 2lii7e$TEE ZMRPp 27T I E2mTd, TICHE—D
center 3H 5 & RICHME—D center 3H 5 Z L2 F I, TOYH. PsIicBIL T
BRIORL 722 e, FETH I ERZRTIEITITHITH 5,

R % K(Z) = k(z) DIERED valuation ring & L, R 2% Z IZ center ZHf> Z
ERRY, T ZHiEd L ARRICEET 5, 2/ € X BT D center £§5 & Ox . C
T COx,. %5 ¢:0x. — Ox, = Oz, 7%, local homomorphism 7> 5
Oz.. & Ox_, D max ideal (FXfIEL T3, Ox ., Ox . (FHIZDVRTH D (X
!Z normal). prime ideal 3 max ideal DT, I3 ) max ideal IFXIEL TV 5,
Lo T 1((0) =m, £ D k()Y < k(z). $%4bbB Speck(z) — (2 €)X &
%5,

—7Ji. k(z) = k(2) = Speck(z) — Z %% DT, i@ Speck(z) = Z — (' €)X
LD, 2 eZ oGy, 0T eZTH2,

60x,, I& z fHED local % scheme DT Ox , = Am, &2}, Exercise 3.6 25 K(X) =
Frac Am, = FracOx . TH %, £7. X % normal 2D T Ox , & integrally closed, &5 I
dim Ox, , = 1(Exercise 3.20(c)) #*5 Ox . & DVR Td % (Theorem 1.6.2A),

11



=N OX,z’ cTC OX,z ﬂié%ﬂ‘q PEHEE 3 L
OZ,Z’ g R g OZ,Z

£ 5, TTTRIZ Oz, % dominate LTV 5%, () Ox, , i DVR 72D T prime
ideal I3 max ideal W 2, ¢ ' (mp) =mr TH 5, ¢ FEH LD Tq(mr) =mp &
%5, RiT q_l(mR n OZ,Z/) =mrN OX,z’ = m§ = q(mf,) =mpN OZ,Z’ TH
2H, —7i ¢ @ local homomorphism 2> 5 ¢71(m%) = m3 = ¢(m2) = mZ %
DTmZ =mpNOz. 25, (1)

XoTZIWERDZIZBITS center TH 5,

"HE 4. f: X — Y 73 proper dominant, X,Y #%integral ® & &, X 2% Ps(Pp)
Zh7- XY b Ps(Pp) 27z L, MbHEH LD, ZHEE, TITRERL
X By L@y,

(GEBH) f : X — Y & dominant %2 DT, X @ generic point Z Y @ generic
point IZE ST, E7z, FHRIC f @ dominant 1225 K(Y) = Oy 4,;) = Oxny =
K(X) WS E % 5,

R % K(Y)/k DIERED valuation ring £ § 5%, T3 &, RIF K(X) Tl3ai
DT, 1% dominate % K(X) @ valuation ring R’ 2’MFET 5, D& &,
R=RNK{Y)ThHs, (/) RCRNK(Y)IZET, RNK(Y) & valuation
ring TH D, Z DK ideal 23 {a € K(Y)|v'(a) > 0} = K(Y)Nmp IZFFL <,
(KY)Nnmp)NR=mzNR=mp 2256, RFRNK(Y) ¥ R % dominate L T\>
%, Theorem 1.6.2A LX) ZN 5135 L v, (- #%)

R D center x ZFf>7% &£ § %, Lemma 4.4 2*5 Spec R — X, tg +— = 3
EL. X =Y, 2=y tAOETSpecR — X =Y, tg— x—y BEET S,
fit>T

Oy)y — OX,$ — R (3)
2185, 22T, DML f 23 dominant, XD HEEHEIX © 23 R’ D center
ThHsrIEILkS,

K (3) DEAID morphism & local homomorphism W 2. Oy,,, Ox , DK

ideal 13X L CH Y dominate DEARICH 5, £ >T. R & Oy, % dominate

L. my:mR/ﬁOy,y Th 5,
X (2) BBHEHS Oy, CK(Y) EabEs &

Oy, CK(Y)NR =R

L% 5,
Valuation ring R’ N K(Y) DK ideal 1ZBEIR L7 L) I mp NK(Y) 2D
T, mgr=mpg N K(Y) Th 5,

mp N way =mp N K(Y) N Oy_’y =mp N Oyﬁy =my

225, R Oy, % dominate $%, &> Tyld RD center TH 5,

"n € X % generic point £¥2 & f(X) = f({n}7) S f{n})” =Y =f(X)” C f({n})” =
Y =f({nH)~

12



9% & Lemma 4.4 25 Spec R — Y, tg— y BFEET %,

S[)eCK(X) 7X
S CR/ S C HY

f: X =Y & proper DT, y X L THE—D morphism Spec R’ — X HFETE
L. to—=axTH25, Thbb, oty 31X 1LISHELTED, X 2 Pp &/
XY I Pp 272 L, 2»2Y 2 Ps 2ii/z €L X 23 Ps 2727,

R' % K(X)/k DfEED valuation ring £ 5 &, BHIRL7ZKIICTR=RN
K(Y) ¥ K(Y)/k ® valuation ring T %,

R M center y ZHio7: 9%, §5& SpecR — Y DHLEL., f %3 proper 7
DTy IR L CHE—D morphism Spec R — X WFEET S, tg— a2 L T5¢
Ey 31 LISHIELTE D, Y 23 Pp &€ X X X Pp Ziizz L, 22 X W
Ps Zjili 7z Y 23 Ps &7z 9,

(RIEFH#%)

(d) X 13BERI 7% zariski space 7 DT (Exercise 3.17), K := K(X) = k(z1), X =
{z1}~, g:Spec K — X, t; = (0) = z1 &P} %, g & dominant % DT

g : dominant < g}"f, VP € Spec K : injective

& g% 0x — 9+Ospec K © injective

= ¢7(X) : Ox(X) — Ospec k(Spec K) = K : injective
TH,

X — Speck "=t g C Ox(X)
tAabET

EkCOx(X)CK

&5,

ST EkCOx(X) ERELTac Ox(X)—kC K &£T 5%, kIFAEWEAK
DT, a#0FEERNETHD b=a"! bFAKTHS, £oT, kb C K 3%
JHAER, k[b]p) 1& K @D local ring TH H, ZN2ZAT % K D valuation ring R
DHFET 5 (Theorem 1.6.1A),

X — Speck % proper 2D T, FXRX/ALAZTH#LLE T2 h: SpecR — X D3¢
EL, o TR L TIMALG Al %2 5,

Spec K ——> X ~— Ox(X)

17 T

Spec R —— Speck k
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R 3 k[b](b) ZXMY 5D T, R DK ideal mp IZH L, mp N k‘[b](b) = (b)°
AN b\ mgr>Ob %%BJ’Z)O mp C:%ﬁCi&L)@VC\ U(b) >0Thb,

FRRXAG DD S o = 7 (X)(a) € R ZB2DTo(a) > 0 TH 50
0=ov(1) =v(a)+v(b) >0 EFETH %, it>T Ox(X)=FkDRLT 5,

2.4.6
f: X — Y I3 affine variety @ morphism % ®D T, X = SpecA, Y = Spec B
I integral scheme, A, B (3#ThH 2, £7, fIZWET % ring morphism %
p:B— ALT 5L fliifinite type DT A IZFRAEK B RETH 5,
K=K(X)=FracAt L., R% ¢o(B) Zz&¥ K ® valuation ring &£ §5%, C
DEE,. ¢ :B— R, b— o) BEIETSDT,

K<—A

-

@

T E 22 D f DY proper 72 DT Theorem 4.7 &0 p: A — RPHFET 5,
A < K, R — K % inclusion 2 DT, HHatED S pla) = a, a € A £ D,
RO A %133,

Theorem 4.11A 2> & #2EHELIZB L

(1 R2A

R2O¢(B)

26, ADJLIE B FEEE RS, A RGRAR B B DT, BRIt TR
b B LRI EDPS AFHRAER BI#ETH % ([1], Corollary 5.2),

2.4.7

e X, B X, B Xy, v B Y, B Y, o E, fiber product @ U. P.
(Universal Property) & b ( X g )( 1Xg1) = foga X fig1 : X1 xY1 — X3 x Y3
Ths, 2T, a?=idc 25, 0?2 =(1xa)?=1xa?=idx TH %,

(a) o : X — X 2% semi-linear involution Z% DT, ¢: X — SpecC £ § 5 &L

o2 =idx, qo = aq

% 72§

X B affine DHFH

o: X =SpecA — X 259 % ring homomorphism % 6§ : A - AL L. a:

Spec C — Spec C (X9 % ring homomorphism % 3: C — C, 1+ 1,7+ —i
£E95, §5¢L

62 =idy, Slc =B

14



ThHh, §=108TH58, A={acAlj(a)=a} T DL,
A°@r C~ A
DI LD,
() AxC = A, (1,1) = 1,(1,4) = i [ IEIEEBR LD Tax 1 — a, a®i

ia, a € A° DMEAET % ([1], Proposition 2.12),
(%%TJ‘IHE) a; € Aa,Cj,dj ceRIZH L.

Zaj®(cj+idj)r—>2ajcj +iZajdj:0 (4)
J J J

C]:@‘E) (1:\ Z]’ a;cg, Zj ajdj S A5 7’;{:@?\
0= 5(2 a;Cj +ZZCL]dJ) = Z(L]’Cj — iZajdj
J J J J
RSN, K 4) EabeT
Zajcj = 0, Zajdj = 0 = Zaj®(cj+idj) = Zajcj@l—’_zajdj@i = 0
J J J J J

(BHHE): a € AICRIL T, 8(6) = B(i) = —i £ .
6((a+d(a))/2) = (6(a) +a)/2

6((a—d(a))/(21)) = (6(a) — a)/(—2i) = (a — 6(a))/(29)
= (6(a) +a)/2, (a—46(a))/(2i) € A°
£oT

(a+d(a)/2014+((a—6(a))/(2i) @i (a+d(a))/2+ ((a—0(a))/(29))i =a

RN IIHS D TH 5, (0 FK)
%E A or C~ A bAKKICLTRE DT, A~ A TH 5,

PE2T Xg=SpecA® LTNEX = Xgxg CTHY, BRITRLZEXIICo
1% ring homemorphism 1® BIZMIET % 1 xg a iZF L, £7, Xy — SpecR
I3 Proposition 4.1 > 5 separated. & > T Xj & separated TH 5,

X B affine EFRSHEVES

reXITHL, RED»S z,0(z) € Spec A &7 5 affine BHFIEL. x,0(x) €
o(Spec A) Ziiti7z 9, X 13 C I separated 7% D T Exercise 2.4.3 & ) Spec AN
o(Spec A) i affine TH 5, Z#1% Spec A, L &, ZN 513 X D open affine
covering &> T %: X =], Spec A®

o(Spec A%) = Spec AT L2 5D T,

0% := 0|gpec 4= : Spec A® 5 Spec A®

8fF: X X', g:Y 5Y' = fxg: XxsY = X' xg V' BPEHRINDD, %% scheme 23
affine DAL, WG % ring homomorphism % * 22 TRT L, (fxg9)* = f*Qg* L%k %,

15



THY. o BEI i TWAI, TTIBAL L5
A" = B* 9 C = B*[i], B® = (A")°
k ‘Z)) bj’\

X = USpecAz = U(SpecBw xgr C) USpecB$) xgr C

x

Spec B* Ol D b IT1d Exercise 2.2.12 2%, X* = Spec A*, X¢ =
Spec B® £ L, B® — A® IZW3$ % scheme morphism % ¢, : X% — XF &
B <,

ZIT, B® C A® = B[] IKBWT, B*[i] ¥ B* XD T (2 +1=0).
0 132HTH % ([1], Theorem 5.10),

Spec A” Spec A* N Spec AY Spec AY
Viy = Spec A% Spec Af =V
Oz lg&w @yl Py
Uy = Spec BY, Spec Bf =Uy,y
Spec B” Spec BT N Spec BY Spec BY
(5)
Kz W»T

A" = B*[i] = A} = Bf[i] = B®[i]y, f € B"
THD,
Quy : Uyy = Spec Bf = Spec B;{y = Uyz C Spec B"NSpec BY, B} =~ B?{y, [z € B®, f, € BY
ERID DT, THUTRIRL T

Yy + Vay = Spec BY_[i] = Spec Bi}’y [i] = Via

C Spec B*[i] N Spec BY[i] = Spec A” N Spec AY

1%, Ring BICE L THNEH G A LI, FRIZTHRRTH D, Kic
Oyhay = Paype TH D,

9(0®)2 =id TH Y. ¢° =qglspec a= LT3 L. ag=qo = ag® = qo® = ¢"0°

16



X %% scheme & DT X*, 1), 1 Exercise 2.2.12 D&M T, 2Nz
T XE, ¢, I3 Exercise 2.2.12 D Z -2 L 21T,
(1) BFED S gy 13 isomorphism TH S, VYyythy, =1 £ D
PryPyzPy = @wy@w@/’yz = soy%y%z = Py

0y BERZLDT ppypys =1 TH 5,
(2) Yy (Viy N Viz) = Ve NV, BIKD DT L BE W oy, o, DIEHTH B
EDD

@ywzy(@gl(Uw NUzz)) = ‘Py(SO;I(Uyr NUyz))
= PuyPepy (Usy NUss) = Uy N U,
= Quy(Uzy NUygz) = Uy NU.
5. K5I o, DRSS
1/1yz1/13:y =Yy, = @zd’yzﬂ}xy Pz = @yz%ﬁyd}zy PrzPx

= QyzPayPz = PazPz = PyzPay = Paz

RS RVASH
PLEIZ XD Spec (A%)7 3D &EDHE S I ENRTE, Xy = U, Spec B* 13
51,

X:X()XRC

2135,
Fiber product @ projection morphism % py,ps £ § 5 &

XQ><C:X(/)XC:>p1(X0XC):pl(X6XC):>XO:X6
0. Xo l3—EBHNTH 3,

Xo D separated

C = R[i] I3HRAK R MEEZ DT Spec C — Spec R I3 finite TH %, fiE-> T,
fERE D scheme Y 12X L T base change Y xg C — Y b finite TdHh % (Exercise
4.1 @ﬁ@%tﬁ\ ’lﬁ’f@f 1)0 Y = XO XR Xo LB E Xo XR Xo xgr C — XO XR XO\
Thbb f 1 XoXr X = X xc X = Xo Xxr X |3 finite Th 5,

P

X, X xe X
Xo Xr Xo



IZE VT X I fiber product (27> T % (Exercise 4.4 DREHFOMWE 3, D
& 9 7% fiber product DXl Cartesian & WXL T %),

f D finite DT ¢ : X — Xy b finite, > T closed morphism T& b,
e(X) i closed %%, —Ti. ¢: X — Xo &, W% @, « X° — X§ D344
KolDT, &HTHY, fEoT

Ax,/r(Xo0) = Ax,/re(X) = f(Ax/c(X))

X — C 2 separated 2 DT Ay/c 1& closed immersion, &> T Ax/c(X) &
closed TH %, f & finite £ DT closed WA f(Ax/c(X)) 1& closed, T4bD
Ax,/r(Xo) & closed &7 %,

PLED 5 Xo — R 13 separeted TdH % (Corollary 4.2),

(b) X 2% X = SpecA 726 Xo = Spec A° £ D Xq I3 affine TH %, #ii
Xo=SpecB7%5 X = Xo xr C=Spec(B®grC) &b X b affine TH 3,

(c) (c-1) fo: Xo — Yo DIEIET 28564
Y=Yy xgr COUP. 5

f=fix1: X=XoxgC =Y =Yy xrC, fopx =¢vf (6)
BHET 5,
C
/3f\
XZXOXRC """"""""""" >Y:}/0XRC
<Pxi wyl
X, fo Yo

ZDfWoyf = fox 2T Eind, TRIACEVWT, FROY =
Yo xg C D U.P. o

h:X—)Y, gpyh:fogoxax (7)
L% 5 h D—ENCHIET 5,

Z :VG\ O'Yf, fO'X <I.'_ %)Bg{?r\\ﬁ (7) D gOyh = fOSOXUX 0:2‘:3”'% h CCRJ\LVC {)
BArd 5, me%6, ROWH (5) IndT L)1

PXOX = PX, PYOYy = Py

18



DK D LD DT, (pyO'yf = (pyf = fO‘PX = foLpXo'X THbh, /X (6) pYpYl
WHEMD S ox ZETNIER OGN D6 TH S,
iE>ThD—EEH»S

oyf=fox
Tbh 5,
PWE 5. pxox =px : X = Xp
(GEW) Xo =U; Vj, V; =SpecB; £ 95 &

X =|JU;, Uj = ¢x'(Spec B;) = Spec (B; @r C)
J

Thb, TDEE,

BjéBj@RCli}d(BJ‘@RC
IZBWT, (Ixa)lp, AR Z 1= (1xa) &%Y, U; ITBWT pxox = ¢x
PROENZDT, X =J,;U; IKBVTH

PXOX = PXx

BIRD 20, (GBI

(c-2) f: X =Y, fox =oyf DHIET 285G

(a) DBEFHBRICL T, fFED y e Y IZNL Ty, oy (y) HICEL X 9 % affine
FASE A7 5 % open affine covering Vi = Spec B® & ((a) Z{). Zn o lcxf§
% Yy £ % ® open affine covering Vi = Spec B 23#{EL, B = Bl ® C %iii/z
T ZOEE, U= f1(V')=U,;UY, U7 =Spec AV IH L,

fij = f|U1:j : Uij — VZ

I3 separated T»H 510,

(U9} b, FEED z € X TN L TE z,0x(z) FITEL X ) % affine FAEAD
BHAEIICTES, X ITHIET % Xy D open affine covering Uy? = Spec Ay
DEEL, A = A @ C 27,

Scheme IZHIEY 2 BUCE T 2 ¥R 2 TAD L ) IE L, oy f = fox
N5 gl =69 2135,

g i

AT LB, Spec AY A Spec B;

kT

AY ~ B! Spec A% ?> Spec B®
g

open immersion
—

19Corollary 4.6(a), (b), (f) 5. UY Ui 5P i ki3 separated TH 3.,
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—7i. PRABESN 2 DT,

i o pid
AT B; Spec A A Spec B;
i T TL% wiﬁl lsa’iw
AY < < B Spec Ay - e Spec B},
Yo 0

bo € Bi WXL T

59 (9" 0i(bo)) = g7 6375(bo) = " ti5(bo)
D6 gt (by) € Aéj ThHb, £oT, gf)j : Bi — Aéj\ Thbb féj : SpecA(i)j —
Spec BY METEL |

fEod = i (8)
729,

i) f” ZRED AHET fo: Xo = Yo ZHRT 5121 SpecA” N Spec AL 12
BOT 7, fUPELWI ERRTREDND 2,

Fiber product ® projection @ x IZ & % Spec Af)j NSpec AF! D% Spec AN
Spec AFt L7z D)

@' = Plspec Atinspec 4 : Spec A N Spec AF — Spec A N Spec Af!

Ziite T, (a) TR LI K 9 Byli] = Bli]; 1& By FERDT, oy 132HTH S,

hi=opyf: X — Yy 3B %%éfﬂ‘(b)%@‘f WIRD T L D35 Spec AV N
SpeCAkl ZEWVWT h|SpeCAl]7 h|SpecAkl iikj‘L ( th)

fit> T, 2 (8) 2*5 Spec A¥ N Spec AM ITEWT

- Xl
f(l)j(plX = h|SpecAU = h|SpecA’°l = fo 90/X

THY. oy BEHEDOT 7 = L5 B,
DLEiCX D, f7 ZMiDEbE2 I ENTE, fo:Xo— Y 21595,

(d) Semi-linear involution o IZHJE§ % ring morphism § = o* I3
0:Clz] — Zat’»—)f Zal
THHMN | ?=id Wi d2, 5L
o(t)=B(L—t/B), BeC

1 Semi-linear ? ring /N —3 a ¥ i3

ci =2 ¢

| ]

c<2> cC
ERBD, of BHEBEERTOT, §(a)=a, a€ C TH3,
Po? =idy = (0%)" = (0%)? = (idx)* = id¢yy

20



E 513,
CDEE, a,bZaf+b—b=0%TEIICBL L, Slat+b) =at+bD}
B OiroM, 22T

€:Clt] = Cls], t— (s —b)/a, f(t)— f(et))
ERLD
§' =ebe ' :C[s] = C[s], s+ 5, crr G ceC

2135,
C[t] —— CI[t]
Cls] —"— Cls
&> T, ¢ 1F C[s] D semi-linear involution & 7% 5%,
fEoTo(t)=t LTS, T3¢

S(f() = f(t) = f(t) = f() = C[1]” = R[]

X = Ag =SpecR[z] xg C = X, = SpecR[z] = A
VRN D,

(e) X = P = Proj Clzo, 1] 1%\ T semi-linear involution % o : X — X
9%, Y, PL=A5U{co} LA%L T % (Exercise 1.6.6 2I/).

1) o ICHIE RS VGG
ROTGICHIGL TCWEEAR%Z 2 € X £ 7%, 013 semi-linear automorphism
%DTo(z) b ROMKLERD (00 Z2BT), R Tua,0(x) Z 0,00 IZEHLT 25—
RZEH N R = RIZFEEZ R DICITTE % (Exercise 1.6.6), I 512, Iz
LHABUHER L T, BRIz, SHADRBELERT 204 TH 3,
X E % scheme morphism A 1% z,0(z) ZZNZ40 = (t),00 = (t71) I
59,
X—X
Al lA
X-—2sx
T5E 0 =AoA1IZBAS 0 % 0o 125§ semi-linear involution & 7% %, £-
T, UFClE o(0) = 00 £33,

BREOWED S degd(t) =1 2DTIE)=~vt+B £T2L2(t) =t khfEon3,
Mg =iB(B — 2t) 132 Dl
Beis e c€ CITHER, et) Dt c 2RAT3DTIEER\,

21



ZDLE
U:=X —{x,0(x)} = SpecCl[t,t ']
ThHb, FEEL (1), 130,00 ITHIEL T BH, Clt,t7 ] 1I2BWT (¢), (t71)
1% prime ideal Tl >, —77, ZDIEHDD prime ideal (f(t)) Tl f(¢) IFIEFE

BIEZFFODT (t), (t71) Tld o,
o IZXIET % C[t,t71] I2E 1) % ring morphism § := o* &

§:C[t,t7 — Clt, t7Y], Zaztll—>f Zaz

THD ()=, ath),

§(t) =t"g(t), g(0) #0, g(t) € C[t], n € Z, m =degg(t) >0
E¥2L.62=id &P

() = 8(t"g(t)) = (t"g(t))"g(t"g(1)) =t (9)
ERD, IRERE = RERE =112k 3

(n+mn+nm+mm=n>+nm=1=m=0,n==+1

L2 =id»5
5(t) = at, |a|2:1,a€C0r a/t, 0 £a€R (10)
Th 5,

S(t)y=at, la? =1DEE, > =aziiilzTazt?b s, UD closed point
(a/t —=1)1Z o DEIER EZ DI | FIETH S,
dt)=aft, 0£ac RDEEIE, bLa>0,T2L0(t—Va)=a/t—a=
Va/t(va—t) L7 DERIZHIET % ideal (t — /a) PEDLRVDT, a<0T
Hb, t /—at EEHT S L
5(t) = —t71
E% 5%, §(a)=a, a € CIZZDLSR VDT, o3 semi-linear TH 5,
T, 22T
P& = Proj C[W,Y, Z] /(WY + Z?)
E5Z ERINT,

Clt] = Clt.yl/(y + t*) = CY/W, Z/W]/(Y/W + (Z/W)?)

65(a/t—1)=a/(at) —1=aa/t—1=ac?/t—1=aft — 1
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Bt=Z/W, y=Y/W T2 LICLDBLL, y+ 2 =005 —t ' =t/y=
7)Y 55,

Clt™'l=Clt™".2)/(= + (t71)?*) = CIW/Y, Z/Y]/(W/Y + (Z/Y)?)

ik, —t71=2/Y, 2 =W/)Y oo ns,

—Ji. ProjC[W,Y, Z]/(WY + Z2) e B\, T := C[W,Y, 2]/ (WY + 72)
58, Towy = Clt], Tiyy = Ct™!] DT, Dy (W) = SpecC[t] = X —
x, Dy (Y) =SpecC[t7!]=X —o(x) Dunion 1 X £% %, £-o7T,

X =Pg = ProjC[W,Y, Z] /(WY + Z?)

TH 5,
SDWEEIF t = Z/W, —t7' = Z)Y %M, Tabb W)Y oxfit C ot
BAGICRIE L T\ 3,

ST U=W+Y)/2,V=i(Y -W)/2EBLE, WY+ Z2=U%+V24 22
£

X =ProjC[U,V, Z]/(U? + V2 + Z?)

THHM, I WY Ot COEELADT, §: U U, VsV kD,
ClU,V,Z|J(U? +V? + Z2) I2BWTIE C DIBLE T OIS, > T

Xo = Proj (C[U,V, Z]/(U? + V% + Z%))” = ProjR|U, V, Z]/(U? + V2 + Z?)
;E?%:%O

2) o \ZHE MDY 2556

BE RIS 2 ETUd 2B ETh %,
() FERD 1 HOAREREL, 2022 & §2, c UHDOHR y 2 LB E %
NIRHEERTIZ R VDT, YETEFEE, y=0=[1:0], o(y) =cc=[0:1] &&
72, X —{0,00} 22 %DT, X =(X—-{2z})U(X —{0,x}) TH 2,

z BT 21K ideal Z (f,) EBL EL U = X — {2} = D(fs) =
Spec C[to,tl](fw) DT, (d) N6

Uy = Spec Rlto, tl](fw)

L2 %,
—7Ji. V=X —{0,00} = Spec C[t,t '] wDT, X (10) 75

§(t)=at, la|* =1,a€ Cora/t, a € R

tix 5,
§(t)=at, [a> =1DHH, a=0/a, a e CEiTartdl, (t—a)ld
BIEPAR E 25, DX ) % o BEEMFET 20T, 1l & V) REICKT %,
5(t) =a/t, a e RDYE, V = SpecClt,t71] 5 x X Y EERBHEET 5D
T2z (t—a) L T5L, (t—a)=0"Y{t—a) =6(t—a)) = (0(t)—a) =
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a=a?>0%&Da>0ThH%, L2L. a=|aof? Z2ili7cd o ZEEMEGET 2
DT, MAEVHIREIIKT 5, 6> T, EEMRIFFET 2 & T UIEEE T
HB, (&)

2MHDEERZ 0=[1:0,00=[0:1] L T&w, TDLEE, X {0} =
Spec Clto, t1] (o) WXL T, (d) &9

(Spec Clto, t1](1,))” = Spec Rlto, t1] 1)

TH Y, FARRIC, X —{oo} = SpecClto, t1](,) ISR L TiE
(Spec Clto, t1] (1)) = Spec Rlto, t1](s)

Th s,
X = D, (to) U Dy (t1) = Spec Clto, t1](+,) U Spec Clto, t1](¢,)

5DT,

Xo = Spec C[to,tl] yUSpec C[to,tl](t ) = Spec R[to, t1] ) USpec Rlto, t1] )

= DR(to) U DR () = P,

MIRSLT B,

2.4.8

@ f:X=Y g:Z—-WET2,
Xxy (YXZ)=XxZ?6, (c) £V ps: X xZ =Y x Z1¥ P Ziire¥
YXW)xw Z=YXZD5, (¢) XD r:YxZ=YxWIx 2P 2Hry

X<" xxZz

\/

A Y xZ g
@

T1

Y <2 yvxw 1474

ERHICEWT, fxg=rp;s TH2, (1) X xZ=Xxy (Y x2Z) D55
qrips = fp1 2. Y X Z = (Y X W) Xw Z D5 qory = gra 218, Y X Z D
U.P.(Universal Property) 2°5 rops = p2 285, £ T garips = graps = gpo
ERD. Y XWDOUP. 256 fxg=rips BEDILD, (- #)

fEoT M) &V fxg: X xZ =Y xWIik P %7,

(e) TRIZUZEB VT, g d¥separeted 7 DT A IE closed immersion, &->7T &
%?ﬁﬁfij—o YXYXZY (X ><2Y) = (Y XYXZYX) Xzy: (X XYXZYY) Xzy =
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X Xysgy (Y xzY) = X 5, ()&brfciy%%ﬁfcio gf & P BT
DT ()otb k2 BT

XXZYHYXZY

/gz T pf\@ T A(c.i.(closed immersion))
\ Aed)

XxzYDUP. 55 f=ql; ThHY, (b) 25 [ P2 2T,

(f) —f%1Z Scheme X (X9 % reduced scheme X,oq l&. X @ affine open
subset A ICBI9 248 A — A/N(A) DRFD GOETHEELIN TV EDT, Xjeqg —
X 1% closed immersion T»H %,

Exercise 2.2.3(¢) & D Xieqa = X = Y & Xieq = Yiea = Y 12 L\, Closed
immersion (¥ &2 27z T DT, (b) &) Xpeqa = X - Y I 2 2ifi7zL, Lo
T Xeed = Yied = Y X P 27T, Yiea — Y & closed immersion 7 DT
separated TH D, (e) & D Xieq = Yiea 13 P %727,

c.i. f

Xred ——> X ——=>Y

K P
\ /.~>scparatcd

Y;ed

2.4.9

TRIRICEVT (P x; PY) xpy ¥ = P, x, ¥ = P}y DT, closed
immersion g’ d base change T® % p b closed immersion TH 5%,

c.i.(closed 1mmer510n) / \ /

Prs+r+s

€

PZ XZPZ

Closed immersion Z &2 & &< L., Exercise 4.8(a)-(c) YKL T 5 Z £ D25 closed
immersion @ product & closed immersion T®H %,

fit>T P" x P* — Pt )3 closed immersion W2 (TEE 6). h : P xz
P35, = P" x P* x Z — P51 x Z %3 closed immersion & 7% % (P" := P} =
ProjZlzo, - ,Zn])o
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DS gf = Bapf' DT, fa=ch %6 (BIBD xx), gf I projective
morphism & 7% %,

ME 6. Segre-embedding & closed immersion TH 5., Thbb
P” x P$ — P75+ closed immersion

(REH) —MUC S = Alxg, - -+ 5] D EE, Proj S = J; Spec S(y,) I open affine
covering T % (Proposition 2.5), #it> T,

Prs+r+s — U Spec A[3007 e 7ZT77L}(21']')
,J

P" xP* = USpec (A[$07 o axr](:v.;) Y A[yoa o ays](yj))
2}

TH 505,
A[Z007 to ;Zrm](zij) - A[an to 7xr](xi) Y A[y07 to 7ys](yj)

2k 2ij = T/ @ Y1 /y;
EESCIENDNE

Pr X Ps N Prs+r+s
1% closed immersion TH 5%, (FEBHRK)
Sk A[HAME B = eh
Projective n-space P™ = Proj Z[zg, -+ ,z,] (& Z L7 DT
Z — Z[x()a T 7xn](rl)
BEDIHILHRINL ) E—HLTwd, £oT
P'xP°—-P°—7Z
P x P* o P 7
3% L vy, 4512 Z T fiber product ZE@UE, Ba =eh 2155,
Projective morphism 7% Exercise (a)-(c) Z iz 9 Z &
(a) f: X — Y % closed immersion 2 51E, f: X - Py =Y - Y %ZDT,
projective morphism T& %,

(b) BEIT/R L 72,
(¢) f: X - Y % projective morphism &9 %,

XXyZ

XZ=——=Py~—Py xy Z=P;, —=Z7
\

26
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IZEWT X — PL I3 closed immersion TH %,
X xpp x(Py xy Z) =X xy Z

226 X xy Z — P Xy Z b base change I X D closed immersion Tdb %,
Py Xy Z=P"xY xy Z=P" x Z=PY

DT, X xy Z — Z % projective morphism T %,

2.4.10

(a) ¢ : X — S 2% proper T S & noetherian & 32 &, ¢ ® finite-type PE2d>
5 X & noetherian TH % (Exercise 2.3.13(g)). & > T X FHREDORERIELIT D
MEEERD: X =, Xi, [I] < oo

ZDEE, X; — X IF closed immersion & 7%, %¥7% 5. closed immersion
1& local 2B 7 DT (Exercise 2.4.3 D&, HH 2). X @ affine subset V &
ZOiHED V N X; 1T Exercise 2.3.11(b) Z M 9 413 closed immersion & 7% %
»6TH5,

FoT, i Xi 5 X 5 S i3 proper THB, bL g X; - SITHLT
Chow’s Lemma 255 T& 7 &5, $7%bE . S Lprojective % X[\ ¢; : X] —
X« & Wopen dense U; C X; DHFLEL . gi|g[1(Ui) cg N (U) S U ETERE
¥5%, 2IT

X =[x/ 9=]]o: X" =X

Vi=Xx-{JX,=x:-JX;
J#i j#i

U=[Jwinwv)

%

EEL, 75 U, NV, = X; “G‘open Tb b\ X; DR DT

UnVi) =X, =U" =[[UinV)" =X

75 Ul X Topendense 7%, ¥/,

g ') =[lo ' winv)y=Tlo " WnV) =~ [[UinVi=U

Th 5,

X512 X' — Sidprojective TH 5, EFE. n <m DL ZP* — P™ I closed
immersion TH %, E7% 5. closed immersion 1% local ZHETH D, P* — P™
% open affine cover THZ % &

Z[I‘l,"' s Ty Y1, -0 7y7n} —)Z[JH,"' ,an]
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t(fL’l,"' sy Tny Y1, 000 >ym)'—>t($17"' ,1'7“0,"' 70)

IR S TH S, Lo TPYL — PP 3 closed immersion TH %, $72, X! — S
I& projective ZD T, T KE % NI LT X! — PY I closed immersion T
H Y. P closed immersion D local £2> 5

= ! — Pg
[[xi—pg

% closed immersion & 7% %,
PLElck D X' — S iZ projective &7 %,

(b) ¢ : X — S I3 finite type % DT

X = UXij’ 90_1(51') = UXij’ S = USZ', X,‘j = SpecAij, SZ' = SpecBi
s j P

ICBEWT, Ay BABER B, R8Cch ). Z0EMIEE a1, a, LT3 &,
Bi[z1,-+ 2] = Aij = Bila1, -+ , an]

95
Spec A;; &5 AT

1% closed immersion & 72 %,
IT, Xy ORFZIRVELTX =J,U; £ 3R, U; 13 open affine T

c.i.

&b, U; DIRIZ closed TH 5,
—Ji. A% C P% (3 open subset TH Y, S; = Spec B; C S 55 P C PY
%)opensubsetf&')%o INoZzFLOBE,

Up S A S PL S PE o S (11)

£ 7% (o.i. I3 open immersion), 2B, 7TFXF A P THRFEL THO TV 525 P
& PE BHA—-TH2,

T %L, PLADU; DBRIZHES L PIEEDOIGHTT & 755, ZiUd, LG
D open R & ZHUHE  PHEADHDIAA L LS Z ETE 505, FB U, — PL
@ scheme-theoretic image % P; £ T 5 &

¢i(0.i.) ci. n
U, "= PSP S (12)

&7 D (Exercise 2.3.11(d)). P, — S |& projective, #£>T. U; 1& S I quasi-
projective TH %,

(d) Jeic, (d) 23§ 5,
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X B ZDOTU =N, U; # @ 13 X Tdense TH 5, P, — S % projective
BRDTP=P xg--xg P, =S b projective TdH % (Exercise 4.9),

¢:U— P, pi¢p=dic;, o : U = Uj (13)

WIEL, I U X EALET, f:U = X xg POBHHET S,
Zhz

FUB U< P X s P
EMREL 7L EY Tp: U — UxgP I3 closed immersion & 7% % (Exercise 4.8(e)

TRL7),
X' % f @ scheme-theoretic image &9 % &

XxgP
X' = f(U) =T p(0) =Tp(O)

FUS xS x P (14)
E»F %, fld open immersion & closed immersion (73R TE 5 (3 (11) 225

X (12) 2137 D LK),
g=qo LB L

UxgP

g U) =07t (U) =01 (U x5 P) = X’ =Tp(U)=Tp(U)=U

2152503, TRLOME 726 Z4Ud U N P @ scheme-theoretic image TH %,
ZDEE, qf =25 gflu=1:U—=U, go'(U) = flu(U) = fU) = U %
DT,

gy 197 U) S U
WRALT 5, 58, U = f(U) & U ZEEFR 8T 5,

WE 7. f: Z — X @ scheme-theoretic image # Y &9 %, X D open U IZXf
L. f:Z—=2U—=X 7B TEDLEE, YNUILU D scheme-theoretic image
ThH 5,

MUxs PCXxsPIRBWT, UxsP>UlEq” =qluxgp THH. Uxg P — P i

@2 =@pThs, UxgPDUP. 56 Tp:U—UxgPHPHFEL ¢1’Tp =idy, ¢2’Tp =¢
Ziitz T DT, f=pl'p TH5,

XXSP

d

lUxgP \*

a”
rp
q2”




GEH) fIZZ =Y > XTHZ U= X THHLHDT,
[ Z—-YNU—=>U<—=X

Th 5,
Y%, ZYNU U EZ Y < UDPELL RS U D closed subscheme
EL. Y =Y"NU, Y”CX: closed £9 5%,
f:Z=YNU=sU=XFf:Z-Y"NU=Y" = XIZHELLDT,
Y5 X Y Z2#Y, f: Y -5Y" = X &% % (Exercise 2.3.11(d)),
koT.YNU - UBYNU - Y’ ' NU — U IZ%L L, F Exercise
2.311(d) »6., Y NU & f' : Z — U D scheme-theoretic image & 7% %, (FEH]

%)

(c) h: X" — P 73 closed immersion & 7% % Z & Z{EHT 5,

XXSP

¢; \& open immersion 7% DT
Vi = ¢i(Us), Wi =p; ' (Va), U =g~ " (Us), Ui” = b= " (W3) (15)
134 C open TH 3,

U? X #AN—F 22 LERT,
()@ EDUg(U)C g (U)=U! DT




WA & 72 ) (Exercise 2.3(¢)). ¢igly = dit = ¢ici = pid = pihly 5.
¢igapih & Used "G‘gﬁij—%o

ZDLE, P, — Sl¥projective W Z separated T®H % (Theorem 4.9), Sp Uyeq =
SpU, Sp(U})rea = SpU} £ V. Urea 13 (U/)rea T dense % DT, Exercise 4.2 >
5 ¢igB = pihf 213 %, 16> T, MAMHZERITIE, ¢iglur = pihlu, TH %,

T5L&

Ul =g " (U:) Ch "hg(U;) € h™'p; "pihg ™" (Uy)

=h7tp; Y giggH(U) C hTip i (Us) = R tpy (V) = A (W) = U

E 5,
ft->T.

X' =g'(X) =g Jv) =g ') =Jui c YU
IO X' =, U0 TH3B, ()
X' 12U TAN=ZINBEDT, h: X" — P D closed immersion TH 5 Z &

ZRTICIE B = hl|y, 2 U — W; D3 closed immersion TH 5 Z &% F 21X LW
(closed immersion ? local %)

’ —1
w W, BV U X

IZEWT X — S D separated 2 DT

[:W; = X xg Wy, ¢iT = wu;, g5 = idy, (16)
1% closed immersion TdH 5%,
DL E
U'=fU)~U 5 W; 5 X xs W, (17)

D '8 scheme-theoretic image X, U’ — X x, P ® scheme-theoretic image 2% X’
7OT U = X' 5 X x5 P).

X'N(X xgW;) =0 Y X xgW;) =0 tgy '(Wi) = /=Y (W) = U (18)
L% (HHET),

U U7 ") X xg Wy (19)
13X (17) @ morphism 1255 L

T'p =0 (20)

1858 (13) 225 ¢(U) C p; 'pip(U) = p; ' ¢ia;(U) = p; '¢:(U) C p; ' ¢i(U;) = Wi
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2133,
B, R (18) 26

Vi = olu

ThHb, 0B X' — X xg P D canonical morphism (fiber product ® Definision,
p. 8TICKIFE 0D L ) DT, ZDHIR morphism v; H canonical morphism
&b, £oT,

Vi U7 = X xs Wi, divi=4¢s ¢ovi=h (21)

Wiz d, 22T ¢ U” = X, W U = Wi lkZnZ g, h OHIER morphism
Th b,

I' 7% closed immersion W 2 W; 1& X xg W; @ closed subscheme 7% @ T,
scheme-theoretic image ® U.P. 225 U;” — W; ’FFEL, PRI E 42 %
(Exercise 2.3.11(d)).

U/4>Ui"ﬂ>)X Xswi

N A

Wi

COLE, DLTMICRTEICU” - W IZ R IZEL W, 4 =Th 27,
X xg W; @ U.P.(Universal Property) & b

v U = X xg Wi, qivi =1, qav; = ¢ (22)
WEET S,
X Xs Wi ,
a D'T &
r
X L U’ 3 W;

DEE, T DEENDS

¢, (T¢) = uip = ed; 'pidp = 1, ¢5(N'p) = idw, ¢ = ¢ (23)
DT, X xgW; DUP. 55

v; =T¢ (24)
2132, $2&, X (20) 25

v =70 : U — X x5 W; (25)
DB LD, 2T, 6:U U TH5,
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i)

70 =v; =L =TH§ (27)
%135,
COEE, U IBX Z2hN—F2%) TRLIEEZLARIZLT
~v; =Th (28)
DI LD,

~; 1% closed immersion, I" % closed immersion % Z separated 72 DT, h' =
hly,» 1% closed immersion Td %,

#t>Th: X" — PlZ closed immersion, % Z IZ projective &7, P — S
I¥ projective 2 DT, X' — S I3 projective & 7% 5,

2.4.11

(a) K = Frac O 1o LT, L HYEBER KRB0 T, L ORIy, -, ym
ZHVTL/K (g1, ym) DREAERE %2 &I I2TE 2,

o7 :O[yla 7ym]’ K/:K(yl,"' 7ym)

£9%L K' =FracO” ThHH., L/K' 1ZHRIEK (module & L THIR) Th %
([4], 5 % § 4 i/ C),
O (4 (g1, ) = O/m BEAEDT, p=m+ (g1, yn) HHRT
HH, O =0, 1w =p, 2K ideal &7 % noetherian local domain & 7% %,
ZZTHL, O/, L/K' IR L CEEHTE R £ T 5, T74b b O % dominate
9 % discrete valuation ring RC L WHEEL72ET B &

ROO'D0"D0

mpNO =m' = mpNO0=m'NO=(p,NO")NO=pNO=m

XD, Om, L/K I L CREHTE L 2 Lg% %19,

DN, T O,mzRAtER, K = FracO TL/K I3HABREKE T 5, Noethe-
rian domain @ ideal I3 RAERZ DT (£ 9 THRUTFNIEAFHARIIK T 2), m =
(z1,-+ ,2pn) EBIT 5,

Theorem 1.6.1A £ D, K I2l¥ O % dominate " % valuation ring R, C K 2%
HIET %, R, DiiKideal #m, £ T5E, m=m,NO Cm, &Y v(x;) >0, Vi
ThH b, BN valuation #5225 x; & axp £ L

O =0O[zy/z1,- 20/ 71)

LB, T5Lv(a)>0,ac0%BDT, vOWEPL v(y) >0, yec O THH,
EoTO CR, L5,

198t A It L. [1], Proposition 3.11, iv) kD pyNA =p TH%, H2\iF a/s = b/l €
A a€EpbeAsgp tT5E, AREIAZDT, bs=acp=>becyp
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g=m,NO" F11x O D prime ideal TH H
rreEMmCm, =2 €q=2,0Cq0 =qF1=(x1)F1

ED, (1) #0" TH3, ko T BHILTIE RV, BRFTHLDIE, O
IS DT Opyy) BBRTH D, 2T O C O,y 225 O SEHTHS Z LIS
X5,

o T(z1) ZBTm/ prime ideal Z p L §5 & htp=1 &% D ([1], Corol-
lary 11.16), dim O} =htp = 123G 5415, D O] & noetherian local domain
Th 5,

O, IZX L, Krull-Akizuki &3 [[3], Theorem 11.7, Corollary] Zi#H ¥ % & |

LizET 2% bv’p '¥ Dedekind domain & %%, fiE>T O, DMK ideal p, D
TER%Z & LMK ideal m D (pp)¢ I & 2JHHTER R (3 DVR &7 % ([1], Theorem
9.3),

DL E,

R=(0})a20,20
THY, ROWHES LD, (O)a & O,, % dominate L. O, I& O % dominate L
TWw5, K->7T, RO % dominate § 5,

MH 8. BWRII B C AC Ay IBWT, (B,m) 2YRATBL, pDm® &5, 4,
¥ B % dominate § %,

Hok ok

GE) ppNB=(py,NA)NB=pNB2O2m*NB=m* Dm=p,NB=m
¥, FFHI (1], Proposition 1.17, 1) 12 X %, (REFHAX)

(b) DVR & valuation ring D—Fi7& DT, HEVEEZHHSHTH S,

+ P22 Tk, Theorem 4.3 X TUF Theorem4.7 @ Conversely DA T IZ 8>
T. O % dominate I % valuation ring % (a) T/n &7 DVR ICIEEHAZ 5 721
TRtz H U TH 5,

2.4.12

(a) Valuation ring R DK ideal Z m & $ 5 &, 0 £Vt € m IFHEBEETH
5, "o, bLRBWELZLET S L

Zaiti:(), 0 # ag : unit, a; € k = ag = ftZaitifl em
i i

EO>TLEIDLSTH S,

K 13 function field of dimension 1 over k %2 DT, &% (p. 39) 2»6 K 1ZH
BRAERL k-ARETH D k(1) LOBRNEILK & 7% 2 (MR RBIIRZ A D5
BRINEEIR 7 DT {t} IFHBILIR),

R %% K/k @ valuation ring 7 DT, &% (A& p.40) »»6 K = FracR, R2 k
ThHhb, k() =kt ™) kDte RELTEL, XoTRDE[t] TH %,
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k[t] 13 1 Xt noetherian domain THPH % DT dedekind domain TH b ([1],
Theorem 9.3). & T Theorem 1.6.3A £ 1) B = k[t](¥PHc)) b dedekind domain
Th 5,

Rl K =FracR CEHLDTRIOBTHS, ZDLEE RDMK ideal # m
EL7EEmNBIEBTHRE RS, FE mNBCImp=>mg Cm=mp C
mE Cmc=mNBTH5,

T3¢, Bny = R DRDD, %¥ERG, b/s=0€ By, =bt=0,t¢
B-mp tddt . mp=mNB26tgdmWA, Ry ICEWVTb/s =005
well-define TH O, FLHEHFHIHS 720 6TH 5,

£ 5T Ry = RIE By, % dominate 3520, L7352 B & dedekind domain
DT By, [ DVR TH Y ([1], Theorem 9.3). dominate DMK TR & DT,
R=Bun, EDVR &% %,

(b)

(1) X ZfUIEIHA k I 2 KT integral proper nonsingular scheme(noetherian
PYHIHR), YV & X I8 2 1 Ko, o 2 Y OOt E T 5,

x1 Z& ¢ affine open % U = Spec A C X, 21 I T % A D prime ideal %
ptl. Z=YNU &BKL,

dimZ =dimY NU =dimY =1

codim (Z,X) =dimX —dimZ =1
COEE, RITRTWEI XD codim(Z, X) =htp DT,

dim Oy, x =dimA, =htp=1

215,

X 1% nonsingular 7% DT, x1 IZE T nonsingular TdH H Theorem 1.5.1 &
D R:= O, x \regular TH % (x1 EHHFDRATIIEE % DT affine & LT L),

1 RJG regular local ring & DVR 72 DT ([1], Lemma 11.23 [ DFd), R
I¥ DVR TH %,

Ay 12U, OWTIE X D open DT, K = Frac A, = FracO,, x = FracR
THH, ROk LD RIFK/kDDVRTH S,

7. R2 O, x 5 xy % center & L THD,

728, 11X closed point TlE7Z\>, €7 5, closed point 1k A 12\ TR
RELRDDTHRI2ERDIETTHSH, htp=1%DT, BMKRIZIFAED 2R
PoThHD,

HHE 9. X = Spec A DEERIAES Y DEBITICHIET % A D prime ideal % p
ET5L, codim(Y,X)=htp TH 3,

(REBA) p EAETTICHIEL TR DTY =V (p) TH %,

PPRTR L&) ic, IR A, B2 AC B %iifi’zL B » local ring %25, mpnNAIZ A
DIEK ideal L%, £>T, AW local ring %5 my =mpNA TH2,
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codim(Y, X)=n &95%L
Vip)=YCcric - CY,

&7 IR KRB G RINDIAET 2,
—MRICHERIPHESDYY = V(a) D L Z a I prime ideal & LTk 2L,

Vp) S V(e =p24
DK D 2D (Lemma 2.2.1(c)), fE-> T, LERIIIE,

IR LICInT %,
(FEBHAZ)

(2) X’ I3 noetherian & § % (BFICRESNTW 2 E/fbND),

X' %% nonsingular D&

(1) 2256 R = Oy, x 1 K(X')/k ® DVR £ 72275, X' & X & birational
DT K(X') = K(X) =K %5 (Corollary 1.4.5, (iii)). R % K/k ® DVR &
A

Birational morphism f : X’ — X, 1 + 29 | dominant T& Z(Cororally
L4.5, (i) 226 V = f(U) LA THH, X IZENRDT F(U)=V = X).

[ Opox = Oy x' =R

SHRTH 5, f7 DEFDS. ZHUd dominate DBIHETH D (local homomor-
phism DEFE, p. 73). Rld 20 % X LD center & L THfD,

X' 23 singular D&

Blowing-up Z HBRI[F#E D X4 2 £ 12 X D nonsingular % X7 2335415 (Exer-
cise I. 5.6 D Note), Z DT> T2 DIt abstract variety 7 D THIZ integral
separated scheme of finite type over algebraically closed field k T % %3, singu-
lar £ B> T2 DTHERD variety TH 5 9., BEY% curve Tl singular point (376
FRAIETd %: https://math.stackexchange.com/questions/844507 /finitely-many-
singular-points-of-an-irreducible-polynomial

Blowing-up ¢ (& birational 2D T dim X” = 2 TH %, %D blowing-up I
5T Y’ @ blowing-up Y” 556412523, Y/, Y” £ k L curve 7 D T Exercise
[4.8 X D AAHFER, X->TY” BT, AEIniEMIEL Tw2 (27 + 7).

(1) 25 R” = Oy x» 13 K(X”)/k ® DVR T® % %3, blowing-up 3 birational
DT (p. 29, Definition E&DFIL), K(X”) = K(X') = K(X) = K &9
(Corollary 1.4.5, (iii)). R” 1 K/k ® DVR &7 %,

Dominant 7% morphism &5 X” % X’ EN X, 2" 2’z DFET DT,

O x = O x7 = Opr x0 (29)

2ly = V(ya) = VIN(A/a)): B < 9N(A/a) = /a: prime ideal (Example 3.0.1)
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IZ dominate DPIFRIZH 5,

t>T, R = Op x, R = Op x» DK ideal Z m',m” £92L m' =
mNR TH3%,

R’ ZDVR %D TUFD 22 PID TH ) m” = (z) &7} % ([1], Proposition
9.2), % ® discrete valuation v IZXf L Cov(x) =1 & TE, R C R” DHTIED
/N valuation Z j L $5E R o229 &%, §5&, m' 527 THS (local ring
2B W TUIHK ideal IZA S 22\ IED valuation (& 0), & 2 A23m’ 14 prime ideal
WAZm' >z THY, RIFPID L%5DTDVR TH2,

% 72, dominant 7% BIf%

OQJO’X — R/ = Ow/’XI

25 R X D xy % center IZKFD,

[ 2]
X' 3 nonsingular 2> 1ZBIR 7 <. 3 (29) 124l % dominant BIfREL

Oa:O,X — OJ;I’X/ — T7 T:DVR

ERDEHICLTHEsNS,

X’ 1% noetherian £ 9% &, R:= 0O, x b noetherian TH O, HAREKTH
%220
 deg, FracR = dimR =1 £ h R ZBEIC ¢t ZF 5, IERULER LD R C
k[t|(F4PAE) TH B,

k[t] 13 1 XJt noetherian domain TP % DT dedekind domain TH b ([1],

Theorem 9.3), &->T Theorem 1.6.3A & ) B = k[t] ¥ dedekind domain T %,

Dedekind domain ? local domain (& DVR W2, By, d DVRTH D, RIZ
local ring %D T T := By, 2 R TH %,

B=k[t]IZ R LE#ETHH 2D T, [1], Corollary 5.8 2*5 B DK ideal 1342
T R DK ideal n IZHIGEL TW 3 ()& lE, R, B ® prime ideal p,q 1%
% p=qnNROBAR), fE-oT,. RET DK ideal ZXIELTED, RC T IX
dominant DEIRICH 5, (FliEHK)

(3) %51
X Bx Bx

R e 4 E2 S To E1 2T — X, Ez = f;l(.’L‘ifl)
PROLNTT 5,
Ti—1 75§F7[ﬁ)§'\7ﬁ 5 0i‘ Ez = fi_l(xi_l) 0;"%%%‘?3’6 D N Eﬁ%éo)ﬁo) SpeCializa—
tion 13 Z DPHEAICE EN L DT, E; I3PHMR 2§D (Exercise 11.3.17, (e), minimal

22X locally noetherians Ox (U): noetherian, Yaffine open U T h (f 1 stack project,
Lemma 28.5.2), Noetherian ring D J&FTER 1+ neotherian T®H %, £7:. A: noetherian rings
Videal: finitely generated,
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point (¥ closed point) 22 , k> T, kL VR 2; 2 E; It (HL, o
PN Z 12 By DA RIS IZ 22478 \0),

dominate
OIi,Xz‘ 2 Owi—lxxi—l

0. Oy x, 13 X;_1 I center 2,1 ZFfE, M TE X I center 29 ZHF D,
Browing-up ® morphism (% birational 2D T K (X,)=---=K(X)=K T
HY. K(X;)=FracO,, x, £ K =FracO,, x, L% %,

Ry = U; Og, x, & m = J, m; 216K ideal &7 % local ring &% 2% Z & &R
9, HL. m; 1F Ofi»Xi DIRK ideal TH 5,
() Oz, x; 75Oy, x, , % dominate § 2DT

m;NOg, | x,_, =M1 = m; DM
DRY L, BHITbD D LI 1T m#£ (1) 1 ideal £ 5,
r € Ry—m=1x¢€ HOGEI.,Xi7 x ngj B S Omi’xi—mi =z le Omi’xi C Ry

D, 2 VHILE R ZDT, m FME— DK ideal TH 5, (.- f4)
Ry 1 Oy, x % dominate LT\ 5%, B¥%45

mOmyg=mNO, x 2myNOy x =my
KBWT, mNO, x 1 &0
mOOIO’X =my

LB LTH D,

DLEIZE D, Ryld K = Frac Ry I2& £415% k LD local ring T, X I center
Zo %]%/)o

Ry % dominate § % K/k @ valuation ring Z R £ 9 % & (Theorem 1.6.1A),
[AFRIC R 1 Oy x % dominate L, & >T X IZ center zg 2D,

R2’DVR £ %2520 TE, dimR = 15% %, %7 5. valuation ring

R \I#PHW 2 dedekind domain B := k[t] Z & T DT, local ring R1Z R D By, %

729, RO E[]ICBWT, ROm 2t & TESDT, dimR =126 mNB # (0)
XY mNB=mp%DT, R & By, ¥ dominant BIfRICH 5, By, & DVR W
ZR=DBw, L% . DVRTH 2,

F 7o, IV TIZH D3 noetherian &) Db dH 5 ([1], Exercise 9. 3), (X 23
noetherian ¢, blowing-up C noetherian £ I{REF I 115 DTHK X; IE noetherian
TdH 503, R D noetherian & IZPRS v, )

23Minimal point EHFHET %, BE¥%E6. {z1}” > 0 = {z1}~ D {z1}™ £V {z;}~ 2

(@i}~ 2 EFBE. {os)— WEREZOT. KtoMks 6 GRTED 3 3T Tbh 5,

38



References

[1] M. F. Atiyah and I. G. MacDonald: Introduction to Commutative Algebra,
Addison-Wesley, 1963

[2] R. Vakil: Foundations of  Algebraic ~Geometry, Class 9,
https://math.stanford.edu/ vakil/0506-216/216class09.pdf, 2007

[3] H. Matsumura; Commutative Ring Theory, Cambridge, 1986 F 7z 1% #afkf3
Z: AMERE, 4657, 2000

[4] IR ARBCR AR, 5, 1976

39



