2 Schemes

2.3 First Properties of Schemes
2.3.1
T HIEH S DT, BEEZ T,

f:X =Y =|]JUi, Ui =SpecB'
i

7 (Spec BY) = U Spec AY, A% : finitely generated B'-algebra (1)
J
V=SpecBCY

9%, ZOLEE, VpeSpecBNSpec BT L, RIRTHE 112D
p € Spec B, ~ Spec B;i C Spec BN Spec B, 3g € B,3g; € B°

£TE%, TITscheme & LDEMENS By ~ th ThH b,
B' O prime ideal & B} O g; Z& %72\ prime ideal 13 1 %F 1 IZHIEL
A AT SRR DT, RIS L TR (1) 225

f~(Spec B;i) = USpec A;{ (2)

J

PRSI, AV ZHBVER! Bl B 5B, By ~ Bl T, SIRERER
BB DT,

A = By[by, -+ by, b; € AY
EEREDL, $HL /g€ Ang LA LDT

A;]L = Bg[bh e 7bn] = B[l/g,bla o 7bn]7 bz S A’ngl
Thbb, AT ZHRER B-RETH 5,
ME 1. (Nike’s trick, [2], 3.2 Proposition)

Scheme X ® -2 ® subscheme Spec A, Spec BIZX L. p € Spec AN Spec B

E9%, THOLE

p € Spec Ay ~ Spec B; C Spec ANSpecB, fe A,ge B

ETE 5,

L s HIRAER A3 B 13 Aby,--- ,bn],b; € B £ 55, 2O E S~1AB S 'B
i (S71A)[by1 /1, ,bp/1],b;/1 € STIB L3 5D T, ARERTH 3,



(RIEHH) Spec A N Spec B 13 Spec A DAL DT
p € Spec A, C Spec ANSpecB, Jhe A
L TE3B, 51T, Spec Ay, 1 Spec B DEHEL DT
p € Spec B, C Spec Ay, € Spec ANSpecBCY, he A, dge B
&5,
g € B = Oy(SpecB) DT ¢ = glspeca, £€T5L g € A, & ¢ =
g"/h"g" e A LET B,
Spec By = D(g) ~ Spec A, — {p € Spec Ay, : glspec 4, & P} = Spec (An)y
—7Ji. [1], Exercise 3.3 £ 0
Spec (Ap)g = Spec Apgr
PRONLEDTE | f=hg" € ALBIFIE
Spec By ~ Spec Ay
L5,

2.3.2

T IS O TREEZIRT, RO >OWHZ 5,

e affine scheme I3 quasi-compact (Exercise 2.2.13(b))

o HIRMED quasi-compact FAEATH /N—Z 15 scheme 1 quasi-compact?
T,

f:X =Y =]V V;=SpecB’

f~(Spec B") : quasi-compact

V =8SpecBCY
£ %, SOLEE. VNV IV, Dopen ZDTVNV; =, D(gi;) = U, SpecB_éij
L0 353, Vi affine scheme W Z quasi-compact TH D

V:U(VQW):USPGCB;M :USpecBéi,|f| < 0 (3)
i 0,7

iel

28 = {f}iz0, T ={9""}iz0, U=S"HT) ={g"}iz0 L THUZR,

3X = UjerXi, X; : quasi-compact, |[I| < oo £ 52 & X =, Uy = X; = Uy (X; NU,) =
UjEJi(Xi ﬂUj), ‘Jl‘ <oco bt%bh, J=uU;J; XERZOT X =U; Uje, (Xl n Uj) Cy; Ujes
(Xi n Uj) = UjeJUj cX



EDT B,
—77 f71(Vi) b open DT f~(Spec BY) = {J,, D(hix) = U, Spec A* & %>
\F %73, quasi-compact 7 DT

f*(Spec BY) = U Spec A™ | K;| < oo
keK;

E% b, 5L, Exercise 2.3.1 IZEF 53 (2) &k

f~ (Spec B}, ) = U SpecA‘l'q]f7 | K| < o0
keEK;

E 72 5D%, Spec A;’f 1 affine ¥ 2 quasi-compact TH 0, > T f~"(Spec B},)
b quasi-compact TH 5, A (3) K DfFH5N5

Y V)= fY(SpecB) = U 1 (Spec Bl

el

IZBWT f~1(Spec B;i) 2% quasi-compact 2 DT f~1(V) ¥ quasi-compact TH
% o

2.3.3
(a) T MEIEHS 220 B %R T, f: X — Y 2 finite type £ T 5,

Y = | JUi, U; = Spec B’

N = U Spec A |J| < oo, A% : finitely generated B'-algebra
jeJ
IZE T, open affine Spec A¥ 1 quasi-compact DT, ZDHFRM f~1(U;) D
quasi-compact TH %,

(b) (+431) Exercise 2.3.1 £ 9 f I locallly of finite type T& D, quasi-
compact DERM D quasi-compact DT, (a) & D f I finite type TH 5,
(L) f 23 finite type &9 5, Exercise 2.3.12°5 V = Spec B C Y IR L

YV = U Spec A?, A': finitely generated B-algebra
iel

L5, (a) £V fIE quasi-compact 2 DT f~1(V) 1% quasi-compact, fE>T
[I| < 0o TH 5,

(c) f: X — Y % finite type £ T 5%,

V = SpecB



Y v) = U Ui, U; = Spec A’, |I| < oo, A" : finitely generated B-algebra

U =SpecAC f~1(V)
DEE.U=UnfrV)=U,0nNU;) &V, pelU=pecaUnU 25,
Exercise 2.3.1 DWEE 1 TR L7z &9,

p € Spec App = SpecAfh cUNu;, ffea

ETEB, £oT, U=, pec Ay, L1 %53 U i3 open affine DT quasi-
compac, > T |J| <o L3, T IT AJ I finitely generated B-fAE7Z DT
A) =~ Ay, 13 finitely generated B-fU(TH 5.

T,
SpecAzUD(fj):>® (Spec A)° ﬂv (f;) Z(f])) Z(fj):(n
05

Zijj =1, E|Cj cA
J

»ESND,

Ay, & finitely generated B-REZ2 DT, Ag, = B[/ fj,a;1/1,--- ,ajm,; /1], aj; €
A DT B,

a€AITXL, a/l € B[l/fj,ajl/l S m, /1] = afnJ € Blfj,ai, -+, Gim,]
ETEDLH, n=maxn; ICHL af] € B[f],a“,--- asz,] ELTkw, +oKR
E NIRLT ;g _1:2 bifir =1, by € B[{f;};.{¢;};] £ V.

a= G(Z bifi') = ijaf}l € B[{fj}j:{cjtisLajitiil

25 Al finitely generated B-fA(TH 5,

2.3.4

TS S e DT EEE R T,

f:X =Y Hfinite L T2 L. Y =, Vi, Vi =Spec B IZHL f1(Vy) =
Spec AN TH Y, o AN FHRAEL B module TH2, ZDEE, g B IC
AL f~!(Spec By) = Spec Ay TH h (K (2)). A FHMRAEMK B)-module I 7%
%1

V =SpecBCY

1IEREICIE A) D g id g € BN © AN ~Ofg,



EF2E, V=U,(VNV)) BDT, peVIZHL p e SpecBy, = Spec By, C
VNVA7%5 fr, gy BDZNZIN B, B IZfAHET 5, V X open affine 7 D T quasi-
compact, £ T

Spec B = USpechi = USpecB;i, || < o0
il icl

Zcifi =1, ¢ € B (4)

i

P55, Vii=SpecBy, LBV =, Vi&DT
U=f1(v)=JU

U' = V") = f~!(Spec By,) = f~*(Spec B;i) = SpecA;i (5)

[U 73 affine TH % Z &]

A=0yU) £BLLE, f: U=V =SpecB XY p:B—AL%d b
fE$ 2D T (Exercise 2.24), fi— f, £35EX(4) X0 Y, aif,=1TH 2,

Exercise 2.2.16 I2& 1} % X, (3 affine D& D D(g) = Spec Ay DILETH %
2, ROWEEZ S,

PR 2. F:Y = X, gi= fA(X): A= Ox(X) 5 B=0y(Y) £¥2 L
fﬁl(Xg) =Y,y), g€ A (6)
Th s,
GEH) 2 = f(y), y €Y, o= fFF £ T2 ETRAIHHRTH D

RS f_l(Xg) < Te Xg < 9z gmw = 90;1(“11/) A Sow(gm) = ‘P(Q)y gmy S yYEe Yg&(g)

Ox(X) 39— 0y(Y) 3 ¢(g)

Lk

O 3 gs —> 0y 3 0. (92) = (),
L%, (AEWARK)
fit>T, f7H(Vy,) = Uz, L7 B3, Ak f~(Spec By,) = Spec Al 128 L
WDT, Ug, 13 affine TH %, fE> T Exercise 2.2.17(b) & D U 13 affine TH H
U=SpecA t73%°,
A S

f'(Spec B) = Spec A = U’ = f~!(Spec By,) = Spec Ay, = SpecA;i

= Aly, = Ou(Uy) = Ay, = Ay,

5U=S8pecC £¥T3LL, A=0y(U)=C



5DT, Ay, IFARER By,-module TH %,

[A DEBRAEK B-module TH % Z L]

a€A=all €Ay ITEWVT, Af EHBRAR By,-module %2 DT, a/l =
a'/fi't,at =3 e, dial, di € Biah € A |J;] < oo EFHIT, +/\j(?7§£%<§5(]\7

A
XL Caffy =d f™ <E7§:Z>o Z:“C Yiafi=1ho/Rons Y ¢
l,d,e BZHwaL

o I / N _ ! 1 pmyg / 7 z ! pmy gt 7
a—ag afi’ = g caf;' = E ca' fi" = E G i ‘diag, i d; € Byaj € A
i i i i

LD AXERAEK B-module TH %,

2.3.5
(a)® Finite morphism f: X — Y (ZXf L

Y =| Vi, Va =SpecBy, f~'(Vy) = Spec Ay
A

Ay : finitely generated By-module

i
yey ET5E, yeV\CY A VAﬁi\ﬁ’_ﬁ:‘T%o

/X Xy Speck\
\

Spec k(y)
IZBWT, g 1(V)) = Speck(y) % DT Theorem 3.3 DFEHHH Step 7 TR S 7
EnS. X, = f7Y(V)) xv, Speck(y) = Spec (A @p, k(y)) BRE515,

2 ZT, Ay DPABRAEK By-module DT A\®p, k(y) [ 3HGRAK k(y)-module
TdH Y ([1], Propostion 2.17), 7T 4 YE& %% ([1], Exercise 8.3), 77T 4
VERTIX 7 VILRIGDY 0 72 D C prime ideal 13K, K ideal 13 B RIEZ DT
([1], Proposition 8.3)

[f7H (W)l = 1Xy| = [Spec (Ax @, k(y))| < 00

ThH 5,

6[1], Exercise 8.4, (1)< (iv)



(b)” Finite morphism f: X — Y IZXF L

Y =|JVi, Vi = Spec By
A

X = UU>" Uy = f_l(V,\) = Spec Ay
A

Ay : finitely generated By-module

LT 5,
F9 X, YiZaffine E LTI Et2RT, Z2C X #BAEAGET 3,

B 3. AZAHZEM X 12\ T Z DA TH 2 5MH1E. X DA — {Ux}y ITH
LT, ZNUND U, THEARICARZ2 2L TH D,

GEHD) X IcB13 2 ZOMWZ Z L$2L, ZNUy=ZNU\ DRESRZ L
WEZ=Z»Eon, Z FHEAL RS, GEHK)

YoT ZWHEALSIZZ, = ZNnUy 13U, CHEATHS, TDLEE,
f(Z)=f2)nNVy L2 %, FEEE

ac f(Z)NVyea=fEb) eV, beZebe fH (W), beZ e ac f(ZNUy)

koT, f(Z)) D3V, THEALSIX f(2) ZHEAW 2., fIREAGH®RE LS,
FU\N = V3 IZBWTE fly, = f DT fly, b finite morphism TH %,

PLEickb, f: X =SpecA =Y = SpecB A FERAER B-module & L
TEv, p: BoAELELE, XOESIZZ=V(a), aCALEITS, C
DEE, RITRFT LIS

F(V(a) = V(e (a))

DAL 2 DT, f 3G HRTH 5,

() (S):p2a=e7Hp) 29 (a) = f(p) € V(e (a))e (2):92¢ '(a)
£ %, AIFARAER B-module % DT B [#Td % ([1], Proposition 5.1, (il ))o
T2L Alald B/p~(a) B¥EL DT ([1], Proposition 5.6, (i)). § C B/e (a)
WAL p C AJa BFELT o 1(p) = @ TH 5 ([1], Theorem 5.10), £ >T
g2 a)lZHL IpDa, pl(p)=qTH 2%,

(c) k ZREEAMER, ring A, BZXRDXHICHZ 5,

A = k[x]y X k[z]p—1 = klz,y]/(xy — 1) X k[z,y]/((x = 1)y — 1), B = k[z]
p:B = A g(z) = (9(7), 9(7))
f:X =SpecA—Y =SpecB
ZITz, & RZNZFNk[z] — klz],, klz] = k[z]p—1 XD 2 DETHB, ZD
LE,

A = k[2][(5,0), (0,9)]

(1], Exercise 5.1




&0 AFHRAER B-RETH D, f X finite type TH 5,
dimk[z,y] =225

Specklz]s = {(0), (v —a,y —a™") [a € K\{0}}
Speckz],—1 = {(0), (z —a,y — (a = 1)7!) |a € K\ {1}}

THh,
Spec A = {po X k[]z—1, k[z]s X p1|po € Speck[z],, p1 € Speck[z],—1} (7)
Spec B = {(0),(x — a)|a € k} (8)

L%,

q€Y =SpecB IR L
7 H(a) = Spec (A/¢(a)) 5
DT ([1], Exercise 3.21(iv)).
e(q) = Ap(q) =7° x q°
(A/¢(a)%) e = (Kl yl/(xy = 1))/0%)ge x (Kl yl/ (& = 1)y = 1)) /a%)5

k(z) x k(z) ;q=(0)
JExE iq=(z—a), a#0,1
S oxk ;9= (z)
kx0 iq=(z—1)
SN,
—1 _ 2 aq:(0)7 Orq:(‘r—a)aa#(Ll
’ <o|>|—{1 e )

0. fIZEHTH» O quasi-finite TH %,

L2512 A FARAERK B-module L1375 5745w, L A2 k[x] Egr,- ,gn
D—KiGETPI T 5, 5 & N = max;degygi, M = max;deg; g; IZKf
L. @VTL MY e A klz] Bgr, -, gn D—REEGTIEEE RV, 65T, f
I finite morphism Tlt 72\,

2.3.6

X Z integral scheme % D TEENITH %,

U = SpecA C X #fEE D open affine £ T35, blL, U ET5L€c
Ue = {£} CU® &b €D generic point KT 2, koTEelU TH3,

EeU=SpecACX £§5&L{{}™ =V(€) =SpecA =V(0)) &% %5,
Exercise 2.2.9 £ 0 £ = (0) TH 2, €25 T O = O),u = Aoy = Frac A 13fF &
%5,



2.3.7
¥ 9 Y # affine scheme & TE 3 Z L 21T,
Y = UYA, Yy : open affine, Xy = f~}(Y3)
A
= flx, : Xon = Y

bLH2U CY, LT f7H(U) - U 2 finite TH 25 Z L ZFFATE 3
Ho, fFUU) = £70U) K OARBDFEHOET T2, koTf: Xy = YA
f: X =Y OFEFEZGEHSTOIUL, Y\ E2Y L TESLDT, Y I open affine
tib, ¥7

F(Xn) C f(X)) = f(X) C f(Xn) = n(Xn) = f(Xn) = f(X) =Y

= ) = HhE)NY, =Y NY) = Yy (10)

£ 0. fr & dominant TH %, fy 2 finite type. generically finite 22 Z &, KO
X, Y, 7% integral scheme TH 2 DIFHG 2 TH 5,

Y =SpecB & L, X @ open affine D—2% U = SpecA &£ T 5,
fu = flu : Spec A — Spec B

1% dominant DT (L3 (10) £ HEK). ¢: B — AT L kero C N(B) T
H b ([1], Exercise 1.21(v)). B ¥ reduced W Z ¢ IFHGT L >T, BC A LA
%% %, f I finite type DT A FHRER B-RETHY, f->T B 1AIZH
FRA KL k(B)-fR# & 7% % (B’ = B\ 0, k(B) := Frac B),

CDLE, F—F—IEAMLEH LD B 1A X k(B)t1, - ,t,) L ERDOT
(t; € BrAIFHBOL), B 1A HBRAL k(B)[t1,- - ,tn]-module TH 5 ([1],
Corollary 5.2), 7z, Spec B""'A — Speck(B)[t1, - ,t,] d&H &% 2 ([1],
Theorem 5.10)s

2 ZTk(n) =k((0) = By =FracB=k(B) = K(Y) DT, f ® generi-
cally finite 1 & D

B 'A=k(B)®pA=k(n)®@pA= f1(n) =Spec B~'A = |Spec B! A| < o0
BHFo N0, O, S
|Spec k(B)[t1, -+ ,tn]| < |[Spec B’ ' A| < oo

L%, Lpsic, MBAERIZMRIAER THRES L 22D T, 505An=0
TR S R,

fit>T, B~ AIFHERAR k(B)-module TH | DTl A D3ERAER k(B)-
module & 7% %, ZDHELILE a1, a4, LB a; 1FEIVEZLDTE(B) I
F"fe b OLIHADRE 2 503, REDITEEZHL) & fi(a;) =0, fi(x) € Blz] &
75,



fi DRERFEE b 1T L b =[[b; € BEBWVT, fi(x) € Byla] &A%
& fi(x) Z monic IZTE %, £>Ta;/lF monic f;/b; DL DT B, 4,
Ay = Bb[al/l, s ,am/l] b By LT OB R By-module &b, it T,

Spec A, — Spec By, (11)

I3 finite TH 5,
IT. Y =SpecBIZHL

! (Spec B) = U , U; =Spec A7, |J| < o0
jeJ

LS55, Z0LE A BERAER BRETHZ, U; T2 L2 LB
<&l

f Y (Spec By;) = U SpecAZj

jeJ
Thh, X (11) 5
Spec Aij — Spec By
i finite THBHL, U =[]0 T DL
Spec (A o = Spec Ab, — Spec (By; )y = Spec By

b finite & 7% 5%, ‘
ZIT, WOTBy 2B, A, # AT L3252 LITLD,

f:X =Y, Y=SpeB, X=f" UspecAz

fi = flu, : Ui = Spec A* — Y = Spec B

& TE, fi & finite 2> dominant TH % (. B C AY),
T3¢

g) C ﬂSpecAi, D(g) ~Spec AL, A, ~ A%, a' € A
E% b k) IlcEnD (Exercise 2.3.1 YH 1),

A3 B R DT gi(a’) = 0 & & 25/ XE monic g;(z) € Blx] BEFEET
%)o %G)C/\EL'&I/E% biO & L\ d:HZblO B &3‘3{0 ?T‘CCE_‘_\‘LfCJ: 3)6: B QA’L
ZDT, diF A DILTHH D d = a’hy DIGITET (b 13 a’h; DIF). (AL:)q = A,
o A=A L1,

Spec A" — Spec B : finite
»o

Spec A%, — Spec By : finite

10



DS, A=A XD
! (Spec By) = USpec Al = Spec A},

E7%, f6>T, U=SpecBy £§5% & YD S6 Ulddense TH Y, f~1(U) —
U % finite TH %,

2.3.8

X =, X;, X; =Spec A" ITHL, X; = Spec A" 13 normal subscheme T&
2, AAC AT kD mOrphisn{ ©; : Spec AP =5 Spec Al DMEHN B,
Uij = ¢; "(Xi N X;) C X 1TH L

pij : Uiy = o {(Xi N X;) 5 Uji = 95 1 (X N X;) (12)

ZRDE)ICEFRT 5 (Fadal (13) D 247 F THi< ),
T € Uij = (pi_l(Xi ﬂXj) DL ZE (pl(l’) € X; ﬂXj DT,

i(x) € Spec A;(j) ~ Spec A;(i) C Spec A’ N Spec A7
i j

LTED (f; IcownTid, MELWHET 288252 £ 23 9 0 k5 i),

BEHELIZ D W TIZR DB 2 E D3 H 5,

TE 4. B A, Z OB k(A) KB 3EMEE A, 1A ALBL, 2ot
BB g: A= BIZXWL, ¢: A— B, g=g¢1 L2554 ¢ B—K
IZFAET %o

A g B A k(B)

+
L "VE”g/ g//

A > k(A) = k(A)
G ERRIZBEOLT, or )\ BHORARTH S, BIE A 2 GUEHADT,
BlAR ¢ A BBHIEL, g = ¢ 2T, koTzo—BlkzrRT,
Ag(AN\0) 1 k(B) IZBWTHILE %2 5 DT, HifE k(A) @ Universal Property 2°
5 Ag=¢"k ZWi72T g k(A) — B D3 —TICHET %8 ([1], Proposition 3.1)
[FkkIC k(A) = k(A) @ Universal Property 2°5 \g' = gk %7z $ g BHET 5,
ZDLE, ¢ O—EEDS

N =0k = MNi=0rt = \g=grt = g=¢" = N\ =¢"rk

ERDI. NDHIED TN = ¢k 27T ¢ 13—RHWTH S, 5E ¢ =4¢"|;
THY, ¢"d g DIRTH 5, (GEHFK)

SEARINCIE g (a/b) = g(a)/g(b) DT, g BHHWZ g LHHTH S,

11



£oT
Lo A = AL~ AL
NP ARVASH
w;l(Spec A;) = Spec A%y, = Spec A} £ Spec Ajcj = Spec Al = <p;1(Spec A?g-)
(13)
25 ([1], Proposition 5.12). ¢; ! (Spec A;(j>) = Spec Z;f@ Y73, iE57C Spec Ai
k3 J

ﬁ’%lﬁjﬂﬁﬁﬁﬁf% Spec /A\';ffi) DX % ©ij &ﬁ%%@'%o
DL Z p;j ¥ morphism &% 5701213, fho

£

j .
7§

Spec fl;ij) ~ Spec A
WZRFL

Spec fl;;j) N Spec fl;ij) ~ Spec fljcj(b) N Spec A;E’) (14)
TRIFUIE S R, ZHUIROWED ST 5,

P 5.

Aa%Bba AczBd = Aac%Bbd

b3

(FIEPH) Exercise 2.3.1 OWHE 1 1I2R- L7z X 91, ExUXIERECIZ
Aaty = By, blspeca, =b'/a", V' € A, Spec A, C Spec AN Spec B

Acar = Ba, dlspeca, =d' /™, d' € A, Spec A. C Spec AN Spec B
ThHD, ZDEEDab,cd % a,c L L7ZdbDTHD, T5&,

blspec A,. = b'¢"/(ac)", dlspec A,. = d'a™[(ac)™ = (bd)|spec 4, = b'd'c"a™ [(ac)" ™™

Spec A,. = Spec A, N Spec A. C Spec AN Spec B
£0

Aacb’d’ = Aacb’d/c"am = Bbd

TH 5, (AHIHE)
FoTH (14) ol bt 2 X (12) o, kB, 20 g,
WBIL Tix, 2 (13) 226 TR I 22 2 DT

©i = PjPij (15)

12



DBHALL ., EAEBD S 2R TH S,

SpeC A}(J)

Spec A’ (7 = Spec Aj,(i)
fi i

Xi, Uij, ¢ij D3 Exercise 2.2.12 D527 L 2R3, £,
Pij = 95 pi =id

S TH 5,
SOij(Uij N Um) = Uji N Ujk %fi_\ﬁgﬂo (Pij : Uij — Uji Z)’g (p?j@;I(Xi ﬂXj) g
go]l(Xi NX;) THs, X; = Spec Al Db b ic SpecA;(k) (C Spec 47 N

Spec AF C X;) & F4UX ¢4, ' (X; N Spec A;(k)) - w;l(Xi N SpecAjM)) Ez
5DT

i (Uss N Uik) = pijep; (X N X530 Xg) € 05 H(Xa N X N Xg) = Uy VU,
BREonsd, oL E

Uij N Ui, = 5i0ij (Uij N Uix) € @5:(Uji N Uj) C Uiy N Ui

= i (Uij NUik) = Uji N Uj,
D3R 32O,

I 51z, Uij N Uz, IZHEWNT

Yik - (p;l(Xi NX; N Xk) 2y (p;l(XZ‘ N X; ﬂX}c) SD—J;Q (p];l(Xz N X; N Xk)
&0

Pik = PjkPij

ThH 5,
PLEIZ & D Exercise 2.2.12 21729 X, ¢; : X; — X(N® isomorphism)
DK TE T,

X 13 normal scheme TH %, FEFE, X = |J,vu(X;) THH, A" 20
Z ([1], Corollary 5.5), AL, Vp € Spec A b#HI7%4 DT ([1], Proposition 5.13).
X; = Spec A" LU ;(X;) 1& normal Td %, Normal PEIZRFTHITEE 2D T X
b normal TH 5,

KA bt (X)) — X Z2Mi0GbET (¢ Xi 5 X EARET), 7: X —
X ZEHT S, Nl ¢1(X1) N wJ(XJ) = wi(Uij) = wJ(Uﬂ) IZEWT

et = it =

13



RDTHRETH %, fiE>T
X =X
i = i
BESN5,
Normal scheme Z IZ%} L morphism f: Z — X 2MFEL 7 LT 5,
X = UX“ X; =SpecA;, V;=f* ka USpech

tBCE Z=U, Vi f(V) S Xi Th o,

f

NN

0

=
—
i
=
N

R —
3

=
><r4> .

b

f ¥ dominant W2 f[x & dominant T, Z Ereduced D THIRT % gF : A, —
BF 3HSTH D, 72, Z H¥normal scheme @ 2 BF I3#PATH 2, 22T, %
FAOIENE 4 22 & g 0 A, —» BF 3—BHTHH, MIELT

0F  VF = X5, flyx = pibf (17)
BT 08 b—TNTH B,
ZDEEG = 2D AbET
0:7— X
%W%O%@% C\Vwﬂﬂ’ﬁwféh—ﬁkﬁélk%%?o
(15
pib; = %91 L 0105 = 93608 = Flusnvs

U:c%c __'c VENVI 2B TY, 90 = f Z2Wi7d 0L o—EMigt (17)
ARSI T2 300,

SDij‘gz]'f 295 = 1;:50; —1/)]91 = ;0F = z/)JGZ = 9 _9

97 I integral scheme %D THERT, k-T £(2) = f(V;) C FVEY = X =F(2) C f(VF) =
FVHIx, = X;

0y e vE ﬂle = f(z) € XinX; = f(z) € Spec(Ai)f, = Spec(Aj)f;, = z €
Spec (Bf)n; ~ Spec(B})n; C f~'(Spec(Ai)y,) =~ ”(Spec(A )p;) BT, BRI O
T 4 2B & (Ay)f, — (BR)n, 1 (A))g, — (A)y, 3 (BR),, k—BICRENDDT
VENV eBeT e = f &%2 0F 3 -BINTH 2,
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BRENS,
M=K (16) DA TOXIEIZ AL DT

f=mn0

X — Speck #*finite type D & ¥, X 5 X 5 Spec k I2BWVT X = 871((0) =
User Xi, Xi = Spec A%, |I] < oo, A" IFHRAL k-FRETH 5,
771(X;) £ (X)) = 1i(Spec At (18)

ILBWT, Al i FracA’ KB 3 integral closure 7% @ T Al 3T HRA R Al
module(Theorem 3.9A, L:=K). &> T 7 ( finite TH %,

ERTEBRD IODERDMY Th B, 7 (X,) RHEAEO T, (%
e LT (X)) IKE LW 2L, (D) BWHsARDT (C) 2R,

ren 1(X;), Iz € %‘(Xj)

surjective

= 7(z) € Xi, v = ¥;(x;), 25 € Xj, m(x) € m(X;) = ;(X;) "= X;
= XiNX; > m(z) =n(;(z;)) = ¢j(z;)
= T; € (p;l(XZ ij) = Uji
=z =P;(x;) €% (Uy) = ¥;(X;) Ns(X3) € vi(X5)
2.3.9
(a) klz] ® kly] = klz,y] %= DT ([1], Exercise 2.6).
Al%; XSpeCk A'Il(; = A%

Th 5,

A2 & LT f = (pa,py) : Specklx,y] = Speck[z] x Speckly] 7Z>7: &
§ % & (43413 fibred product T7%&  BfZAH). p, : Speck|z,y] — Speck[z] &
it k[z] = klz,y] ICIE L. py,i, BEKTH 5,

ZDEF pp((zy—1)) =iz ((xy — 1)) = (zy — 1) Nk[z] = (0), py((zy—1)) =
(0) = f((zy — 1)) = ((0),(0)) THYFERIC f((z —y)) = ((0),(0)) ZDT
Spec klx,y] & Specklx] x Spec k[y] (EHAAHFETIE %0,

(b) S =k[s]\0, T =k[t]\0 &F 2% &
k(s) @k k(t) = S™'k[s] @k T k[t] = (S~ k[s] @y kls]) @k T~ k[t]
= S k[s) Qe (kls] @x TUE[H]) 20 S k[s] @pe (T k[t]) 5]

= S k[s] @xp Tkt 8] 20 STkt 5] = (ST) k[t o]

15



% DT Spec k() @spec k Spec k(y) & (ST) " Lk[z,y] D prime ideal 2>57% %, T
G 1 [1], Exercise 2.6 (ZH#LD | RERN % [1], Proposition 3.5 IZ#l 5,

dim k[z,y] = 2 #*5 prime ideal p C k[z, y] 1% (0), (f(z,y)), (x —a,y—b) D
RIS 5 (f (ZBERZHERN),

pNST =2 DEE, plESpec(ST) tk[r,y] D prime ideal I 1 %F 1 AT
%2, §$5&, (x—a,y—b)NST > (x—a) 5 (x—a,y—b) TR S DT,

Spec (ST) ™ k[z, y] = {(0), {(f(z,9))}}

THY, (ST) ke, y] WRIE1 DR—F —¥K L B, ZIT, flo,y) REK
v,y BHCED, Thbb f(2,y) # 10.9), f(2.y) # f(2,0) &% 5 BEHIZHA
Th 5,

CD &) BRI EAUIIRICEE T %, B2, 2 —y" X klz,y]/(z—y™)
[y] D3EI 7 D TR ZIHATH 5, /oo n£#m B0 (v —y") # (v —y™)
B (¢ =y T 5 LTI 0 AL 0 TR ),

A

2.3.10

@) f: X =Y, Y =U,Va Va=SpecBy LT3, ZOLE, yeVY I
L. yeVy A 1%\ 75>ﬁ1’£?‘%>o

Xy, = X xy Speck(y

Speck(y)
IZBWT, g~ 1(V)) = Speck(y) % DT Theorem 3.3 DFEHH Step 7 TR S 7
e, X, = fHVy) Xy, Speck(y) MFoN %, k>T. Y %V =SpecB
ELTXw,
UCXZEEOBEA L L 3, AEHE LTU, = £ u)nU = fl5' ()
ERERELEI, T8 X =,U;, U =SpecA; ITHL

Xy =pr'(X) =Up' ) =UU @) 0 = 1)

DIRAZL, AEHE T 5, koTX I3U = SpecA ELTEWw,
it > THIEIZ X = Spec A, Y = SpecB DLGEIEE SN 503, [1], Exercise
3. 21(iv) £V X, =SpecA®@p k(y) = " (y )7330)“( TUIRLT B,
(b) k ZREMIEAK L 5, X = Speck][s,t]/(s —t?), Y = Speck[s] D & &

@ k[s] = k[s,t]/(s —t?), s> s

16



DAFAET 5 DT
f: XY
MERCTED, YV ={(s—a),n}eer £ V. BAITIFT
Xy = X xy Speck(y) = Speck[s, 1] /(s — t*) @[y k(y)
ZHFR5,
] y=(s—a), a#0DHH

—fIT A Dideal I, JIZNL, A/(I+J)=(A/D)/((I+J)/])=(A/I)]J¢ 7%
DT, k(y) = klsl(s—a)/(5 — @) (s—a) = k[s]/(s —a) AV &

Kls, 1]/ (s—t3) @ kls)/(s—a) £ (k[s,1]/(s—1%))/(s—a)® = K[s. )/ (s—1*,5~a) = K[t]/(t*~a)
DT (213 [1], Exercise 2.2 12 X 2).
Xo = Speck[t]/(t* —a) = {py = (t+Va)/(t? —a), p_ = (t —Va)/(t* - a)}
ZCTA=k]/(2—a) LB
k(p2) = (A/px)p, = (K[t]/(*—a))/(tEVa)/(t*—a)))p. = (K[t]/(t£Va))p. =
[i] y = (s) DHE
Xo = Speck[t]/(t?) = {p = (1)/(t*)}

k(p) = ((K[]/(#)/((8)/(t*)))p = (K[t]/())p = K
Ttldk [ /(t )T%EE&OD’C X 1 non-reduced TH 5.,
y=n=1(0

}

2
SOL
k(n) = klsl0)/(0) = k(s)
X, = Speck(s, t]/(s — t*) @[5 k(s) = Speck(s)[t]/(s — t?)

ZITB=kB)[t]/(s—t2) 1k s—t2Ht D2 XL HAZL DT, k(s) D2 XK
ERETH 2,

X, = Spee B = {(0)}
k((0)) = B(0)/(0)(0y = FracB = B
0. k((0) 13 k(n) D 2 KIEKRIETH 5,

[ i

17



2.3.11
(b) #SelcaET 5.

f1Y = X =SpecA, Y = f(X) = JUi, U; = SpecB;

U; 13Y Topen DT X D open U? % FHWT
Ui=U'nY = f1(U")
EWT B, fly) €U 5
fly) eD(g) CU’, Fge A
ETEZDT, f(Y)IE D(g) THbND, f(Y) BREGEH»S F(Y)° b D()

TEON, fiifm X 1EZIN6D D(g) THbNS, X 1T affine %4 DT quasi-compact
W2 HRMED D(g) TEHbN

(91:--59n) 21 = (0(91),- -+ 0(gn)) 31
T 5 (Exercise 2.3.3 DFEHZ),

Y =f(X)= f’l(U D(g:)) = Uf’l(D(gi))

IZBT, affine X Tl D(g;) = X, ZDT, HE 255
fﬁl(D(gi)) = fﬁl(Xgi,) = YQZ?(QZ')

ThHb, I, U ILBWTIE D(g) CU WZ
Yog =1 " (D(g:) € f~1(U") = U; = Spec B

2 DT, Exercise 2.2.16(a) 7° 5
Yo(a1) = Yo(g0) NUs = D(0(9:)|v:) = Spec (Bi) (g0,

E% DI Yo ¥ affine TH %, & T Exercise 2.2.17(b) 225 Y = |, Y(4)
I affine TH 5,

f:Y =SpecB - X = SpecA £ § 5 &, fliFclosed immersion 7% DT
Exercise 2.2.18(d) 2*5 ¢ : A — Bl3&fchb s, Lo

B=A/kery = f:SpecB=SpecA/kery) — X = Spec A

E7% D, Y =SpecA/keryp ThH 5,

(a)g: X' = X £BL, X D affine [li#ED—>% U = Spec A, V = f~1(U)
£ 5L, Spec A DWMFUIZE VT fly : V — U & closed immersion TH 5, %

Ho(gi) € B=0y(Y) = ¢(gi)lu, € Oy (Ui) = Oylu, (Ui) = B;

18



Wl S WEHEH S 2> Ch 1, ML, SR OMEEIE, f|7 ORMHE (stalk FIF)
ELRFTNCRE 206 TH b, 5T, (b) 226 VIZADDH 2 ideal ZH\T
f7Y(U) = Spec A/I £1F 5,

Spec A/ xy g~ (U)

/ \
Y D Spec A/I '2g71(U)
g

\ /
X DU = SpecA
g~ (U) D affine BI#ED 2% U’ = Spec A’ £ T 5 &

F7YU’) = Spec A/I xy Spec A’ = Spec (A/I @4 A') 2% Spec A’ /I°

THH (“"Z? 1% [1], Exercise 2.2 12X ), [y  f7HU) - U 13 A —
A/ I¢ 3R 7 DT closed immersion TH 5, §5 & g1 (U) D open affine THY
DEbtET

f'lspec A/1xpg-1(v) : Spec AJI xy g1 (U) — g~ (U)

b closed immersion & 7% % (HH IS 2>, fOWEIZREATHIQ Z),
Theorem 3.3 DFEHH Step 7 £ D Y xx g7 1(U) = Spec A/I xy g~ 1(U) %
DTy flysxg—rwy Y xx g HU) = g~ *(U) %3 closed immersion & 7% %,
oL X = Ui, X' =, 071U L 2BBETHD GbEbon
Y xx X = X' TH 2D, FAKICL T closed immersion & 7% %,

() f:Y =X, g:Y' — X % closed immersion &€ 5%, X DU =SpecA &
B &, Y lF reduced induced closed subscheme 7 DT, Y ® open subscheme
Uy =UNY ¥ reduced induced closed subscheme & 7 ), Example 3.2.6 & D

Y U)=UNY =SpecA/a, a= ﬂ p
pelny

MR D, £z (b) TRL7EIITU =Spec A ITBWTY' NU IE affine W X
g ' (U)=UnNY' =SpecA/d

EBUI 3,
ZHDLEE, aDd %DT (Example 3.2.6).

A— Ald — Ala
»5
f=geu : Spec A/a %% Spec A/a’ 2 Spec A
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27T oy BIHET %,

Y D Spec A/a i Spec A/a’ C Y’

T

X DU =SpecA

(v
(Y

LyeUNVi ifalﬂ"(go(y);ﬁcpv()&'a‘%k g FHH DT
(y) & 7225, T%&f # fly) EOIFEREL D, koT
@

T. b
geu(y) # gpv (y)
ou(y) =pv(y) WA AbEREEL & D, Y 5 Y DEERTET, f=gp

<‘: %5,
(d) X 2% affine Dty
f:Z— X =Spec AIINL ¢: A— Oz(Z) DMHET 5 DT (Exercise 2.2.4),

closed subscheme % Y = Spec A/a, a =kerp EEET %, ¢ IRD K ) I
TE 5%,

p: A= Ala— Oz(2)
9 % L FH U Exercise 2.2.4 205
f=w: 237y 45X

ED, fIRY 2T 5, BB, A — A/kerp I32H DT 1 1 closed im-
mersion T®H 5,
T,

F=ig 25y 5 X
%729 X @ closed subscheme Y’ 235-2 6317z &9 % (/I closed immersion),
(b) £ Y’ = Spec A/b &HF B DT,
0 A% A6 5 04(2)
LTED, COEEa=kerp=¢ 1 (0)D7 (0)=b kb
A—A/b— Ala— Oz(Z)
ERBDT, LI

LY By s x
EOMRTE B,

7%y tox
) ah/
g \ L
Y/



JIFH (closed immersion) 2D T L IZA L b IEF—EHWTHDH, koTIDLH
7Y b—HNE%R 5,

Z W reduced D & FF Y & reduced TH 5, %B¥7% 5 Z W3 reduced % DT
Oz (Z) ¥ reduced, &> TNOZ(Z))=0THDH.

©71(0) = ¢ (MN(02(2))) = ¢ (V0) = /o= 1(0)

DD 32D, 5 T ker o 13 radical ideal 2D T Y = Spec A/ ker ¢ & reduced
T® % (Example 3.2.6),

61T Z D reduced D E EFU(Y) = F(Z2)DIRDIDOI L ZRT, £T f =19
&0

uY) 2 f(2) = uY) 2 f(2)

DIK Y 3L,
RIZspY C f(Z) 2md, Z=J;W;, W; =SpecB’ LT 5L

W,—=7—-X
i)
0i: A5 04(2) 5 O4(W;) = B

DHEET D, ZOLE (W) = flw,(V(0) = V(o;1(0)) DT ([1], Exercise
1.21(iii))

Fﬁ=ﬂuwm;UﬂW»:UﬂWn=UWQ%wszf@)

Th3

o
- >
— -

S f(Z)=V(b) EBELEV(6) 2 V(07 (0) &P

C Vo0 = (VD) o7 (0) = VE S (o7 (0)

A

=

Lht, kB, 213 Z Breduced 05 Th B, —7.

Y = Vikerg) = Vi~ 0) " Vi (o 00) = V(¢ 0 (0) =

DT (LY 12 Z D sheaf SefF (3) 1Tk 2)

f(2)=v(Vo) 2 V(o' (0) =spY

BRoNn s,

X 3—f D scheme D&5H
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X =, Ui, Uy =SpecA’, V; = f~1(U;) £ T 5,
it A = A/ ker o; — Oz(V5)

flv, : Vi 8Y; = Spec A®/ ker ; “ U; = Spec A’
Exercise 2.2.12 # FHTY #HK T 25, £7.

Uij = (UiNUy)
E9sL
Yij = L;lLZ‘ Uiy — Uy
MEETELILZRT,
ti(z) € Spec A* N Spec A7 = 1;(x) € Spec A;i ~ Spec Agj

£9%, 22T, f:Z = XIZNL, Ox/ker f# (% sheaf DT, Spec A}, ~
SpecAZj "o

(Ox/kerf#)(SpecAéi) ~ (Ox/ ker f#)(SpecAg]_)

= A;Lv/ker @) = (A" ker ¢;) g, ~ Agj/ker <p; = (A7 / ker ©ilg;
L7512, fEtoT

Spec (A/ ker ¢;),, (~ Spec (A7 / ker ), ) (5 Spec A;i (= Spec A;j )
£ Y I2BF 2 o DFER Spec (A'/ ker ;) g, 3 Y; DBER Spec (A7 / ker @),
<E Iﬁlﬁ!iﬁ@“é Pij = Lj_ll,i (E LVC Pij fﬁﬁ:’%“@? Z)o

CDEZ, 1i=1jp;; THY pj; = %‘_jl Wiz Y, Ek,
(Pij(Uij N Uzk) = L;lLib;l(Ui n Uj n Uk) = L;l(Ui n Uj n Uk) = Uji n Ujk

Th b, Uij NU;g IZBWT Pik = PjkPij LR DDIFHGDLTH B,
&> T Exercise 2.2.12 £ 1) scheme Y, v; : Y; — Y DR TE

Y:Umm>

V= Pipiy
¥i(Yi) N5 (Y;) = ¥:(Usj)
Th 5,

Exercise 2.3.5 DiE 8 226 Y IZFAEAG L 5,

2ker ; = ker f#(U;), ker ¢} = ker f#(Spec Aéi)

22



LT (V) = X ZBID AHET (11 Y - X ERMLT). Y 5 X %

ERT D,
) \

)%

i

i (Y3) Ny (Y,

S <—S

0. LZ"(/J;I = Lﬁ@mﬁb{l = ij;1 DT,

1Y - X
L =
BESND, 1; D closed immersion 725 72D T b closed immersion TH 5,
f
z /v:_\v\x (19)

FREICL TV, =Y ZMiDAbETg: Z Y 2EHRTE S, EB
Affine D & ZDED S5 fly, = 1ig; THH, VNV IZBWT,

tigi = flvinv, = tjg; = whigi = g = Vigi = V;9;
TH 2, MK (19) DEXEH AL DT

g:Z =Y
f=u
Th 5,

YCXIINLT, f=Vg:Z—-Y - X T5, TITIE(X;) 2% affine



DEGED Y, 1IN T 5,

Y/=Y'NU; £ &, Y/ = U; & closed immersion 1272 5 DT, affine D%
CRLAZ ED B il = Cyrhi £75 byt (V) — Y) B8 TR IHET 5.
CDEE, (Vi) NY;(Y;) = ¢i(Uij) = ¢3(Usi) ICBWT
(hi)lpsuig) = by (v) = (Chg)e; s = hilpavone, ) = hilevone, (v)
ERBTENS
h:Y =Y v=/h

LB hDR—HICHFET 5,

ZDOhD—EBEIS, Y I -BNERS,

Z P reduced D & ZlZ, affine DEEICR L7722 925 Y 1 reduced TH %
(reduced &) DIFFATEE), £7-. affine D& f(V;) =spY; 722572 D T,
PrARZERIIC B LT

Urva) =Urv) =) =

f(2)

&%, spY = f(Z) D reduced induced closed subscheme 13 (¢c) TR L7z &9
IC—EN%RDT, Y IZFELWY,

2.3.12
(a) : S = TIERBERIFT 2EHBDT (Sy) =T, THB, £>T
U={qla 2 ¢(S+)} ={alqg 2 T4} = ProjT

L% 5,
© WD EZF f D3 closed immersion & 755 Z &%, Exercise 2.2.18(c) &4
ClHBRIC L CREMITE %,
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(b) p: S — S/TIFE2HEDT (a) 5
f:ProjS/I — Proj S

1Z closed immersion TH b, [ = Bg>olg SN LTI = Bgsa Ly T 5 & [HER
IZ f": ProjS/I' — Proj S b closed immersion Tb %,

Exercise 2.2.14(c) & Y Proj S/I = Proj S/I' I3 isomorphism % DT, f, f' 1%
[d]—® (equivalent 7% )closed subscheme Z 5.2 %,

2.3.13

(a) f: Y — X % closed immersion, U = Spec A C X ZfEZE D open affine
5L flporwy : fTHU) = U & closed immersion TdH %, EE f~1(U) =
UNY 13U OESTH D, f# O stalk 2 VW TRFTNICRE 295
ThH s,

fit> T, Exercise 2.3.11(b) & D

f1(U) =Spec A/a

EBITD, TOLE A A/allBWT, Afa lFHRER A-module 2D T f 1
finite type TH %,

(b) Exercise 2.3.3(a) °5 f: Y — X %% locally of finite type TH % Z & 271
FiE ke,

Y & open DT X ® open affine V = Spec A IZHL f~1(V)=VNY IZ X
Topen TH 5, #>T. fHYV) =, D(g9:) = U, Spec A4y, g; € A LT3,
T2E Ay, =Al)g) 26 Ay, FERAER ANRELDT, A— Ay, 13 1ocally of
finite type TH %,

(c) Finite type f,g DA%
h=gf: X Ly % 7
&9 %, Exercise 2.3.3(b) & Z =SpecC & LT\, g2 finite type 2 DT

Y:gil(Z):UY—“ }/Z:SpeCBM ‘I‘ < 00, B1:C[b11, 7b;n]
el

LD, f b finite type DT

f_l(}/i) = U Xij, Xij = SpecAij, |Jl| < 00, Aij :Bi[al' am]

JE€J:
Ehb, fEoT,

WiZ)=f""9(2) = Uffl(Yi) = J X, Xij = Spec Ay

(2]
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&0, (i,)) FHEBRETH 5,
Aij = Bilaly, o] = COL - Blal, o aly] = CL o b aly, oo ]

D5, Ay IFERAER C B LR 5,
PEizk D h=gf T finite type TH 2 Z LIRS N7z,

(d) f: X =Y % finite type, S’ — S % scheme morphism & ¥ %,

XXSS/

/ ~
S/
\ /
S = USA, S\ = Spec B)
A
F7HSN) = Unis Uni = Spec Ay, |I] < oo
i€l
IZHE VT, Ay BHRAE B-RELE T 5,
g~ (Sy) 1F open subscheme 722>5 g71(S)) = U, Waus Wi, = SpecCy, &
»iF. S =g"1(9) = Us, W €% %5

f/_l(W/\”) = XxsWy, # f_l(S)\)XSAW)\H U Uxnixs, Wiy = U Spec ( AM®BAC>\M)
i€l iel

0. U Wy,) IFARMED open affine TH/N—I 1%, %5 (£) 13 Theorem
3.3 DFAEHD Step 712k %,

—Ji. Ax BHBRER B\-fRBR DT Ay = Balar, -+ ,an), a; € Ay EFEE
%, Chy & B\-fBZDTAA 7 —DIRE D Ay, @5, Crp 13 Cr -RETH 2,
o T

Ayi @B, Cry = Crylar @B, 1, ,an, @B, 1]
L, BRAWK C), B TH 5,

(e) f: X — S 2 finite type DT (d) £V f/: X x5 Y — Y | finite type
THD, g: Y — S finite type DT (c) KO AWK gf : X xsV Y =S5 b
finite type T®H %,

(f) f & quasi-compact %% DT, Exercise 2.3.3(a) £ O f %% locally of finite
type TH 5 Z & 21X &\, Exercise 2.3.1%*5 Z = SpecC £ TE 3,

gi UY;a Y; = Spec B;, f UXz]a X = SpeCAzJ
J
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L¥5L, Bl CRETHY, Ay i B K TH 5,
“Us UXu

IZE VT, gf P finite type 72 D T Exercise 2.3.3(c) & © A;; I3HRAER C RHK
ThHb, B 13 CREBLDT, B Ay FERAEK B B L%5, #E>T, fliF
locally of finite type T® %,

(g) f: X > YIZBWT, Y I3 noetherian ¥ 2
Y = U Spec B;, |I| < oo, B;: noetherian
iel
TH Y. f 7 finite type DT
f~(Spec B;) = U Spec A;j, |J;| < 00, A;; : finitely generated B;-algebra
Jjedi

Thsb, ZDEE B; % noetherian 2 DT, [1], Corollary 7.7 %*5 A;; b noethe-
rian TH %, 95 &,

X = U f~(Spec By) U Spec A;;, Aj; : noetherian, Z |J:| < o0

i€l i€l jed; iel

X D, X 1% noetherian TH %,

2.3.14
Finite type morphism f %
f:X — Speck, X = U U;, U; = Spec A*, A : finitely generated k-algebra

&9 %", Spec A" DB D(g) = Spec A}, g € A" I L, A" DAMRA k-fR
OO Ai%)ﬁﬁﬁ%ﬁ -RETdh 5,

X OIEEORES VT X OMREDPFET 22 2R T, x eV 2V O
HETH, VIED(g) ELTEXDTV =SpecB £ TE %,

V OMR%Z x & L. ze U; LR BTEED U; i) k.

er::SpeCAngpecBthﬂUigUi, ge Al he B

LTE, AL BB b-RETH S, 2 BV OBLEADT W (C V) OFLET
bdH 5,

WéUi blffﬂf‘}l,“C@:Ai—)Ai E9 5L, xld W =SpecAl DPARZLDT
Al D max ideal m ICHIEL TV 5%, TDEE, KOWH 6 » 690_1( )IZ AT D
max ideal TH O, MEL Tu(z) =2 € U; 12U, DMK TH %,

13 f 1% locally of finite type THHEVLTZ DT, T I TEZDIIHELEZ 5,
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WE 6. HIRER k-fW A, B & morphism ¢ : A — BIZEWT, m?’ B ®D max
ideal 7% 5 ¢~1(m) I A ® max ideal TH %,

(M) K = B/m, L = A/y~Y(m) £ 8L & K 12k, L3R cH2, 20
L

WL K, i (z)
T TH B, FEEE

—

P()=0 e ) em e recy(m) & =0

Th5,

B I3HRAR -REW A, K = B/m bARER -RETHH, KTk
DERXAREILRME L 7 % ([1], Corollary 5.24), k> TK Dtk hE=v 7
ZHADRTHY, LIk RBAHOTKIEL BBERZ, T8 LIk (1),
Proposition 5.7), ©¥~!(m) (¥ max ideal &7 %, (GEWI#%)

LXL O Voo ;tzeU ERBZETOU BTN ERS, T3
U HESERDT, 2 D U BT RS {2} NU; BZNHE X OB
ATW) {z}enU; = VUPJ‘% rEEERVU; ICBLTUE {z}enU; = U;
DD, INoRTONEAZLES L

{fE}CZUViUUUa‘

BHEATH S, LoT, s B3 X B TLHHES, ThbbMETH S, o
T, VICd X OMKDBHFET 5,

Sl Example 2.3.2 IZ@R&541TWw 5, 3‘7&?}’)% discrete valuation ring R
W9 % T =Spec R = {to,t1} ICB VT, PHREAIE to DABRDT, t; IFHA%
BTHLDVHRZE TR0,

2.3.15

(a) (i) — (iif) = (i) = () 28T, <2 (iif) — (i) RAWTH 3,

(i) = (ili): Xz BB, kC K &9 5,

F9. kIFRBUNEAGRE L TX W E%2RT, Spec K — Spec K D247 D
T, ROWE 7206 Xz —» X DEFHERDM, b L X BN THL L
ERENE X DI E R 215, Z612 f : X — Speck 2 finite type 7 51X
f: X — Speck b finite type TH % (Exercise 2.3.13(d)).

D% D, finite type f: Xz — Speck ICB VT, Xi: PO & &, VK/k I
LU X B2 Rk w2 8lce s, ko TERBURKE T2,

1 Surjective scheme morphism I3 AHZE[M - T44% > 9 (Stacks Project 29.9.1),

Bf:X Y, Y =ViUVz = X = [71(Y) = f71(V)) U f~1(Va) YEele po1y) =
X=V,=Y
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ME 7. (2R base change TIRFF)
f:X =Y 228 7% 5 morphism Y/ — YV IZH L X xy Y/ — Y/ 24T
bH%,

GEH) g: Y =Y,y »y L, fORREZDOTfa)=y=9F) &% %
r € X DPHRET S, ZDEE, Exercise 2.2.7 925

Speck(z) = X =Y = k(y) — k(x) = Speck(x) — Speck(y)
7% %, [ABRIZL T Speck(y') = Y’, Speck(y’') — Speck(y) &£ %% DT
Spec k() Xspec k(y) SPeck(y’) = Spec (k(z) @x(y) k(y'))
354 %, Fibred product DFHEHIHEE D> &

0 : Spec (k(x) @p(y) k(y')) = X xy Y’

DT 5,
X Xy Y/
| \
0
x € X <—— Spec k(z) <—— Spec (k(x) Qp(y) k(y')) = Speck(y') — Y' >4
Spec k(y
Yoy

k(y) = k(z) 225 k(z) 13 k(y)-MEER DT, k(y)-flat TH DO, fE>7T, 0 #
1;)(?/) = k(y) ®rey) k(Y') = k(x) @r(y) k(') 225 Spec (k(z) @iy k(y')) # @ T
50
ERAD D S 2 € Spec (k(x) @y k(Y') £ 5 &

f10(z) = po(2) =y
ThHhH, fiFegl ks, G
RIZX Faffine L LTI W EZRT, ZD7HI, ROWESZHWS

ME 8.
X :irreducible & X = U U;, U; : open and irreducible, U; NU; # @, Vi, j
i

16k" = k(y) I k'-flat. k'-module (X7 MV (HHINEE) %D T k'-flat TH 5 ([1], Exercise
2.4).
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(REHH) (=) X % irreducible scheme &9 % &, open covering U; 23fF(EL |
ZHUIBERIT, U n U; # 0 Thsb,

(<:) X =7Z1UZy, Z;:closed ET 3%, U =U;,NX= (UiﬂZl)U(UiﬂZg):
MR ED, Ui=21nU, = U, C 7, L TES, FED jITNL U; 3N AR D
T, @#UiﬂUj ngmUj "5

U, =TU,n0T; " CZnU;
PRoND, $2LU; CZ = X CZ 6 X BENELRZ, B, U, &
affine IZfR->TH L\, (GEHKK)
X BRI 0T

X = L_JUi7 U® = Spec A®, U' : irreducible, U' N U’ # @
i

ETE2, p: XX, U =Ulx, K EBEU x, K =p Y (UY) 6 Ul
1% open TH D,

Xi =p H(X) :p*(U U') = UU;;

Ehe b,
relUnNU’) = ze SpecAjci ~ SpecAgcj, A} zA;j

= A} ®szA§cj Qr K = SpecA}i kazSpecA;j X K

SITUNUI £ @06 AV #0THY, kIEE AL 13 flat DT O # A =
Aéci ®k/€‘—>A§fi Ry K &0 A;}i QkK#0&Ek5,

T3 L @ #Spec Al xp K CSpec A’ x), K = Uy X0 UL NU}, #2 T
Hb, H>T, Ul: BERZIEHTENR X B ER 20T, HOTU %2 X
&9 % (affine),

X =SpecA £T 5, X OEEREIXMAEZERICE T 2 BRI D T, Exercise
2.2.3(b) £ X ¥ reduced & L TL <, £-TX 3 integral scheme, A 1358,
&b,

ZDEE Xg Dintegral, BB A = A, K DI THZZ LZRTD
I, RIC Ak ICIERFET

a:Za%@kag'#O, b:Zb;@kb;’#O, ab=0

PEELIE TS, $5E, KIZEBWT{a!}s, (b} 0 6 BRI N G RAER k-
BB 25 2 L3 TED, THLEMBEAAat 2D T AR B — A K
XU & 72 % ([1], Proposition 2.19),

UXXxY,UCX == UxY=p H(U)CXxY
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HoTa,bZ2EV AR, Bl AR, K DIMOBEALNEDT, a,bld AQy B
DIFEFERTF L5,

E EX7 FVZERE] A DILE % {ei}i ET3% 180 DL E, {ei Rk 1}1' I3 B-fnEE
A, BOREEERD,
)

0i: A=k ej {(1) :j;z
95 L,
Y; : Ax B— B, (a,b) — d;(a)b
EBHRE 72 DT, tensor DE@INIEE 2> &
i A®r B — B, a®; b 6;(a)b
DIFET B

A®kB = Zal@)bl = Z(Z kijej)®bi = Z(Z kijbi)(ej®k1), kabz S B
) ) J J g %

"5 AR, Bl {6i Rk 1}z THEREINS,
RIZ Zj bj(ej Rk 1) =0¢93%, ZDOLE bj(ej Rk 1) =e; O bj DT,

0=0:(D_bie;@n1)) = i) _(e;@xb))) Zwl ;b)) = > dile;)b; = b;
J J J

0. {e;@p 1} FHEERZ LT, ((0) #%)

ERT- DI LB %
a:Za’j(ej Ok ]-) 7’50,b=ij(ej (g ].) #O, aj,bj €B
J J

ELLZE, B3 ai,bj 13IEFELZDT aibj 75 0&%5 (B 5&"%@)0

CDLE, ajbj ¢ Im L% B DK ideal m BHET 5, ¥ %6, BIEF
FRAERR k-fA0 2 Jacobson 37 D T ([1], Exercise 5.24). b L a;b; 232 T DAk
Kideal IZJET & Jacobson %k = O ICET DT, (a;b;)" =0 = a;b; =0 &%
D, REKT %,

koTab; ¢m 72 B OWK ideal m BEET %, k BMREUPHE %D
TB/m=kTdHDYH ([1], Corollary 7.10), A®y B/m=A@rk=A L5,

£oTom:B— B/m=Fk 2N L §2 L BRUERA

0=1® om: AR B — A

18’\\7 ]‘ 71/%FEIEJ V &:01%}5 {el}l iﬁﬁﬁb (’f:JBE&. Cilﬁéiﬁbx)\ ff%f@ﬁ:ﬂi Zz a;€e;, Qj; c k &.
M3, 2ITa; A0 L% XHERETH S (3], 6 HEH 2).
IORBINEHE K/k DEFRIE. REBINIER DD K 2MUEIEHIE,
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in(ei @ 1) = Ze Rk T; Ze Rk Pm(Ti) = Z Pm(Ts)e;
e l z |

abj € m = on(a;)pm(b;) # 0 = om(ai) # 0,om(b;) # 0

= p(a) = Z pm(ai)e; # 0,0(b) # 0, ¢(ab) = ¢(a)p(b) =0
DA @:#%%%biﬁﬁ LTLFw, ADBEIEICKT 3,

(ii) = (i): BEDI0OD L EZk =k @2 (ii) = () FHRZT 20T, BHip £0
£9 %,

k DRBINPHE k13 —EINTH D, TEtPAE ks OMIETEEIRREIC 2> Tw
% ([4], % 2.5.3),

X — k %3 finite type 7% D T Exercise 2.3.13(d) & U Xy, — ks b finite type
T Xp= (X ) TH 2, koThkeky, X <« Xp, K=k &LT, K/k bl
T HERBIER T X BEEID & & X DI TH 5 2 & 2RI L0,

S 51T X A3 affine integral scheme & L CX WD, (i) — (iii) TR L7 h
THY, Kifi Ax = ARy K IR THL I E2FAX I EILHR D,

A WCIEBERTRH -7 LT 5L, (1) — (ii) & FERRICHRAERR k-3 (%
H)BC K DHEL, Ap =A@ BIZBWTHEERNT2y=0, 2 #0,y #0%
HAET 5,

B=klz1, 2|, n €K £T5, TDEE I €k, qs=p™ L7225 HAK
m; WAET 5 DT ([4], %25.3). g =max{q1, - ,qn} €T 5 &

Xq:B—Fk, b1

WERTES, IR 70Xy 2EROGIREDTHRHTH B, T2 &, BRYE
A4

,uq:1®kxq:AB%A

HERTE., ADPBRISHBR X 912 flat k-module DT, RIX Y HHTH 5,
LT,

ab=0, a #0,b#0 € Ax = 0= py(ab) = pqe(a)pq(d), pq(a) # 0, ug(b) #0
Eih . ADEIEICKT 5,

(b) (a) EFKR, (i) — (iii) = (ii) = (i) 22T, 2T (i) — (i) FEHMHT
b5,

(i) = (iil): —fRIC, L/K ISR L. X, : reduced = X : reduced TH 5,

() EREA I Aat W2, K > LDEE ARy K — Ay, L D3H RO T,
NARRL)=0 = NAR,K)=0 %%, gEPRIIICERIN TS Z
&5

Xy, : reduced = Xk :reduced, K C L
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©h B, ()
AT (a) & RIS LT (1) > (iil) 25T, & 2 Rk E T 5 C
P &é(ﬂtf%%

L. X % affine L TE2 2 L1 (a)
0&L, IR T

K/k, X =SpecA, N(A)

a" =0, a—Za @ al #0, a, € A,a] € K

DHELTET 2, KIZBWT {a/}; 25 EME 2 GIRAER k- (388) B %
B2 ZENTE, A BIZBWVTHa" =0, a#0 Lo T, EFEEFLEL S,

(a) DEEFRRR, X7 FILVZER A DK {ei}i El.a= Zz ai(ei Rk 1), a; €
BEt¥2E, Ja; 40, a; ¢ Im C B DT, BHENEEH o : B - B/m=k I
WL om(a;) #0TH 5,

p=1%pm: Ak B> A Y miei @k 1) =Y pu(wi)e
ET2E.a"=0=0=p()" D ¢la) =Y, om(zi)e; 13 ADEFILE RS
B om(a;) #0 X DIEFHEBEITLLDT, Aldreduced TR &5,

(ii) = (i): k ORBONEHE k 1Z5E2PAE k, DT BEIERIETH 520, X — Speck
73 finite type 7 @ T Exercise 2.3.13(d) & D X, — Speck, ® finite type T,
Xp= (Xi,))g THB, k0T ksky, X « Xy, K =k & LT, K/k 2350
REAEART X Ddreduced D & &, Xg Ddreduced TH B Z & ZREIXT I\,

512 X =SpecA & affine & L TkwDix, (i) — (iii) T/RLZZEH TH D,
FER A DS reduced D & F AR, K reduced THB I EZEAIT LI LTk 3,

AR, I5ICZOMERE LTIV LE2RT, HifEh 5 A IFHRAERK k-
KRB DTHR—8—BTH Y ([1], Corollary 7.7). Z DIINEA 7 7 V13 H PR
T® % ([1], Exercise 6.9), 2 TDMNEA T T7N%Z {p1,--- ,pn} T DL, B
Mg % o0 A— Alp; £ LT

A— HA/pi, a t— (‘Pl(a)v"' a@n(a))

PERTE LD, TNIHHTH %,

(NaeVp = ac\p=p=NA)=0=a=0
K/k U flat DT
d
Aop K < ([[A/p) on K = [[(A/p: @1 K)

BT %, 22T (R) BRALT 2D, ROWE 912 X %

20k, OIEIF k DILD p™ Ttz D OREN, FTEREIERE, FREDER (4], p. 54) 165
AR DRBAE KA IZITBER K,
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HE 9. ([Tics Ai) ®k B ~ [[ie,(Ai @, B), |I] < 00
(RIERH)

([TA4) x B = [[(4i @ B), Haw HH (a; @ b)
IR GAR 72 DT, tensor @ universal property 7> 5.

HA ®kB—>HA ®k B), Haz ®kaHal®kb

BIHET %,
JI Ay s [, Ai 55 15 15 WETIEGE A, x B — [, Ai @, B £ D

3h; s Ai @k B— (] Ai) @k B, a; @k b (0, ,0,a;,0,--,0) @ b

DIAEL .

h: HA®kB HA QR B, Hal®kb l—>2h a; @ b) = Hal Qb

BRSNS,
DL ZE, hg = ld(n A)® B> gh = ldl—[ (A;®1B) DT, (H’LAZ) ®i B ~
[T (A &5 B) T 5. (GEWE)

PLERIZ & D [1;(A/pi @k K) Direduced 7 2 & 2738 1E A®y, K b reduced 12
%%, [L(A/pi @k K) D3 reduced TH % Z L1d, BTD A/p; @ K 73 reduced
EE iz DT, A/p; @1 K D reducedness 5 21Xk LItk b, Afp; 13HR
AR k-AREL (& 5 T flat) TOOIKARDT, Afp; % AL T2 EBIRER 2,

S5 A®y K < Frac(A) @p K £ D, Frac(A) @, K 2 reduced % Z & %
FAXELK, koTARBKELTLY,

gk WHEFBREFIUBHFELL LT 5 L0 (i) — (1) & FRICHRAR k-5
(BEH)B C K MFHEL, Ap = A®, BIZBWOHEBREFILVHFET 2, T5 &
A®r B — A®y Frac(B) &) A®y Frac(B) ICHIEFHEFILBHFMET S Z LI
%5,

K/k 37 BERBAER % DT L = Frac (B) 16 REERBHAR, X > THMIE
KT ([4], BB 2.5.2), L =k(a) =k[X]/(f), ae LEH TS, 2T, flda
D/ N TN TS %,

A®y L= A®yk[X]/(f) = AX]/(f)

WKEBWT, fIdAX] CODEMSTHR DT f=f1- f EERIDIRT 2 L%
STHEERI S IHATH %,

crt) H A
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IZEWT, & AX]/(f;) 1& reduced(BEIR) DT AX]/(f)s DV TIE A®, LD
reduced &7 0, EFBEFBILBIHFHET LI EICFIET S, o T Ax 1& reduced
Th 5,

(crt) DIESL T BB BRERNRE 2 ¢ - AX] > A[X]/(f), @i @ A[X] —
AX]/(fi) £3 5L ge(f) < flo filger ge (fi) BDT

AMVU%ﬁIIMXVm%w@%ﬁ@ﬂmw-wmwﬂ

DL LD,
(c) F, 2¥8p > 1 DHFEE LT 5,
k=Fy(t), K =kz]/(2? —t) = Fy(a), a=tY/P

IZAF L X = Spec K 134K integral scheme T 5,
X = Spec (K ®, K) %¥ irreducible TH reduced TbA2WI &2 d, K L
TaP —t=[]; f; LBEHIDHT 5 &

K@K = k[2]/ (2" )@ K = K[a]/(@"—t) = Fy(a)[z]/(aP—t) = ]| K[a]/(f;)
JjEJ

KBWT, f; 0Dl z—aWA |J|> 1507,

Xic = [ Spec K[«)/(f;)

jeJ

XD, Xg 1Firreducible TiZ7 < 7% %,
E

f=a®rl—-1,a€ K@y K
E95LE
BP=(a@rl—1@p ) =t@p1l—1Qpt=t—t=0
kY BIREHRTTHE, L2L adkDTLIFETIIR,

() B=0 T2, k-7 F LM K ORIEE {eh EL (o =1 LB ).
Oé:ZinBiEV, biek@“ék\

o®Rrl—-1Q,a= Zbi(ei R €0) — ij(eo Qk €5)
i J

ICEBWT, {e;i®e;}ti; 13 K@y K DRERE 25D T (3], 6 HEH 12 %), b; =
0,i #0, ko Ta=byeg=by €k &%%, ((1)#)

D Eizk D Xk I reduced T\, fiE>T X I integral TH %23, geomet-
rically irreducible C% geometrically reduced T 72\ >,
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2.3.16
WH 2 it Sk\v X OFTHES O 2H
Y ={Y|Z does not hold for Y}
DEEHTH D I LEZRT, -
LEEATRVET S L, X & noetherian 2 DT X ICHUNHE S Y 5375
L. ZOEMEIEAVZ CY 3 2 2§, §5L. REPSY b 2 %

Wi7ed 2 Eichh), FIEE2ELT, koT,. X=0, Thbb X(BXU2)lZ 2
9,

2.3.17

(a) X 1% scheme % ® T Exercise 2.2.9 & ) BERIK 713 — Y7 generic point
ZFF>, sp X 1 noetherian T & % DT Zariski space TH 5,

(b) Zariski space X DIFEMVNHEGZY 55, yeY £95L {y}- CY
LD, Y BNHEA RO Ty =Y #1535, {y} =Y BEENZED T
Y 13— 7% generic point yo Z2FH, y=yo TH b, £oT. Y ={y} &%
%o

) bLUsax=U>y, Voy=Voaxthbdayc X WHEELLLET
2, $2¢L{y} 2z, {2} 2y = {2}” ={y}~ L& 22, WHNA%ES {2}~
D generic point D—BMEDS ¢ =y TH 3,

(d) X ={z}~ & L., Z2DIEHEIEAZ U LT 5,

fegU=>2ecU°=X={z} CU°=U=0
XY zeUThs,
(e) EFED D
xr1 > Xg g {1‘1}_ STy & {xl}_ D) {xo}_
DT, . WL T %, ¥ 7. generic point D—EED & BOSFRER
KD D, ko TS IBEFRERTH S (FrziATRS),
T 7b§$ﬁlj\fﬁ&j—% <I_'_
{z1}” 229 = 21 > 20
&0z =29 B SN., 21 1 closed point &% 5,

BRI E L, 228D 2 Y = {y}- £T5, T5¢& {2} C
yb- o<y &, 2 PWRKEDTr =y TH 5,

21{%}_ =Y1UYs, z€Y; = {2z}~ CY;
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7Y 3@, 11 > 20 = Y 2 {m}” 23w &D. PHEAIZ stable under
specialization T®H %,
g'?)c:UBJZo, xr1 > o L5 L,

{r1}" 229 & V 2z for VV 3 9

D Uz &% D, BHEAIZ stable under generization T®H %,

(f) t(X) @D open set DEAZ U(H(X)). X D open set DEGZ UX) LT 5
& . Proposition 2.6 DFETRINT WS L9 1T,

ULX)) S UX), U a 1(U)

D6, t(X) D open set & X D open set (&—Xf—XHi L Tv» 522,
& T sp X ?¥ noetherian 7 51 spt(X) b noetherian TH %,
t(Y) % t(X) DBERIBASEA L T 5,

=Y = O(_l(t(Y)) = Oé_l(t(Zz)) =17;

0. YIRS TH D, t(X) DIt (BAR) TH D, t(X) BT ZHESD
EEPS, MY 2GURNHERIZLY) DT, Y™ =t(Y) Th %,
b L X OEERIPHEA Y, Z 23 ¢(X) @ generic point & § 5% &

Y =2 =tY)=tZ2) =>YCZZCY =>Y=2

& 72D generic point IT—ENTH %,
sp X %% Zariski space D & E, X OERPHESIZY = {P}- &¢Z&bD, 2Dk
VB PIE—ENEZDOTHUX)IZZDL) 5P}y »»okd, Thbb, HEhiGH

a: X - tX), P—{P}~

YN EE52 %, T5E, HEPS o 1(t(Y)) =Y DT, t(Y)=a(Y) £
a FPHER, OV TIEFRMHER L %5,

W o DAL 51F, t(X) DILTH S X OHERIEAESG Y I L TY =
a(P)={P}~ &% 2% P ec X B —ENHIET 5D T, spX I Zariski space T

o

2.3.18

(a) A [1], Exercise 7.20, (i) IZ/R SN T 5, X 13 Zariski space & 3R
5 o ROMHZERIC B TS %,

X O REDOEAE L L TF Ofhic
& := {finite union of locally closed subsets in X}

25 CH(X)) B C(X), t(Y) = a L (t(Y)) = Y, BB, H5E oY) CtY) =Y C
attY) Lzea M (t(Y) =z alz)={z}" et(Y) =z €Y 6o 3,
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£ := {finite disjoint union of locally closed subsets in X}
E94%, 22T, disjoint union AUBIZ, ANB=0DEED AUB LR
5,

¥FT6=F%2n7, BEA. EGEZZNZNO0,CDLHITHS I LILT
5L, 0°UC=(0NC)eF b, T5¢L

Jinci) = (05 uch)) e, |1 < oo

il iel
5.6 CFTHD, £, GIIEM (1)~ (3) 27§, T (1) BIHSTH D,
(2) B N;(U; L) ZIMEEHERICER ED2 5 £ 9IS, i %, 22 TL=0nC
1& locally closed set THH, Lb L°b SIZET, (3) 13 (U, L) =), L5 €&

L OHRSLT 5,
TS (1)~(3) Ziili7 THNEA LD TG =F TH %,

RIZH =6 %2iHT S, 9 CSIEHASH»TH S, LiU---UL,€ENHEndD
B RE R T,
L=0NCeNIFFITIDT, n—1 FTHLT B EKET 5,

LU---UL, UL, = (LiU---UL, )UL, = L,U(LiNLE)U---U(L,NLE) (20)
IZBWT, L°=(0NC)=0°U(C°N0O) &Y
LI'NL*=L'Nn0O°U(C°NnO))=(L'NnOYuU(L'Nn(C°NO))

7D TH (20) I3 finite disjoint union of locally closed subsets &7 D, & C $ %
%%, HIOHRZADETSE=HTH %,
PLEIZED H=F &%,

(b) [1], Exercise 7.20, (ii) 12, XD L HITRINT V5,

&t BERY X T Constructible Z 5% CTd 2 &MH13 Z DAz &L 2 L
X 73 Zariski space D & Zld Z DERITIFETORESICE 115 DT (Exercise
2.3.17(d)), EBotz L I L LEME LD,

Lo T, T LRI ZEEIT 525,

Z R EL L &,

ZoU=2 20U =X
L0 ZIIMETH 5,
Wiz, Z7 =X &9 %, Z 7 constructible il EALRDT Z = J;c;0: N
Ci, Il < 0 EFIT 5,

Z:U(OlﬁCl)QUQ:X:Z_QUCZ :>X:U0i

z=Joinc; 2 Jonc)=0nJCi=0nx =0

23 Z MFIHIZ X »% noetherian Td % HEIZ 72\,
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CITX BB DOTO:=N,0;#2 TH2,

(c) S DEHESA S (a) £ D constructible TH D, Exercise 2.3.17 7> & stable
under specialization T®H %,
312 S %3 constructible T stable under specialization D &£ &, S~ = § L%
52 ELERT,
(a) TARL7 kDI
S=[JoinCi, || < oo
icl
ETE B, %A C; 1 noetherian % DT ([1], #H 6.5). PRI EED
AIRAE %S (1], #HE 6.7), k> TZNoDFKMNABTEAZEDTC; & T
N
Z = U 0;NC;, |I| < o0, O; :open,C; : irreducible closed
i€l
EBITS,
(0:iNC)™ =Ci={ni}~
TH Y (X 1 Zariski space), 1€ S~ LT3 L&
s-=woinc)-=JG = ze3c

Z 2T, O I irreduible Zariski Space & 7% 5 DT, C; DHEE O;NC; 1 n;
% &8 (Exercise 2.3.17(d))e 2 TS20,NC; 35 m £ D, S ¥ stable under
specialization ¥ Z

SQ{m}*:C,-BxéS*QS
"o ST =85¢%5,

—fRIcSCX ETBE
[Soz=S2{z} ] e [S°Faz=5N{z}” =02 (21)

DD SO, EiIE S DY stable under specialization % . A4l S¢ A3 stable
under generization Z/R~ L T\ 5,

T DH%ES 7% 6 T 1ZPHES % DT, constructible & stable under specializa-
tion ThH 5, £->T, G L7X (21) 225, T & constructible & stable under
generization T»H %,

3 T 23 constructible & stable under generization % 5 T¢ I constructible
& stable under generization DT, T¢ IZEAEE LD, XoTT XFEAETH
%,

(d) Z 23Y O constructible subset D & & Z = J,.,(0; N Cy), |I| < oo &F

Ja0, 2L f7Y2) =U,(fH0;) N f7HCy)) 1 X D constructible subset
Tbh 5,
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2.3.19

[1], Exercise 7.23 IZ#i> T 573, ARk v FHE-> T 5,
(a) £9 X,Y daffine L TE 5 Z L% F, Y 2 noetherian scheme %D T

Y = U Vi, Vi = Spec B;, B; : noetherian ring, |I| < oo
iel

TH Y., f P finite type DT

i) = U Uij, U;j = Spec A;j, A;j : finitely generated Bj-algebra, |J;| < oo
J€Ji

ThbH, TDEE,
f
b finite type TH %, RS
f
IZBWT, Ay FHRAER B-RE706Th 5,

Noetharian scheme D731 noetherian % DT ([1], Exercise 6.5). V;

noetherian scheme Td . Exercise 2.3.13(g) 2*5 U;; b noetherian TH %,
ST,

f(X) :Uf(Uij) :Uf

vy Ui = Vi

0, (Vi) = [ H(Vi) NUi; = Uij = Spec Aj

vi; (Uiz)

£ 024 [ flu,, (Us;) %3 constructible % & f(X) % constructible TdH %,
PLEIZED X, Y I affine & LTk,

RIZ XY Direduced € TEH I E%2RT, X =SpecA £ 95 &, Example
3.26 £V X ~ X,eq = Spec A/a TH D, A lZ noetherian ring 7 DT X,eq 1
noetherian affine scheme TH %, HMHZHE LT f(X) = f(Xiea) TH D con-
structible set HAAHERTERINDID T, X 1 Xpeq E LTIV, YV R Y,g D
[EREIC Vieq & LT XU,

Exercise 2.2.3(b) TRI N7 Xjeqg — X 2256, Xped — X — Y ITHL T
Xred = Yied D—RINFFET % (Exercise 2.2.3(c))o 65T Xieq — Yiea = YV
DHEET S,

2L, HEMM B — B/b— AJa DFET 20, ADEIRAER B-RE A&
T, Afa BHRAEK B-REL OWLTIEERAER B/o-fRt %%, koT

fred : Xred — Yvred

I¥ finite type ThH 5, MiAHZERICEWTIE f(X) = fred(Xred) DT fred(Xred)
7% constructible % 5 f(X) b constructible TH %,

Mye f(X) = y=f3),z €Iy = ye f(Usy)
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DLEIZED f: X, Y IZBWT X,Y (d reduced. f I finite type & LT L\,

X512 X, Y Dirreducible £ TE 5 Z LR,

f:X =SpecA — Y = Spec BIZWILT 2BHEMMAZ 0. B AL T35, A B
I¥ noetherian 2 DT, ZNZFNERBEDMYNEA T 7N {p1,- - ,pn}, {01, , G}
ZF5> ([1], Exercise 6.9),

oL (p:) KA ENBHNEA FTAD—D% q; LT 2 &
B/aj = B/e~ (i) = A/pi
X b, finite type
fi: X; = Spec A/p; — Y; = Spec B/q;

B»ronsd, ZIT, X,,Y; 3FLX,Y @ irreducible closed subscheme T )
(sp X, spY DEERIRST). integral noetherian affine scheme & 7% %,

[(X)=U, f(Xi) =U, fi(X;) DEE, Y IZBWT fi(X;) A constructible %
513 f(X) b constructible & %%, B¥% 6, fi(X;) =, O0NCL DEZEY;
Y OHEALDOTCL XY ODHEATHH D, O =Y;NUx, Uy :open at Y
&0

fx)=Urxny=JUJornc =JJUen (v;nCy) (22)
i ik I

b PHTHS,
HoT, fi : Xi =Y, Z2HDTf: X »Y EB T EITXD, XY 13 integral
noetherian affine scheme, f {3 finite type & L T& o,

I f 5% dominant £ TE % Z L 2T,
X, Y 7% integral noetherian affine ® & Z . finite type T dominant 7 f': X —
Y IZX LT f/(X) %3 constructible % Z & Z R IE+0TH 5,

() KD 2 ZINIRIE L T 5,

<p:BH>B/qéD—;A, q=kerop

fxhrx) oy

X DRI DT f(X) b, Z .= f(X)~ = Spec B/q |& integral affine noethe-
rian closed subscheme T®H O (ker p (& A 23557 O T prime ideal),

T X—=>2Z z— f(x)

I% dominant C finite type & 7% %,
T2 L, RED»S f7(X) I constructible & DT

f_(X)ZUOz'ﬂCi7 7| < oo

icl
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LT Bas, 2 (22) DB L RO 5

fX)=fXx)=Jonc=Juin(znc)

EDFBDT, f(X) IF constructible TH 5, (. %)
&> T f I dominant & LT &\,

(b) & ¥ MR- THEHT % ([1], Exercise 5.21),
A C B>3b, A, B : noetherian integral, B : finitely generated A-algebra
&9 5,

B = A[X], X: indeterminate D & &,
Bsb=a, X"+ ---+ag, a, #0, a; € A

El7ctE a=a, LB, p(a) #0L%5 p: A— K, K : algebraically closed field
WXL plan)a™ + -+ plag) #0EBDac KZL 5D,

o :B—=K, z+ plz) szed
’ « e =X

ETBL D) A0TH S,

B=Alz], a,, 2™+ ---+ay, =0, al, #0, a; € AD L &,

z 1 Frac A FUBINZ DT, B b Frac A MUY TH D, Frac B/Frac A 1%
REAEKRE %5, 0#£be BC FracBIZHN L, 1/b DIRINSTHRZ b, X" + - +
by, bp 0, e AL LZEE, a=alb, £0 EEL,

pla) #0 %% p: A— KIZNL, EEROWEEE ([1], Proposition 3.1)
X0, o ZIREL %

Yo Ay > K

B—RMNHET %,

B, = Az I2BWT, zi: A, MELDTB, 1A, METHD, T5L ¢,
2R L7 o' 2 B, — K DMAET 5 DT ([1], Exercise 5.2), BICHIRT 2 L ¢
ZHRIR L 72

o :B—K
BEAET 2, 2T () =0 LT BE byt +bgb" =05 @ (by) =0 &7
D, 0=¢'(al,by) =¥ (a) =pla) LE>TLEI, £25T¢'(b)#0TH%,

B= Alzr,- ] DL &, rI1CBIT 2 BRI R

A=Ay, o, 1] EL.bEB ET B, A IZF—F—BT, % B O
HERDT, F—F B TH D, BIRLE D LS, KAEMET Jd € A B
HET 3,

A S K, ¢a)#0= 3" B K, ¢"(0)#0, ¢"|a=¢"  (23)
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JHNEDIRED S o/ € A = Alzy, - 201 KBV THRIZL TV EDT, X
729 Ja € ADFET B,

0 A=K, pla)#0 =39 A 5K, o d)#0, ¢|a=¢
5L, X (23) 25
¢ :B—=K, ¢"(b)#0, ¢"la=¢ la=¢
E2 %,
(a) &0
f: X =8SpecA—Y =SpecB

f : dominant, A, B : noetherian integral, A : finitely generated B-algebra

ETED, fFIZWNIBT S 1: B AR TH S,
FETRLZEIIC, 1e AT LTHEAET S Ibe BEHAVT

D(b) € f(X), be B

ZRT,pe DOb) & bdgpltddlEENEHERELZ p: B - K =
Frac B/p(fRBIIPHEL) 13 ¢(b) # 0 27z L, kerp=p TH S, £>T

A=K, J(1)#£0, ¢lp=¢
THY., q=keryp C AlF K 2K7% DT prime ideal £ 7% 5, it>T
p=¢L= 1 q) =kerp = f(q) =p = D) C f(X)
215,
(c) (b) ZHREL TH L,

MHE 10. f: X — Y, f:dominant & finite type, X,Y : affine noetherian scheme
KEBWTY BN ET L, f(X)IRY DIFEFHEAZET,

(REW) f: X =SpecA =Y =SpecB L L7t &, A DHREDENEA T
TV {pi}i IR L, X; = Spec A/p; I3 integer neotherian closed subscheme & 7%
%, frAHZER] b

f(X) = Uf(Xi) =Y =(f(X)" ={JUr(X:)" =Y = (f(X:)"

DT
fi=flx,: Xi=Y

'% dominant &% %, X;,Y & integral noetherian subscheme 7 M C, (b) % f*:
X; = YISHEHATIUL f(X) D fA(X) 13 Y OIRERREAZ &L, GEK)
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3T,
f: X =SpecA—Y =SpecB

f : dominant, A, B : noetherian integral, A : finitely generated B-algebra

D EZE f(X) D constructible & 7% % Z & % noetherian induction %z > TREH
ER-E
Y DIEBOMHET%AG%2 F £ 3%, f(X)NG : constructible for G C F @
£ f(X)NF ¥ constructible £ 7% % Z £ /"7, ZHUIREIUL, noetherian
induction £ D f(X)NY = f(X) 2% constructible & %%, F IR L L TX 25,
(FX)NF)- £AF DL X,
G:=(f(X)NF)” = GCF = f(X)NG : constructible £ (induction fKiE).

fX)NFC(f(X)NnF)” =G, f(X)nF C f(X)
= JX)NFCFX)NGC FX)NF
= f(X)NF = f(X)NG : constructible

(fX)NEF)"=FDLE&E,
f~1(F) 1% affine closed subscheme T& %,
()¢ : F = Y & closed immersion £ TE5DT, X xy F — X b closed
immersion T % (Exercise 2.3.11(a)),

XXY

F
closed imx?/ \
p
X F
L
\ %&adimmersion

Y

ZDLE, f[TUF)=p(X xy F) &%, ¥ 56, p, 3 closed immersion 7
DTX =Xxy FETBELEFCY, X' CX taon, EHKRou#air»s
f'=flx &oT

) =" (F)=X"=Xxy F (24)
EhoThs, (&)

9= flyimy  fHE) = F
E¥5E f(X)NF = f(fH(F) = g(f(F) = F=(f(X)NF)” =
(g(f~1(F)))~ %D T g ¥ dominant TH 3,

fiE>T, WEH 1026 g(f " HF) =f(X)NF2U #2 L%5 Y OBELD
ﬁ;{j—_{j—%o

FX)NF =UU(f(X) N (F -U))

BF=U;Fi, FiCF = f(X)nF =,(f(X)N F;) : constructible

=
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ICBWT F—U C F%OT, JEDREDS f(X)N(F—U) X constructible
THb, &>7T f(X)NF IF constructible TH %,

(d) k DMENPAE D & & Example 2.3.4 X D
Ai = {<O)a {(l‘ —a,y — b)}(a,b)ekza {(h)}h:irreducible}
ThhH., BEGEIRD LI ICH D,

Via)=V(p)U---UV(pn), a=p1N---Npy,

V((r) ={(M)}U{(z —a,y —b)[h(a,b) = 0}
V(z —a,y—b)) = (z—a,y—D)

22T, V(a) = V(y/a) TH D, noetherian ring Tl ideal 1ZHEFR T TE
a=aN---Ua, = Va=/aN---Uya, =p1N---Up, ZDT, VazldT
atBVi, TOLE, A} DAOPAEAIZEA1RILTH 2,

f:go*:Az %Ai, w:klz,y] = kls,t], x — s,y —> st

1% finite type TH %,
Z 0 f(A2) I

¢7H((0)) = (0)
¢~H(®) = (0)
() = (2,y)
0 Y(g)) = (h), g & s,t, h:irreducible
o ' ((s—a,t—b)=(r—ay—ab), a,bEk
BEPSR) (gt sldgF#as,Vaek Z2EKT2), 2 RLZEHTH %,
NS DEXDIHIZES TH 523, o1 ((9)) = (h), g # s,t, h:irreducible

DHFLTEL, bLo((g)=@—ay—b) Lo,

(s—a, st—b) = (s—a,at—b) € (g) = g~ (s—a), g~ (at=b) = g~ s,a=b=0

LoTLEIDT, OV, KT, o ((9) = (h), gt st £ETBE,
h(s,st) = s°h/'(s,t) € (g), e > 0= h'(s,t) = g(s,t) : irreducible

6> T h(z,y) BRI EATH 3,

F(A2) BBIEGE B S R0, AERS f(A2) 3 2ITEAMADT, f(A2) = A2
L b 5008,

F(AY) Z (x,y =b), 0#bEk
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EroThb,

$ho. f(A2) BBIEAIC L Ao\, b LBEAL LT 2 LSS f(A2)° D
{(z,y — b)}per_o 1& 1 XICZEM {(0,0) Yoer_o ZET, ZHUIHERED V((h) D
B H1F 515 MHENED D 253, Z DFHO—DIZMERAAD (0,b) IZHHE L 72 prime
ideal(fiK) Z&tH 2 LI, ZDOLE, FEMED b2 L ThH(0,b) =0 7%
20, T3 h=zxh OWICEZDThPUHNSEEAEZ->TLE D,

2.3.20

(b) el 2B 6 ZFAHT %,
Example 3.2.7 £ D

dim Spec A = dim A

MWD LD, T T, AP noetherian ring 7% & ¥ prime ideal @ height (ZHRT
H Y ([1], Corollary 11.12), HRAR k-FREL (B8K) 7 5 13 (noetherian ring D 1
), dimA < co TH 5 (Frac A DHEBEIICIZHR),

X 2% k L finite type @ integral scheme 7% DT

X = U Ui, |I] < o0, U’ = Spec A, A" : integral
i€l

TH Y. Exercise 1.1.10(b) £ D

dim X = maxdim U; = maxdim A;
K] 7

%, koT  dmX FHRTH 3,
X 7% integral WA, Exercise 2.3.6 & Theorem 1.8A(a) 7°6, fEED i € I I
xf L

K(X)=TFracA' = tr.d.,K(X) = tr.d.;Frac A* = dim A’

7D, dimA IFi kS5 TdimX ICHELL %5,
FoTtrdK(X)/k=dmX TH 5,

(a) X DD closed point # P & L, P € U’ = Spec A IZE T P A
56K ideal Z m £§ %, (b) THAL7Z & & Theorem 1.8A(b) 225

dim X = dim A® = height m + dim A;/m = dim A%, + dim k(P) = dim Op
E2 5,

(¢) RICRTMWE 1L 256, Y, Y2 €t(X)DEE V=Y, & ViINU =YonU
L% 5D T, codim(Y, X) ® dim X %5 2 2 PSS RIE U L@y %
Eo7RHNE TxF LITHIEL .

codim(Y, X) = codim(Y NU,U), for UNY # &
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dim X =dimU, for U # @
»Fonsd,
U=SpecA=ZNU=SpecA/p LD} 5DT,
codim(Z, X) = codim(Z NU,U) = codim(Spec A/p, Spec A)

= height p = dim Spec A, = dim Oppy = dim Op x (25)

THb, ZIT, PEpIENIGLARTH S,
Exercise 2.3.17(f) 75 o : X S ¢(X) DT, P& ZIE 1M LITHIEL Tw
%, 1> T

codim(Y, X) = Zigg/codim(Z,X) = grelgfdimORX

L%,

W 11. X L Z20BESGU L. X OMREES & U OERBES T 1 7 1
WIS 5

0 tU) 3 HX), Z— 2~

GEH) Z 12U o 20T X THHERNTHD, $2& Z- bPENTH S
(Example 1.1.4), &> 7T, BRVPERETE 5,

Y e (X)WL YNU I3Y ORES LAY 20T, B D% (Example
1.13), kbbb (YNU)" =Y Th5%, £ YNU ZU DEHEALDTU)
WKIEL., o 328 E%d, 612, Zy =2y, Z1,Zo€t(U) = Zy=Z; NU =
ZyNU =2y KOBETHY, o1 (Y)=YNU, o(YNU)=Y TH 2%, (i
)

(d) Z %2 X OMRNIBIEA LT 2L, ZNU # @ L% % X @ open affine
U=SpecAICNLT, ZNU IZWIET 2 A D prime ideal Z p £ T 5 L

heightp + dim A/p =dim A = codim(ZNU,U) +dim(ZNU) = dimU
7% DT (Theorem 1.8A (b)), MEEH 11 &b
codim(Z, X) + dim Z = dim X (26)
2135,
codim IFFEED 2 codim(Y, X) = infzcy codim(Z, X) %5 2 2 BERIPHEE S Z
DIET B Lo, XNE Zy LT DL,
codim(Zy, X) + dim Zy = dim X (27)
ThHb, 2T, codim(Zy,X) = codim(Y, X) %D T, dimZy = dimY %7~
XD B,
r=dimZy, n=dimX £325&, K (27) &V

ZO,Q"'QZT:ZYQZT+1"'§Zn7 ZrCY
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ERBRIBEFEL, dmY >r THbB, 22T, bl s:=dimY >r &55%
EVZL S CZLCY DBMHET B, T2 & Z BT 5 (26) 225

Z20C--CZ.CZi S C 7,
EBLRINBET LI LICR2D, T5L
codim(Z.,X)=n—s <n—r = codim(Zy, X) = codim(Y, X)
£ 0 codim(Y, X) DERICKT S, £>T, dimY =s=r =dimZy TH 5,
(e) B 11 TR L 72,

(f) Integral scheme of finite type X IZXf L, X' = X x, k' (2 k¥’ I finite type
® scheme T®H % (Exercise 2.3.10(d)),

U=SpecACX, U =Uxpk' =SpecA’, / =A kK £T5L, Ak
I noetherian ring &2 D T26, X’ I noetherian & %%, 72, (e) & D

dimX =dimU =dim A

Th 5,

X' ORI D—2% Z £ $ 5, ZNU' A2 &b U 2Lb e, HH11»
5 ZNUNTU TG TH B, K> T, ZnNU' = Spec A'/p, p : 1]\ prime
ideal & 2217 %, ?%&A'/p DT, ZNU i3 reduced THH, £>TZ
s mtegral“CE%% I 5IC Z I3 finite type over ¥ TH H %,

2B % (e) 25

dimZ =dim ZNU’' = dim A" /p = dim A" — height p = dim A’ = dim U’ (28)

Th5,

A FHRAER - (BER) TH O, Kk OBBIEKZ T £ 95 &, (KOHA
KABRINVE Jk(T) [k D3RSt K [k(T) 1 3IBAEKRE % 5,

Ar = A@pk(T) IFHRAER E(T) RETH D, E/HEETHH S (Ackk(T) =
(k[T] = 0)"A[T)).

K JK(T) ERBAER DT, K3 KT) B, YoT A = Ag, k' & Ap =
A @ k(T) ¥ E 7 % ([1], Exercise 5.3), § 5 &, [1], Corollary 5.9, Theorem
5.11 22 i O krull XIGld—3K7 %:

dim Ay = dim 4’
— & —IERULER & 0 ARBEIITHZ 2% A DILEEA S, |S| = dim A DSFFAEL
<. A KIS] FHEE 7%, K(T) 1% k RELRDT Aoy k(T) & k[S] @ k(T) 14
TH Y ([1], Exercise 5.3).

dim Ap = dim k[S] @4, k(T)

26k[z1, - ,xn] = A — 0:exact = k'[z1, - ,on] = k[z1, 20| Qp k' = AQr k' —0:
exact & D, k'[z1, - ,2n] D% noetherian DT A @y k' 1% noetherian Td % ([1], Proposition
7.1),
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Li 5,
ZDEE, K[S]| @ k(T) = K(T)[S] 13K E 7% 2 DT (K[S] @ k(T) 1335
A @y, k(T) DEED

Frack(T)[S] = k(T,S) = dimk(T)[S] = tr.d.xk(T,S) > |S| = dim Ay > |5]

b5,
—Jj. K R REEDT, A E[S] ek FETH Y.

dim A" = dim k[S] @ k' = dim £'[S] < | S|
E% 5, dmAr =dim A’ 725 72D T,
dim A’ = |S| =dim A
PLliz kb
dimZ = dim A’ = dim A = dim X
BRSNS,

2.3.21

HERCAMIEBR R DK ideal 2 (u) £ 5 &, ROIEEDIGIE au’,a - BTG, D
& & 7 % ([1], Proposition 9.2), X = Spec R[z] £ T 5% &, RITHRAER k2
EIFRS DT, Rlz] SHRAER ERBEIZRS e,

(a) DB m = (uz — 1) &, Rlx]/m = R[u~t] M7 DT, K ideal 22D
HiIH ideal TH D, dim Oy = heightm = 1 £7% %, —J dim X = dim R[z] =
dmR+1=2%DTdimX # Oy TH 5,

(d) DB P Em BT M E L, Y = {P} £EL L codim (Y, X)
2525 X OMRHEG DRI Rlz] 1I2E1F % m IZE& £ 5 prime ideal 2751
KRBT 223, m I HIH ideal 2D T codim (V, X) =1Th %, £->TdimY +
codim(Y,X) =041 # dim X Tbh 3,

(e) DMH: R[x), = Ru=[z] B WT Rlu~!] &k TH %, U = Spec R[z].,
BHESETH D, dimU =dimSpec Rlu~[z] =1 &% %, —/FdimX =2 %D
Tdim X # dimU T 3,

2.3.22

Exercise 2.3.20 DfFE DRI L7 & 912, dimX,dimY < oo TH 5,
(a)
i Z={n}" DL E

codim (Z, X) = dim O, x
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Thsb, THUFA (25) ITBWVT, n € U ICHIET 5 prime ideal Z p £ T 5 &
Spec A/p = {n}~ X VLT 5,
PE- T, X,Y I¥ affine & L T&LAKL,

f: X =SpecA—Y =SpecB, p: B— A

On’,Y :Bqa On,X :Apa n/:quv n=ps gAa Z:{n}ia Y/:{n/}7

£ 3227, X,Y I finite type over k DT, A B IFHRER kERE. koT
noetherian ring T& % ([1], Corollary 7.7),
ZDEE

ZC 'Y enefrt{ny ) e fipe{n}”

Se ' p)2qep2e(q) =q°

WD LD, T2 Ty ld q° ZELHD prime ideal 2D T, RIZ prime ideal (%
%<

dimA,/q* =0

E2 %,
Ay, By 3P O T, HH 12 25 dim 4, < dim By + dim A, /q° 213,
dim A, /g =0 & D

codim (7, X) < codim (Y',Y)
L%,

T8 12. [5], Theorem 15.1(i)
f:(A,m) — (B,n) % noetherian local ring ® morphism &3 2% &, XA
[DRYASH

dim B < dim A + dim B/mB

GEH) r =dim A, s =dim B/mB £ 92 L, ADNRFTA—=FRELT (21, ,20)s
B/mB D85 XA —=5F%E LT (41, - ,0s) BFAET % ([1], Theorem 11.14), Z
TP ldy; € BO B/mB~DORET 3,

NIA=FRDELEDPS (21, ,2,) = m, /(G1, - ,9r) = n/mB DK
DD, HiFPSIE, THRELEL o IZHL m* C Y,z AR 605 ([1),
Corollary 7.16), #%# %613, TORELEK b ITHL n®* CmB+ Y, y,B &
%5,

5T, 0t C 3, 2B Y, yiB AR SAL, THUE (21, 2oyt 1 ys) D
BDNRIA=FF2HR LTI EZRLTWESE, dimBI3/37 A=%D
DI/ DT, dimB <r+s £ 3, (GEIIK)

2THERITIE X DEAES f1(Y') = Spec A/Fa BT A DT Y C A = A/a THDHH, p
ICNET % A D prime ideal p C a BEET DT, ZD p v 5,
BIFHEOMA ideal n I LTl CgCn=n=vnd C fCVn=n=>n=./4
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(b)

A®p k(y) \& k(y) L= noetherian 2 DT (A IZFHRAEK B REWZ A2p k(y)
FABRAER k(y) A8 [1], Corollary 7.7). zariski space TH %,

y=flx)yxo € XITRNL, Z(35 2) % fl(y) KBTI NI ET S L,

FAY) P X <y Y Ic B A Z- 132 ORI L 2 B,

() Z' % FH YN IZBWT Z- &0 L B, Z,Z' D generic point
zENZENgn 3L Z2={n} X tEILZDT, Z={n}"nX,={n}" N
Z, Z'={n}" E»F B (ZF FHY) B OTEERE), £oT

ZCZ' =Z=Z'nZ={nt" nzZ={"y}"nz
Z ZT X, & zariski space TH D, Z D generic point D—EE2 5. ' = .
koTZ ={n}y =2"t%%, ()

(a) 25 codim (Z7,X) < codim (YY) TH b, Exercise 2.3.20(d) £ 0

dimZ~ > e+dimY’
255,
Exercise 2.3.20(e) 2°5 X,Y & affine & LTk, Z — Z7 IT X BHf)iHIC

FoTnWp(CA®p (B/y)g) — q(C A®p B/y) ICEIN 5, Aldflat %2DT
B/y = (B/y)y &9

A®p Bly — A®p (B/y);
I 5T
(A®p B/y)/a — (A®s (B/y))/p

Frac (A®p B/y)/q = Frac (A®5 (B/y)g)/p
tr.d.x(A®p B/y)/q < tr.d.y(A®p (B/y);)/p
LB,

Z~ =Spec(A®p Bly)/a, Z = Spec(A@p (B/y)z)/p
5DT,
dim Z = tr.d. ) Frac (A®p(B/y)g)/p = tr.d.xFrac (A®p(B/y)g)/p—tr.d.xk(y)

> tr.d.xFrac (A ®p B/y)/q — tr.d.xFrac B/y
=dimZ~ —dimY’' >e

Y @ open affine covering ®—2% T = Spec B £ L, S = SpecA C f~X(T)
& 72 % open affine # & %,

g=fls:S—=T

o1



E9 % L, S T I%integral scheme of finite type over k TH D, ¢ IZ finite type
ThHs, 61T

F(X)=J(ST)C f(8)" =g(8)” = ¥ = f(X)” Cy(8) CY
= 9(8) T =g(S) NT=T

5 g% dominant 72 DT, g ICWNIET % B — A ZHETH 5,
[1], Exercise 5. 20 XD, B> 3s#0 &, B BB 2 ¢y, jtg € A
DIFEL. Blty, - ,ta]s — A 13ETH D, ko

integral

Bs < Bglt1, -+ ,ta] < As
)

[1],Th.5.10 d g
gs : U = Spec A, — A% :=SpecBi[ty, -+ ,tq] = V = Spec B,

BRSNS, U, VIIELS, T OHEGTHY (E->TX,Y DHEATLH 5),
gs 13 finite type. U, V I& integral scheme of finite type over k TdH 5%,

Bglt1, - s ta) = As BETH D t1,--- ,tg 13 A, 1B WTH B, U
W7D T

dim A; = dim Bg[tq, -+ ,tq] = dim Bg + d

UVIZX,Y OBi#EAWZ, dimA, = dimU = dim X, dim B, = dimV = dimY
Ehd=eTbhHs,

y=f(x), x €U £ § 5, Bgltr, - ,ta] = As BT, k(y) = FracB/p =
Frac Bs/ps &V k(y) 1& B fREZL DT, Bglty, -+ ,tal @B, k(y) — As @5, k(y)
3T H D ([1], Exercise 5.3), &> T

dim A;®p,k(y) = dim Spec (B;[t1, - - - ,t]®p,k(y)) = dim Speck(y)[t1,--- ,t] = e

L% 5,
—_‘ﬁ\

g : Spec A — Spec B, Spec Ay — Spec By = g~ (Spec B,) = Spec A,
72D T, Theorem 3.3, Step. 7 & D

As @, k(y) = As ®p k(y) = U,
DI D LB

dimU, =e

y=f(z), 1€ X TN LTE, IFRDLIITEFREIND,

Ep ={r e X[dimZ > h, X)) 2 Z(> z) : irreducible component }
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E.= X i3 (b) X ¥,
U

(1)

QU CX % (c) ThHonEALT S, 2280 X, ODMIRTZ Z LT3
E.HLZNU, o 2EX(28) 226 dimZ =dimU, =e %D T?, h>eDL
SRE,CX-UTb2, ftoTE, CU°=X—-UCX &0 Ej |Z dense T

l
B)h=eDEZEIRIE. =X £V Ej 13 closed TH %,
h>e®%&EIE(2) &0

X2DFE, = U Vi |I| < oo, V' irreducible component
i€l

ERIR T R T 5 &, dim Vi < dim X TH 3,
g =flvi: V' = f(V')~

R L VEIZBERIEA, & o T integral subscheme &7 D f(V#)~ H[FEIERIC integral
subscheme 3%, ¢° I¥ dominant C finite type T®H %,
¥ 5 LImNEDIRGED &

Fi ={zcVidimZ' > h, V]f(x) D Z(3 z): irreducible component}
1% closed TH 5,

Eh:UF,g
2R,
re€E,={reX|[dmZ>h z€ZCX,, y=f(x)} £¥2L, VzeZC
Tl y) 6 Z 13 2 280 X, DBERIRTTOH 5, it>T, 2€ B, XD ZCE,
E%5% , ZIRE, KB THDEENADT, B, Ob2MIRS Vi ICEENS:
r€eZCV,
CDEE, g=fly:: Vi f(VHTIZRL

V=g ) =flyiw)=fnVi=X,nV' = ZC V)

£0. 2R3V DBRIRDITHY ., z e F &b, €-T, E, CU, F, %5
N2, Fi CE, 3Hs0%DT

Eh:UF,f

298 (28) IEBWT K =k(y) £T2E X' =X x3 k(y) THH, Xy = X xy k(y) L13#% 2,
Ll A BHBVER B REGDT, Aop k(y) BABRER k(y) B %D, GEIE4 Rk
RALT %,

30reduced (3 RFTZ DT, integral scheme X @ subscheme (% reduced Tdb %, FEhE, MN(A) =
0= MN(A/p) =0 &Y Spec A : reduced = Spec A/p : reduced TH %,

SIFELCBRB &, fl(y) OBRIRD DR 1 (y) = Ui, ny IR L

Eh:H U ny

YEY dim ZY >h
ty

TH 2%, disjoint union E% 2D X =[],y f7H(y) KX 2,
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E, ZHEETH 2,

(e)
h<0DEE,

X,=fy)=2eyéf(X) (29)

DT, Exercise 2.3.19 £ ) C, =Y — f(X) = f(X)¢ X constructible TH 5,
h>0DLZE,

Ch = f(En) — f(Eng1)

() FTH(29) &0 CL C f(X)THD, 2 288 Xyp,) DMWBTZ Z, &7
%L

yeCpedmX, =h< I;lal)%)dimZg;:h(:)dimngozh,f(xo)zy
zef~(y

CDEE, zo€ Ey=y=f(wo) € f(Br) THB, LL, KICy e f(Erp) &
5L y=f(x1),21 € Epy1 =dimX, >dimZ,, >h+1=>y & Cy £7%5T
LEIDT, y& f(Enr1) &Y y € f(EL) — f(Bppr) THS,

i Yy E f(Eh) — f(Eh—i-l) LB L, i‘fy = f(xz),fl",Q ek, = dlme >
dimZ,, > hPHBons, 22T, blyeCur>h+1¢,7%5¢E h+1<
r = dlme = MaXgef-1(y) dim Z, = dim ngg = X3 € Eh+1,y = f(l’g) =Y <
Co,s>h+1=>ygC,tmbDT, yeC, TH2, ()

Cn = f(Ep) — f(Eps1) TH Y, Ep, Epyq 1 constructible 7 @ T Exercise
2319 XD = f(Eh) - f(Eh+1) IZ constructible TH %,

f(E)” = f(X)” =Y &b, f(E.) & dense TH D Exercise 2.3.18(b) 7*5
BASES (49K dense) Z &1,
—Ji. HEG Ec OBRIR T R %

Eepq = U Vi |I| < oo, V' irreducible component
icl

ETBLE. gV f(VHTIIRL (¢) X DBIEA U CVIDEEL, y € ¢'(UY)
KR L dimU) = dim V' —dim f(V)~ %%, 2T, (¢")y) = V] %D
T,V OERDTL 2 SN L 2 2 &8 V) OB Z Z £ 95 &, KX (28) &0
dimUé =dimZ »5

dim (V)™ =dimV* —dim Z < dim X — 1 — dim Z

DDIZD, TIT, B CX &0 dimV <dimX —1 2w,
2 €ZCV]CVI CE XL (d)3) CRLA&IIC, zeFl,, xeZC
VitkhdimZ >e+1 %135,

dim f(V)~ <dimX —1 —dimZ < dimY — 2
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Do FV)~£Y = (F(V) ) £ LR, Y DBEEIZDT

f(Beyr)™ = Uf(vir = (f(Bey) ) =(FV) ) # 2

2145,
Ce = f(Ee) N f(EeJrl)C 2 f(Ee) N (f(Ee+1)_)c

ICEBWT f(B) 3IEEHESZEGR, (f(Bey1)” )¢ BIEELHESRDT, Zh
5 A O3 IEAR L FHEES (dense) & 755 (Y IZBER),

2.3.23

Theorem 3.3 TRIN T 5% X I I, variety Y IZREVEAE & LD affine
variety £ L T& <, L2

t(Y) = Spec A(Y)

Thb, £oT

Exe.2.3.15

#H(V x W) = Spec A(V x W) ®) Spec A(V) @5, A(W)
= Spec A(V') Xgpeck Spec A(W) = (V) Xspeck t(W)

N RYASN
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