1 Varieties

1.4 Rational Maps
1.4.1
h:UNV =k ZRDEHIERT %,

flx) zeU
w'—>{ g(z) eV

COLEERIFUNV T f(z)=g(x) &b well-define TH b, regular function O
TEFEDY local %2 DT h b regular function TH %,
<U f>ICRLTfERDEHICERT S,

FiUs = U V= kazeVgy(a)
<V,gv>~<U,f>

ZDEE f:Usld well-define T regular function T& % D%, kit & FkETH
5, SITUp B <U, f>ICliMliZe < V,gy >ICBT 2V OMESLDT, T2
EABHG <V, g >R UNV IeBVT f£¢ ThY. hbl HRETE 4L,

K(X) @ rational function 2 < U, f > £§ 25 &, ERTORLELI ERSIN
E< U f> 2 CIEECE 3,

1.4.2

p=<U,py ><V,oy >,925, ZOLE<UUV,ppuy > ZRXD X
ICEET 5,

vu(z) zelU

@qu:x'_){ ov(z) zeV

morphism DEE S RFTNZD T, D pyuy & morphism TH %, £->T <
UUV,ppuy > & <U,pp > & <V,py > %2R L7 o DRITH 3,

INZRKIHER L 72 b D3 Exercise 4.1 LAk ¢ =< Uy, pu, > £ %%,
CITUp =Ucvipysmctipys Vs vu, () = pv(a)if 2 €V TH 2,

1.4.3

(a) P2 IO rational function % f = z1/z0 £ $ 5%, TDEE fIZU =P? -
Z(xg) ETEEINDG (ZDU BIKTH %), MIET 5 regular funtion 1A U
f = 331/1}0 VGJ@%O

(b) f =z1/x0 % P2 — Z(z0) — Al £AZ%T L, T4 morphism TH 5,
£ T,

P2 7(x0) : P? — Z(x0) = A = P! (2, 21, 22) — 21/20 = (20, 71)

b morphism TH 0| rational map ¢ =< P? — Z(x0), pp2_z(zy) > D515,



CHEIRR, RD X ) ICHRRTE %!
ep2_(0,01) : P = (0,0,1) = P (20, x1,22) — (0, 21)

£-oT v = P2 — (O, 0, ].) Vc‘i%%éfh\ p =< P2 — (0, O7 ].), ¥P2-(0,0,1) > T‘% Z)o

1.4.4

FTKP") ~k(zy, - ,2,) ZRT (k(21, -+, 2,) 13 k DEBHIEKRTH 2 ),
k(z1,- -+ xn) DIGIEAXIL T f(ro, 21, ,20) EABRTIEICT S L,

p:k(l’17"' ,In) - K(Pn)vf = fn/fd =< Z(fd)cvf >

PERTE S, WDHERRITH Z2DIIHL D TH S, < Z(f1)5, f >~<P",0 >
LT3 f(Z(f)° NPT = 0= Z(fa)° C Z(fn) = Z(fa)° = P" C Z(f)
ERZDTHEBEBELTf=0THD, B TH S, RIZ < U, f > K(P")
E428, %A g h ZHOT < U, f >~< Z(h),g/h > L 5DT,
p(g/h) =< Z(h)¢, g/h >~< U, f > L2206 25Th 2,

(a) Exercise 3.1(c) & D P? @ conic & P! & isomorphic DT, corollary 4.5
& D birationally equivalent & 72 V. rational TH %,

(b) Y=Z(y*—2%),C=Y—(0,0)£F5L, CIIY DREATHS, ZI T,
ptC—>A1_07 (xay)'_)y/‘r
o:A' 0= O,z (22, 2°)

5L, TN51E44 morphism TH 5,

(z,y) € CICHLT, op(a,y) = o(y/z) = (y?/2%y°/2%) = (v,y) &
op = idec TH Y., po(z) = p(z,2%) = x £V po = idar1_og €% %, 5T
CrA'—0~P—Z(z0)— (1,0) DIEZL . TNSIIFEE LD TY I3 rational
Th 5,

(c) P=(0,0,1)IZNL p:P2~ P — Pl (2,9,2) — (z,y) \& morphism TH
% (Exercise 3.14),

Y = Z(Pz — 22z +2), Yp =Y —PIZH L. ¢y, 2 0 D Yp ~OHlR
ETDLE oyvp(z,y,2) 13 (L,£) IZEBSHRV, bLAs7ETrE, y?/a2=1
ED ¥ =x/2410562=02,%5056ThHb, HOfEIFED I 5D T,
oyp(Yp) =Pl — {(1,1),(1,-1)} T& %, morphism EIZHE2TH %,

i, U =P —{(1,1),(1L,-D}SHL T, p: (z,y) = (x(y® — 2°),y(y* -
22),23) £TBE, p(U)CY 22 p(U)ZEFP EHRD, 5T, p:U—Y -PL
Hoens, 2O morphism HEbHS 2 TH 3,

evep(r,y) = (z(y® — 2?),y(y* — %) KBV T, U T ¢ # 2*> ZDT
evep(z,y) = (2,y)s 2T oypp=idy TH5B, X7 ppy,(2,y,2) = plz,y) =
(@(y? — 2?),y(y* — 2?),2%) = (2(y? — 2?),y(y* — 2°),2(y* — 2%)) = (2,9,2)
Ei%, BDERIZP € Yp D 2 -2 £0EH2056THD, fE>T,
poy, =idy, TH 5,

DRIk Y - PP - {(1,1),(1,-1)} £% 5D TY I& rational TH %,



1.4.5
Q=Zxy—2w) ITHL Qu, =QNU, =~ Q) :=Z(xy —z) C A3, U, =
PP —Z(w) £55%, TDLE,
p: A2 = Q. (z,y)— (z,y,zy)

132 H5 T morphism T&H V. p~! b morphism 7% DT, p & isomorphism TbH %,
Qu 1Z Q DFES. A2 13 P2 ORESZR DT, Q & P? I birationally equivalent
ThH 5,

L2312, Q & P? X isomorphic TldZa\y, %27 6, Exercise 2.15 T/ L
7 k910, PP ORI L RORD “ODME Ly, Ly, ¢ #ut3Q FICTHET 25

Ly toy = tiw, toz = t1x, Ly uoy = viw, upz = u1x
INSITHIGT % P2 ED > DHlifRIZ Exercise 3.7 £ D RY T3, Lo, iso-
morphic TlZdH h B4\,

1.4.6
(b) U:Z(.’Eolﬂll’g)c E?Z)o :@c‘:?\
v U= U, (ag,a1,az2) = (1/ag,1/a1,1/az)
(A HHC morphism Th 2. 7. o' = oy HDT, T4 isomorphism &
%5,
(a) $€->T ¢ & birational map TG D ¢ ITHFL W,

(c) (b) TRL7Z&IIT, rational map £ LT ot =¢p ThH2,

(ao,al,a2) — (a1a2,a0a2, aoal) =8 ap, a1, a2 O)':FIVGQ D07 %&b)‘?ﬂbiﬁ
FCTED, oL U = P2—Z((El,.’EQ)—Z(SL’o,{EQ)—Z(l'O,QL'l) = P2—(1,0,0)—
(0,1,0) — (0,0,1) £ T2 &,

(1/a0,1/a1,1/a2) (ao,al,ag)EU
_ (1,0,0) ap =0
pur s (a0, a1,a2) = 4079 g) a =0
(07071) ag = 0

£, Z#UF morphism TH 5, FESGDOERHIZ I N EIERTE RO T,
PlF U TEFETETELI LIRS,

1.4.7

X,V iXaffine £ LCT&\v, L, X,Y 2% projective 51, Pe X; =XN
Z(@).Q €Y, = ¥ (1 2(yy)" £ TIIE, XY, 8 affne & 4754,

Opx, = Opx = Oqy = Oqy;



DT, PeU; CX;,Q€V; CY;IZEWTisomorphism U; — V;, P — Q ®
HFEZAHTENE, ZO0FEEPcU=U,CX,QeV =V; CYIZBWVT
isomorphism U — V,P — Q DFET S Z LIl 5,

gVC\ OP,X Q FI‘&COPVX = K(X), OQ7Y g FracOQ,y = K(Y) J: b\
Ogy — Opx DEREAMEHIZ o* : K(Y) - K(X) IR TE %, Corollary
4.5 5 birational mapping ¢ : X - Y BLXUFZDME L TD Y Y — X 3¢
EL. ©*(f) = fo DR LD,

BRI 7 o OfFRIE, Y C A" & L Z DJEEERBUCIG T 2 Og y DERIG
Z Yy, Yn ETBEL (95 (1), 0" (y2), - 790*(%1))7 ¢*(y:) € Opx IT& 2
(Theorem 4.4 DFEHZI), iE> T =< U’ oy > IZBWT U 134 o*(y;) D
EFRIRDISEE 7y & TE 5D T, PeU“w)% ms% Iy =<V Yy > ITE
WTh eV Thb,

0" 00y = Opx DEE @(P)=Q tHu2IL2ZIRT, o(P)=Q #Q
ERET S, fe€Ogy & f(Q) =0,f(Q) #0 Ziifi7ed £ HITES, #IZIF,
q; 7é q;,ﬂz (1: LT f = Yi — q; C‘:QESCj'LiJ:b)O : :VG\ Qan @%%%ﬁ%% Q =
(@1seeosqn), @ = (qs---,q,) & LTz RFTER Op x,0q,y DK ideal Z Z 1%
ﬂmp,mQ AN L,D* DIBR[FAI I GAR 72 DT, mp = gp*(mQ) BT B, TD
L E

fRQ)=0&femg=¢"(f) € p'(mq) =mp = " (f)(P) =0

ThHb, LITABINIE ()( )= fo(P) = f(Q) #0XF¥ET 2, £>T
o(P)=Q TdH 3, m% TY(Q)=PTh3,

P(@Q) = P kb oy~ () QZSD()=>PGSD1(Q)§<P_1¢_1(P)§
e Y U) TH D, FHERICQ eyt (V) £ B,

E>TU = = (U"), V=0l (V) EEBTIEPecUCX,QeV Y
E b, U LV disomorphic TH 5 Z & ITHEIC Corollary450)nEHHEP IREN
TWw3,

1.4.8

(a) M O cardinality % |M| ££9, £7. |Al| = [P = k| TH B, REW
PR IZMIREA DT, |A?| = |[P?| = |k| TH 3 ([3], EHE 23, p.72), 5T
| X| <|k| £% %,

DU, | X| > |k| Z278F, X 2% projective DHA1E (X D)X, = X N Z(x;)¢ T
AR IURVLO T, X i affine &£ LTk, 720 X OMIES TR TE N
ETakDT, Z DB 2 8@ T variety X £ 5,

ST, dimX =r &9 %, (a,a2,---,a,) € X &L, He = Z(3, ci(w; —
a;)) LB, ZOLE X ZH. thbcek" BHET S, €46 N H,. =
(a1,a2, - ,a,) 726 TH 5,

ZDEE, Exercise 1.8 26 X NH, DEIKTORTGE r—1TH2, T0D
BERI Y % D T variety X £ 8, %8, Exercise 1.8 TIZ Y & affine variety
Lo T A D, quasi-affine THJRIZT % (Proposition 7.1 DFFHHATH IR S 1
'Clﬂ%)o _ﬂ%ﬁ%k)i}i’d‘ 3 variety X OXIGld 1 £ 5,

RIL1 D X BT 2 EHHEAIIARESTH O | WICHREABPHEAETH 5,
KRS RILDERD 6. Z DEHEA DRI (FRME L 27\ > — Proposition
1.5) DXILIF 0 TH D | 1 5IEKIC0 DEEFIPHES 7206 Tdh % (Exercise 1.10(d)).



Z 2T X % projective & &% LT, Proposition 4.9 Z#H T2 &, X I3 P?
D& % hypersurface H = Z(f) & birational TH % (f: AXPENILHN), T4
bbb, XODU~VCHCP? %%, dmH =1 XVHESH -V IZERES
RDOT|X|>|U|=|V|=|H| TH5,

HNZ(z;)¢ # @ £T %L Z1UF affine L ALY LDT, ZNZ2®OTH &
B f¥p: H = Al (21,22) = 21 13 k DPREWPHEZ O T4 TH %,
EoTI|H| > k| DT, DR EGOE L L, |X| > |U|=|V|=|H| > |k|
z2f5,

fit>T, W ZOFRLEOE T, |X]| = |k 255,

(b) Curve(l XIGCHAIBHES) 2 G £T5 L, (a) &V |G| = |Al| HD TR
Bo:G— A" DHET S, o IERESZERESICETO T, MHRAETH
5, EoTE&ToOMBIMHERARE % 2,

1.4.9

Xo= XN Z(zo)° £F3 &, K(Xo) ~ K(X), dim Xo = dim X = r DT,
Xo% X ELTED S,

Proposition 4.9 E[FEkIC L T, K = K(X) DHEBICE 21,29, -+ 2, EL, %
DHD 21,29, -+ , 1 DEBILRT, K/k(x1, 22, ,2,) DXOEERBIER E %55 X
ICTES, 2T AL 2, FFRVWTH B EL TR, T4DE, k(xy, - ,1,) #
k(l‘l,"' s Li—1y Li41y° " ,xn) &j—%o

CZTHATRBIEKR K/k(xy, 20, T 2) ZE D, THUITHILRTH 5
([2], vol.I, §5, Lemma 2, p.69), $5 &, K = L(xy—1,xy,) 2D T, Theorem 4.6A
o K=LY),y =ch1Tn_1+cpry, ETES, TDEZ, Theorem 4.6A 12 K
X c; € LTHAH, [2], vol.I, §9, Theorem 19, p.84-85 DFFHHIZE VT, ¢; € k
EEHETELI LIS, EE, GAoNnEHA g e L[Xy, Xy, -+, X,] I
5@ LT q 7& 0 %f?ﬁt’. "9,‘7_.5 {Ci}0§i§n I3 L @{f%ﬁ@ﬁgﬁﬁgﬁ%é THoESNZ EN
TE 3,

Tpy BRBEREBRICEDT, ¢, 1 A0 THD, y=2, 1 +crp,c=cp/cn1
EEE, K=L(y) %5,

ZZTPMICEIZRET, A™ DILIE Proposition 3.3 D ¢y TRRLTP" D&
AT, P=(0,0,---,0,—c,1) £BL & Xg DILD o FERUIIEEL DS P¢ X
Th %, Exercise 3.14 12 XU, P’ = (ag,a1, -+ ,an) 2*5 Q' = (w0, 71, -+ , Tn)
D P~ Z(x,) ND projection 1& (a0 — A0Tn, AnT1 — A1 Tp, AnTp_1 —
Un_12T,) THZH6NS, fE>T, P25 Xo % P" ! ~\ projection 3% &

p(Lz1, -+, Tp—o,Tpo1,2n) = (Liz1, -+ ,Zp_2, Tn_1+cxyn) = (Lz1, - ,Zn_2,Y)

&5,

K(X/) = k(gjh e azn—ny) ~ K(X) = k(xla e 7$n—25'rn—1axn) ‘/Gddé b\ Sﬁ‘
Jt3 9 % morphism 2% P %> 5 O projection p % DT, % #1ld birational morphism
Th 5,

Z OEAEE G IRIAHEE 1X, Propostion 4.9 @ birational map & 7% %,



1.4.10
Y © O = (0,0) IZEIF % blowing-up 1%

y? =23, zu =ty at A? x P!

THZALN 5,

t#£0E925E 22w —at?) =0%DT, z=0or 2t? —u? = 02MFo N
2, x=0D&EZITy =0,VY(t,u),t # 0 &% D, exceptional curve E TH 5,
2 =uw DEER P =ud LD,

u#0ETHE YW —ytd) =0%DT, y=0or yt? —ud = 0 VHF 6N
5, y=0DLEFx=0,V({u),u#0,7%D, exceptional curve £ TH 5,
yP =P DEEIF 22 =u? LB,

iE>T, fab¥ % L Y D blowing-up &

Exceptional curve E : 2 = 0,y = 0,V(¢,u) € P*

Y:at? —u? =0,y —u® =0,Y(t,u) € P!

»onb, N
Y & EDORRIL (z,y,t,u) = (0,0,1,0) D 1 M THS, t£A0KDT, Y Ik
Lu)|u €k} £ 5,

Y = {(u?,u?,1,u)

Exercise 4.8(b) £ 0 YV & AV 3AHFAAICTH 2, £/, AL = YV, u s (u?,u?,1,u)
L Z DWEEIZ T morphism TH B 55, ¥V ~ Al L7425, Exercise 4.8(b) &
D, Y &Y bR TH 525, Exercise 3.2(a) T/R L7z & 912, isomorphic T
e,
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