1 Varieties

1.2 Projective Varieties
1.2.1

AXideal Z a &L, HAXRLHENX felZ(a) T2, Z0UL f(P)=0,VP €
Z(a) KT 525, AT ICEEBA B L. f(P) = 0,VP/(#0) € Z'(a) &7
L, Z2ZCZ,I' % affinelcBI}S Z,IDZETHS,

a EFK ideal 72D T Z'(a) 50 TH2D, fOARLHEALDT, f(P) =
0P e Z(a). A fo Iz LA,

T2 EHEREHDS fel'Z(a)=vVaThh, H2EEq¢> 01 LT flea
Ex b,

1.2.2

(i)—=(ii) A"t icBLTE 2, I Dk Hic Ty 220 THT,
Z(a)=@ < Z'(a)=2 or 0

Z'(a)=g s a=Ss/a=S

Z'(a) =0 Va=1I'Z'(a) = I'(0) = (z0, 21, - ,&n) = Sy

(ii)—(iii) Va i3 S S; TH 5,

‘Vasl=a=8=aD8;,Vd>0

“Va=S,=>Vad S =z eVaVi=atca,Ik>0=aFcaFk>0 2
DEEZE (k—1)n+k XROFIHAUZ BT, ?)%xﬂ)/&‘ﬁ(ikuj:c‘:f;%@’@\
a2 Sk-1)n+k TH 5,

(i) = (1) a2 S, 3d >0 £ T % . Z(a) € Z(Sa) € Z((2)o<icn) = @

1.2.3
(), (b), (¢) EHAS 1 TH 2,
(d) felZ(a)bT2, Z()£2 &0 fek—{0} TRHHEREVH, f=0

%o fe/aThsb, degf >07%5 Exercise2.1 £ fe/aTh3,
Wi feva= ff9ea= f1(Z(a))=0= f(Z(a))=0= f € IZ(a)

(e) FT.YCZIY)%DTY CZI (Y)“C&’)%
RIZY = Z(3a) £T5E Z(a) =Y DOV J:DIZ() I(Y) L% 5 H,
aCIZ(a) DT, aCIY)25Y =Z(a) D ZI(Y) 2145,

1.2.4

(@) YV # o0 z2EGLET2LEY = Z(a) L5 S DFK ideal a BFEAEL .
Va# 5,5, 272§ (Exercise2.2), § 5 & Exercise2.3(d) &0 I(Y) = IZ(a)
Va(# S,51) b, THIEARME ideal TH B, YV = o T 5L (YY)
(@) = S = /S bFRME ideal TH 5, Wi Z(a) BHEATH 5,



it>T, A% P" DPHEAOES, B %2 S D Sy DANDFHRMRIE ideal DEE
BLTRE 1A B Z:B>ALALBED, TOLE[Z(a)=va=ak
DIZ=idg, ZIY)=Y =Y &0 ZI =idy THH, I H2\IF Z 11X A5 [
D11 MEEE X5, %7 Exercise2.3(a), (b) 2>5 25 DX ld inclusion
reversing TH 5,

(b) Y = Z(a) BEERIBIES, a=I1(Y) # S, ZAXM I ideal T35, T2 &
fgelY)eY CZ(fg)=2(f)UZ(g) =Y C Z(f) or Z(g) < for g€ I(Y)

&0 I(Y) & prime ideal TH %,
W2 a=1(Y) D primel ideal DEZ, YV =Y, UYs,Y; = Z(a;) £ 95 &,

a=1(Y)=I(YiUYs) = IY)NI(Ys) = a=I(Y1)or [(Ya) = Y = Z(a) = Yi or Y,

0. Y I TH D, BB, I TRYID = F Propositionl.11(ii)[1] I2 X %,
(c) P"=Z(0)»5 (0) # Sy I prime ideal 2D T, (b) £ h P™ ZPEKITH 5,

1.2.5

(a) YID2Y, D 2P OPHEAKEII L T2 L, THUIHIEL T S @ ideal
FHEII(Y,) CI(Y2) C -+ DMRESND, SIEF—F —BAO THREEIKLT
B2hd, HBEnBEELTIY,) =IYon) = %%, T5E ZIY) =Y,
VY, =Y, 1= DPRONEDT, PP idx—%—ZHTH 5,

(b) Propositionl.5 12 & %,

1.2.6

Y = Uy,20 Y, Yi YNU IZBWT, Y ik, Y BB BERITH D |
Y = i(Y;) 13 A" IZEI) 2 affine variety &£ A%E 5, 3T,

p:A=k[y1,y2, - ,yn] = Sy

f(ylay%"' s Yn) f(ﬂfo/xmm/xiw" ,9Ci—1/$i,1,$i+1/$i7"' s T [T4)
£95E p 3BROFAMEHRTH 5,

DL ZE

fellY) < 0= f(Y{") = (fowi)(Yi) = (pof)(Yi) & pof € Is, (Vi) = Is(Yi)(a,)

N p(IA(Ya))—IS( ) )ﬁ”ﬂiij‘% I 5z, Y I2BIT 564E I/ZI\Y 1
&R fels(Y;) & Z(f) DY & Z(f );Y =Y & fecls(Y) DT,
Is(Yi) =~ Is(Y) £%5%, 2T p(Ia(Y®) = Is(Y) (@) DS NS,
PLRizXkD,
A(Yi) = S(Y) ()

£ 5 (ZDRHEIE p.18 D Theorem3.4 DFEHFIZ LRI NT 1 3),



ST, ZoMiREMeS L
FracS(Y) = FracS(Y )., = (FracS(Y),))(x:) = (FracA(Y;))(z;)

LB, WERITEIS 2 L2k D dim S(Y) = dim A(Y;) +1 236015, 20
#AlZ. Propositionl.7 2*5 dimY; = dim A(Y;) DT, dimS(Y) =dimY; +1 &
%5, —J Y 13Y OREALRD T, Exercisel.10(b) £ ) dimY = supdimY; =
supdimS(Y) —1=dim S(Y) — 1 2’46515,

1.2.7

(a) W26 25L&

dimP" = dim S(P") — 1 =dim S/(0) — 1 = dim k[zg, 21, - , 2] —1=n
L%,
(b) Y=,V Y, =YNU; IZETY, I3 quasi-affine & A 5415 DT, Propo-

sition 1.10 & h dimY; = gm?i Th 5,
Y, Vi 3Z0ZENY, Y DAL DT, Exercisel.10(b) £ 0

dimY =supdim¥; =supdimY,; = dimY
»Rrons,

1.2.8

f(degf >0) % S OAXBENILEHAL L, Y =2((f) £ 3%, SHUFD 7%
DT (f) 137X prime ideal TH %, ZDE & Theoreml.11A X D heightf = 1
E 7%, Exercise2.6 £ ) dimY = dimS(Y) — 1 Tdb %623, Theorem1.8A(b) B>
55405 heightf + dim S/(f) = dim S 25 &

dimY =dimS(Y) -1 =dimS/(f) — 1 =dim S — heightf —1=n—1

L% %,
W2 dimY =n—1 &7 %, Y I3 projective variety 7 DT Exercise2.4(b) &
D I(Y) 17X prime ideal Tdb %, § 5% & Theorem1.8A(b) 232 T

heightf = dim S — dim S(Y) = dimS — (dimY + 1) =1
£ %, DL E Propositionl.12A 225, I(Y) |35 ideal 2D T I(Y) = (f)
LT B, I(Y) BAK ideal 2506 f BBERIAXSHERTH 5,

1.2.9
(a) PP ICBUBZkE%R I, 7 %L3T,

I'Y)=BIY) 25T, 22T (Y)=Y' =Y NUy Th s, £, Y:
WY < Y B, ThHY. 'Y =T'(Y) BBALT 2, 556 I'(Y) D I'(Y)



BEWITHY. Y £ & BOTa= I(Y) £ S o 8 = Z(a) = ZT'(Y") =
Y = 1'Z)=TI'Y)=TI'(Y)=aC VaC I'V) EoThbs, ko
I'(Y') = (BI(Y)) &R X\,

fEI( Y ETBEB) el (p (V) XD BIY)CI'(Y') TH 5,

WHZFAR %Iﬁff’el’(Y’)}:T% VeeY ﬂbfz’zg&&l(x)eY’é:?S

CEf(@)y=0%DT, f=a(f), x=p(a) eYICHLT f(z)=0%,%D
felly)Bionsd, ff=ahg, zo |¢ @ﬂy’i’b"(b)%kg Ba(f) = f'/x}
oo f = apf(f) € (BIYV)) . (V') C (BI(Y)) BIRIT 5.

(b) Exercisel.2 X0 (V) = (y — 22,z —23), Y = {(t,t},®)|t € k} TH 5,

RIZI'(Y') = (2 —yw, 2y — 2w, 2 —y?) ZR T, TITIEU, =P3—Z(w)
WHETZEET D, I'=(2® —yw, 2y — 2w, 22 —y?) B, £T 22 —yw, vy —
ww,zz — P ilB T e =ty =tz2=1t3w=1RAT2L0LL25DT,
I'CI(Y)) Tha,

fesS&dae f= folyzw) + filw)r mod I' DIBIZTES, T4
2 = yw,ry = 2w, xz = > ’Eﬂﬂblf rDRBETF, e Z2ECHEICHL y L 2%
HETHE X, S5y =22w ZHEHL TOE fo Dy DREZE 2L TICT
50T, MRXDIBICE S,

f(%lh sz) = aO(Z7w) + al(z7w)y + (lQ(Z,U))QQ + fl(w)‘r mod I/

BRGEN f e I'(Y') = (BI(Y)) BTDBICRINIET DL, f(t,12,13,1) =0
7206
ao(t3,1) + a1 (83, 1)t? + ax (3, Dt* + fL(1)t =0

E s, Tt 2B LT HHADEEALDOTL D 1 XAE . 2 Ky

25 f1(1) =0, a1(¢3,1) =0 MF 50N, RIT f=ap(t? 1) + a3, Dt =025

ao(t3,1) =0, ax(t3,1) =0 &% %, fif ao(t3,1) =0, a1(t3,1) =0, a2(t3,1) =

0, f1(1) =0 &% 20, fIIARLHALZDT, 215 F ag(z,w) =0, a1(z,w) =

0, az(z,w) =0, fi(w) =0Z2EHKT 25, #€>T. f=0 mod I’Tiﬁfb‘g I e
ry)=ry)coss, /

DED»S I(Y)=(y—2%2—2a3), I'(YV) = (22 — yw,zy — 2w, 22 — y?) T
b5,

ST, Bly—a?) =yw—22,8(z —23) = 20? — 23 TH 5D, (yw— 2%, 20? —
%) C (2% —yw, 2y — 2w, 22 — y?) TH D, BERS vz —y? & (22 —yw, 2y —
2w, w2 —y?) THHIED, RDLIICRINEDL6THS, bL oz —y? =
(yw — 22 hy + (zw? —23)hey T 5L, P =(0,1,0,0) ICBWTAM #0203
W=07Tdh2,

1.2.10

(@) FTCOW)=Za(L(Y)) 2T, felY)BARGHENLZD, Y #£2 %D
TIWEFERE 22 LR, fEoT, f(0)=0%LD 0 ZA(I(Y)) TH 2,

04z (Y)Y < g@x)=0YgecI(Y)=0#£xc Zo(I(Y))

EoTCOY)=2Z4I(Y)) E7&D. C(Y) I algebraic set TH 5,



RIZIA(C(Y)) = I(Y) ZRT, C(Y)=Zs(I(Y)) 225
TA(C(Y)) = La(Za(I(Y)) = VI(Y) 2 I(Y)

Th5, WOLEBREEC 201, fe IA(CY)) 2RI EICHRLT f =
S fidegfi=i £F %, 2(#£0) € C(Y) ITHLT Az € O(Y) Ed 5

= Zx'fi(x) =0

L%, YA€ kI LTHRILT 2D T, fi(z) =0 ThUTNIZZRS K\, f 137
REERGDTPT TEZBE fily) =0,y =0(z) L%, 2 071(Y) &K%
By b Y 2220 Tf e (V). #>T fel(Y) k5,

PEIZE D I,CW) =1(Y) BEen s,

(b) Y: BEfY < I(Y): prime ideal < 14(C(Y)): prime ideal & C(Y): BEKY

() ET. Y. oTC) DAL D L ZIERDBY KLT %, (a) £ D
dim C(Y) =dim A(C(Y)) = dim A — heightI4(C(Y))
= dim S — height/(Y) = dim S(Y) =dimY + 1

WRIBHSE A TR VWEADIM D dIC, $TY CY < CY) C CY) %
BT, (=) BHL»TH L, C(Y)CCY ) (e oY) (Y) T3, b
LyeY-Y ZoyeY o0 (y) CONY)CO(Y)Ehs, 22T
Jr ety £3BE. e W (Y)EDy=0@)eY LHDFETS, ko<
(<) bRIT 2, SOEEY CY & CY)CCOY) YLD,

XY=,V 7%

UY uo= Ue v)uo=|Jo ' (vi)uo) = Jcw

Eb, b)25 Y, BB S CV;) bENTH S, T TIORLAZEDLL, Y,
PR RBERIESG LT 5 L, CY;) bMRLZMNESTH 5,

RIGDEFEDS dimY = max; dimY; DT, RRKE2522%i% r £8BL,
dimC(Y;) =dimY; + 1 226 KD dmC(Y;) 252 %ibr Ths, £>T

dimC(Y) =dimC(Y;) =dimY, + 1 =dimY +1
BRONS,
1.2.11

(a) (1)—(Gi) I Z2AEKT2HELEADP T, BIPMSIARR KBt 13 n DUT 2%
DT, ZNOMIGHA % &> Ty T= (01,0, ,0) EBL, XoT,

:mz(@) :mHi



L% b, 1272 H; = Z(¢;) |Z hyperplane TH 5.,

i)—@G) Y =NH =N, 2;) = Z(I) £$%, TITH; IZHIET 2
MIELHAZ (; 358, () TRLELIICZNSIFHMIBMILIE L TX W,
I= (1,0l ) EBL, TOLE, BT ADHEEEZEML TH ideal I 1FZ1L
L 72\, l; :xy; +fi(xt+17$t+2,"' ,xn) LLT&w, 22T f2 0ifﬁ5‘<ﬁ2%lﬁ
XThs, T2&. klzo,z1, - ,x0]/I = kw1, 210, ,x,)] 3L DT, T
1% prime ideal, Y & projective variety T&H %,

INEAHTZEIY)=1Z(T) =VI=1= (l1,lo,--- b)) £72 5,

(b) (a) &Y Y & projective variety T& %, Theorem1.8A(b) 2> 5 heightI(Y)+
dim S/I(Y) = dim S 2¥F 5015 DT,

height/(Y) =dim S —dimS(Y)=n+1-(r+1)=n—r

E%%, I(Y) = (b, 0o, 4) ELED, (a) TRLZ LI IZ, Z0HE DS prime
ideal 2D T, I(Y) & (¢1,0a,- -, ;) Z & LM/ prime ideal TH %, &> T[1]
Corollary11.11 2> 5 heightI(Y) <t, $hbbt>n—r &% 5%,

(¢) (a) TRLZK T, I(Y) = (01,09, b)) ITBT by, by, -+ b IFHETE
ML ETE 5, ZDEE helghtI(Y) =1 C‘:tf%o A A} (61,52,"' ,Ei_l) g_
(61,62,"' 782) J: b height(€1,€2,~-~ ,&) Z height(€1,£2,~- 761',1) +1 &@T\
height(¢q, 02, -+ ,¢;) = heightI(Y) >t £ 7% 57256 TdH %, (b) TR L7 height[(Y) <
t b5 L heightl(Y)=n—r=tt% 3%,

WoT. Y = Z(ly,loy - ), Z = Z(l by, U ) ETE D, —fRIC
ZDNZ(T) = Z(IUT) BDT. YN Z = Z(lr, b, byl by £ )T
Hb, £oTYNZ+#27%5YNZ I linear variety TH D, (b) THRL7ZLD
n—r)+(n—8)>n—dmYNZEDT, dmYNZ>r+s—ndfFohsd,

LL. r4s—n>0%5dmYNZ>04DT. YNZ 4o Thd, (E:
dimg=-1Td5, )

1.2.12

(a) 0 : k[yanla"' ;yN] — k[l’o,l’l,"' 7xn]af(y07yla"' ' Y) Hf(MOaMl,"' aMN)
IS I BRERTTH 5, a=kerd EEL,

feaCklyo,yr, - yn]| ERBIEICEEDT f=fo+fit-+fi T2
fE\ f(M(),Ml,-" ,MN) =0 & b fi(M(),Ml,"- ,MN) :Ofﬁ?%"%ﬂ%o £oT
fi€Sina &%, aldFKideal TH %, BREEFBEIDS klyo, y1,- -+ ,yn]/a =
Imf TH Y., THUIBIE k[zg, 21, , 2] DIDERTHEIRZD> S | a lF prime ideal
Th 5,

(b) y=pa(z),Iz e P tT2LVfeca=kerdlZXNLTf(y = fpalz) =
Of)(x)=0&D, ITmpy C Z(a) TH 5,

bz(bo,bl,”' ,bN)EZ(a)gPN ET5 L, bJ#O,HJVG‘%éo
My =TLal S ki =d B Lk #£0,3 BDT, ZNkEk kg £ T 5, 2T
J=koki- k, EPSTEITT B, T5HE, (Hle)dzl_[z(scf)k E0 oyl -



[Ly" . eamobf . =TLb" | %85, byer, =b; #0954
0---0d0---0 0---0d0---0
IFIEETH D, ko 75 0&D bao-..0 FAHICEBRICHNT W S5 bao-..0 7é 0¢&
A
BEBORBZIE T2 2 LI W RADPKILT 3,

(@§)* (ag apr) = (2™ (wg~ aa) " - (a5 ) = 0

d—1 k k kn N
£, Yao. 0Ykokn — ydgmoy(éﬂ)w---o " Yd—1)0..01 € @ 95

bg&-l.obkomkn - bsg-uobzq)wmo T b?541)0--~01 =0
BESN5,
ITa= (bd0~~-03b(d—1)10~~~07 s ,b(d_l)ou.m) ePr LT3 L, bao..-0 7& 0&D
pa(a) = (-, Myyo, - )a) = (- ’bsg---obﬁ;—l)lo---o .. bl(ciq)omop )
= (- abgo_..l.obkomkw“') = bga-l-o(' Dy )~ (o bk, ) =
MY DD T, belmpy &5,
PlEi2E D, ITmpg = Z(a) BE501 5,

(c) BFHIBITRENT V2, pala) = pa(b) T2 &, [[,al = NI, b 28
Zi ki = d %(ﬁf:ﬁéf@ {kz}nggn C:ijTszjAéo b, # 07%DT, —
BetE% ) S em by £0ET B, TBE, al = Md,al a; = N3 b XD
a; = (ag/bo)b; L% 5DT, a=bThHb, £oT, B TLH 2,

KITRT K9, kyo, y1, -+ yn] DIEEDOF K ideal J 1K LT, p; 1 (Z()) =
Z(0(J)) DY 310,

a€ pgl(Z(J)) < pala) € Z(J) < f(pala)) =0,Vf e J=0(f)(a)=0,Vfe T ac Z(0(J]))

o T, pg 13ESFETH B,

2T pg BB TH 5 2 L 2R TDIT, klxg, 21, -, 2] DIEEDFHERX
ideal 112Xt LTy pa(Z(I)) = Z(0~(I)) ZFWIT %,

bepa(Z(I) & b=pyla),Jac Z(I) £THL. Vfeo ) =0(f) el
LT f(b) = fpa(a) = 0(f)(a) =025 b e Z(O~(1) %D pa(Z(I)) C
ZO~ YD) e ns,

HMizbe Z07')) C Z(a) = Impg £ 5, 22T, A%EFIFO71(I) D
0710) = a2 BT %, XoTb=py(a) € Z(0~1(I)) L21F 5,

Vg €l C k[l'O,xl,"' ,Z‘n] L:;Gl‘b‘/(\ gd = {Mj}OSjSN O)%I,Eﬁc:t;’)f
WBDT gl = 0(f),3f € klyo,y1,- ,yn] ET B, TDEE gl e [ DT
e 0 D) THY. pala) € Z(0-1ID) XD gla) = 6(f)(a) — fpa(a) = 0
&5, 6>7T, gla) =0Vg e I & ae Z(I) & b € pi(Z(I)), T%HbH
ZO7HI) Cpa(Z(D)) DMESND, Ko Tpa(Z(1)) = Z(O 1)) DD LS pg
BB/ E %2 5,

PLEIZ XD, pg DPMAHETGGSRTH 5 2 LRI LT,

(d) Exercise2.9(b) & D twisted cubic curve 13 I[(Y) = (22 —yw, y*> —xz, 2y—2w)
ThzoeNb, 2ITHw) = a3,0(x) = 2321,0(y) = wo2?,0(2) = 23 L L7
L E

I(Y) =a (= ker#)



LB ERINT,
I 0(a® —yw) = (af21)*—(wor])x] = 0, 0(y>—22) = (z021)*—(2g21)7] =
0, O(zy — 2w) = (v3z1)(v0z?) — 2323 =026 [(Y) CaTH 5,
fe€atdTs, TN 2? = yw,y? = 2z,0y = 2w DR LEMAT % &,
f=a(w,z)+bw,2)x+cw,2)y mod I[(Y) ETE%, $5&, I(Y)) =0¢
0(f) =025

0(f) = alxg, 1) + blag, 2¥)xgzr + c(ag, af)wor] = 0

Eb, TIT, mo DXRBUILED S a(2d, 23) = 0,b(zd, 23) = 0,c(zd, 23) = 0 03
B D SLoh, ZiUd a(w,z) = 0,b(w,2) = 0,c(w,2) = 0 ZEH®KT 2, £oT,
fEIT) Lih. aC I(Y) 6N,

PDED»SIY)=a T%bBY =Impz £7% %, fiE>T, twisted cubic curve
I% 3-uple embedding T® %,

1.2.13

Y =pa(P?) CPPICBIT B LRTTHIES Z IS LT Za=p; ' (Z) EBL L.
Exercise2.12(c) 2°5 Z4 b 1 XItPHEATH 5, &> T Exercise2.8 225, & 574
RIS TERZ T Z4 = Z(f) £ 20T, Z(f) 3EEREEATHS, 22T
A3 {M;}o<j<s DEHNITHE ST EDT 2 =0(g), 39 € klyo, y1,- -+ ,ys) ED
J5, g DFERBGGEZ g=T11,9; £ 5% & fIRBENZHEALDTO(g) = [T, 0(g:)
£D f=0(g)or f2=0(g;) DIFTTH2, ZITUDTHg) = fe=1o0r2
EL. f,gl3BERNET B,

SOEERADS Z = po(2())) = Z(g) N Y DBIRALT B

be pa(Z()) ¢ b= pa(a)lef(a) = 0 <> g(b) = gor(a) = 0(g)(a) = F*(a) = 0

< g(b) =0& b= pa(a) & be Z(g)NY
22T, g 3R DT Z(g) IF hypersurface TH 5,

1.2.14

well-define 2D IZW] 5% DT, WHEZRT, la x b) = (a x V) &F
5, TOEZEa)#0,b) #0ELTEODT, A= (agho)/(ahb)) LB, T3&
LD 0,5 ISR LT aby = Xajb); LT %, 22T, j=0&Fdtand D
o, i=08T2Lb~0 DPROENLEDT, ¢ ITHHTH 5,

Ime) 23 subvariety Tdh 5 Z & Z/R" T ICld, prime ideal a 12X L T Imyp = Z(a)
il tath s,

1+ k[{zijbo<i<ro<i<s = Klzo, @1, @rsyo, 1,0, Y], 2y > iy,

STV >

EBL, 22T, n 3BREEMTC Imn XFIR DI DB 7 DT a := kern & prime
ideal TH B, ZDELE n(f) = f,Vf € k[{zi;}] DI LD,

c € Imy) = ¢ =¢(JaxIb) = f(c) = fv(axb) =n(f)(axdb) =0,YVf €a=c€ Z(a)

&0 Imyp C Z(a) TH 5,



WilZ c e Z(a) ET35, TTTerp#0E LTV, {Zijzkl_zilzkj}ijkl Cakb
CijChl = Citcry ED T, FHT 5000 = cioco; TH Do I Ty a = (coo, €105 ,Cr0), b =
(coos o1, ,c0s) B &

P(a x b) = ({aib;}ij) = ({cioco; }ij) = ({coocij}ij) = cooc ~ ¢

E%%, £oTZ(a)Clmyp THYH, ZDOFREADLETImy = Z(a) 2155,
() F21& a = ({zij200 — zazej biji) TH B

1.2.15

(a) (w,z,9,2) € Y(PXPY) EF 2L (w,z,y,2) =1¥((a,b)x(c,d)) = (ac, ad, be, bd)
EWTB, 2DEZEad-be—ca-bd= 0706 (P xPY) C Z(xy —2w) L5,
Wliloy—2w=0&,F%, TTTw#0&LTLY, (a,b) = (w,y),(c,d) =
(1,2) £ 5 & p((a,b)x(ed) = (w2, we, wy, 79) = (w?, we,wy, 2u) = (0,2,9,2)
BDT, Z(zy — zw) CH(PLxP) £ 35,
> TP x PY) = Z(ay — 2w) TH 5,

(b) t=(to,t1) Z/NTRA—=F T L DDMEMIEE Ly p(t x ), My : (s x t)
THZ5 (rs 3EHTHS), FBE. NS IZERTH S, BE%S (w,z,y,2) =
Yt xr) 12 2Pl toy = trw, toz = tix DFRE LTRINDED6TH S, (sxt)
bIATH %,

LiNL,#20 &£$%, ZOLE, 5D tu,r,s TPt xr)=yluxs) £k
75)6\ (to?‘o,to?‘l,tlro,tl’l‘l) == (UQbo,UObl,ulbo,ulbl) é’.t‘:%o T% &_\ (t(),tl) =
(uo,u1) BRFSENEDT, t=u, $%bDL L, =1L, L5,

M IZDOWTHHEBRTH 5,

Li N My, \ZBWTIE, LiNn M, 3 ¢t x u) DT Ly N M, IZZ2Tld 7\,
LiNnM, DIEEBOIGZILS &, ZHUT(t x 1) =Y(s x u) TH 503,

(toro,tori, tiro, tir1) = (Souo, Sou1, S1Up, S1U1) S r=u,s =1

ED gt xu) EoTLEIDT, LN M, i1 M55,

(c) Q LOWFITIZMI T » =y & DD D, Z ISR CPHES T
H5,

() ILB T BFEZHCE L 2 =yl ad = be & (a,b) = (¢c,d) ZEHEKT 3,
DD P xPLIZBIS C:={(r,r)|r e P} 3 icXoTHIEL TS, &C
AH, PLIEAT A PV 7 ZEECla o T, SAMREAIIREMHTIXPASE S I %
57220 ([2], BIRE L, p. 77). > T, TOREKTIE ¢ 138K & 1374 6 7\,

1.2.16

(a) Q1 =Z(2* - yw),Q2=Z(xy —2w) KHLTQ:=Q:1NQ2 KD 3,

w# 0DEEIFQ = {(wdw?zx,wr, 23} = {(t,t%,13)} L&D, Tk
Twisted Cubic Curve T® % (Exercise 1.2),

w=0DEFF =040, Q={(0,0,y,2)|z,y € k} IFERTH 5,

BE2 T Q1 N Qg (I % i 7z 72> Twisted Cubic Curve & EFRDHIES
6% 0 BT O T variety 12137 5 72\,



(b) C=2Z(2>—yz),L= ()Uf%a CNL=2Z(zy) E 18 P=(0,01)
Hoih, I(P ):( oY) &%

— L I(C)+1(L) = (+® —yZ)+(y)=(wQ—yz,y)=(w2,y)f‘35575§x¢(x2,y)
HDT, I(C)+ I(L) # I(P) TH 5.,
1.2.17

(a) Y =2Z(a),a=(f1,f2, ", [q): AKX prime ideal, f;: nonconstant & § %,
SIEF—=F—=BTHY., ald (f1, fo, -, f) IJET ZH) prime ideal 2 DT, [1],
Corollary 11.16 £ D heighta < ¢ TH %, T3 &, Exercise 2.6 2*5

dimY =dim S(Y)—1 =dim S/a—1 = dim S—heighta—1 > n4+1—g—1=n—q
»ronsd,

() IY)=(f1,f2,  ,fq)rg=n—1&T 5, Y (Zvariety ZDTI(Y) I3 prime
ideal TH %,

9 £ 3B AL LT, RS f = gingin - - - EBFIRERL 72 &
. 2 fu o 1 o) = 2N ()N 0Z(f) o Z(fs) = Z(g02)UZ(gin) U
ERALTHERT S L, UN, Z(gi) P ERY . Z(f1, 2, fa) zﬁﬂ%,ﬁﬁ%@@
ZNEH B N, Z(9i5,) WHFELL 206 TH 5,

ZDEE, ARprime ideal I(Y) = (f1, fa, -, fq) CBWVT, & f; 2ARS
HAETEL I LZ2RT, fiikE TR T %,

IY) = (fi, far o s f) WBWTHES f1,- -, fo1 PERLERET 2, 21
PN DL IHAD T CRARTIAD KBS —FAR KB 2 d & L. ZDOREDEZE
T I(Y) DEILE f; £ LT, REd D Bﬁs‘% fitT2, ZOLE, f 3o
fi SRR L B HRD d K7 &R 285401203, f; 6. o fi AR L
7R ELIC L f; 206 f; SR %, QODJ:“)GCL’C% I(Y)3Zb o\,

INZHYIBEGIEDHRE d. H5 jTf; 13Mho f; DS ERL % HAD
AR50 E I TN D, BERD. (1, fo, -, f,) EETL L
5DC, D=max;deg f;,Ip =U,,cp I(Y)m & L TdimyIp > q %505, L
d—oo s> TLEIETRE, dimpIp<stB>TLEIDSTH 3,

CDLEDjRsEL, f=[f tT5, I(Y) 3ARideal DT feI(Y) &
»F5, o T, f=2shifi THED, DERL7ZZEDPS, hy DEFIE a,
0i3|5$’(5)% hs=as+hl, £ 35,

SEN — i ELT fl (1+g)f1@k3(f1,f2,--- afm):(f{’f%"' afm)
’Enﬁ%b’(%( (D) IFHGTH 5,

Wil E 2R 72010, FFRideal I = (hy, ho,--  hy) DEZ SINS C I %R
T, 22TS =klzg,x1, a0 THH, SIFZDEMILTH 5,

heSINS ET2E, h=Y,0ghi,g €S EDFBD. b FHRSEA L
LTkwnrs h =3, gihi,degg, = degh — degh; kiM)’Z)@“C giesS &b,
koThelThs,

u—to):kb)%‘sccgby{[: (f17f27 : afm):((1+g) 1f13f27" afm):
((1_g+g2)f{7f2a 7fm) c (f{vf?a 7fm) C SIQSCI i)),ﬂz—l‘—g‘%

SDEEIY) = (fr.fo, o Sy o fg) = (fi, far o (asHR) foy o fg) =
(fi, fas - s hsfsy- s fq) = (frs fo, s 2o hifis- oo fq) = (fis fas oo s oo s fq)
BRSNS,
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LRk O I(Y) = (f1, fo, -+, fg) IKBWVT, & fi BPHIAXRLHA L T
5 EDIRI NI,

iE>TY = ZI(Y) = ", Z(fi) £ Y. Z(f;) 7 hypersurface %D T, Y
I set-theoretic complete intersection Tdb 5, (Y 1ZBEKI., T 7% b5 projective
variety & L7z, )

(c) P3ITEI} % twisted cubic curve Y DJEMER I Exercise 2.9(b) TR L7z &
)
I(Y) = (2% — yw, 2y — 2w, x2 — 3°)

ThHZLNG, ZNUIMNTH S, BE¥%S, 2D Y E Exercise 2.9(b) I &}
2Y THYH. Y IZ AP ITBW T DT (Exercise 1.2), Exercise 2.9(a) 12 & -
TIDY YN LELR206TH 5,

22 —yw, vy — 2w, 1z — y? 1Z I(Y) KB W THIBMZ 2D T, I(Y) X 26T
FAERTE 20,

J = (22 —yw,y® —2xyz +wz?) I LTJT CI(Y) CVJIDPHILT %, FEE,
yP—2zyz+w2? = y(y? —z2) —2(xy —2w) £ JCI(Y) TH Y, (vy—2w)? =
V(0% —wy) +wly? — 2oyz+ws?), (o2~ y?)? = (2 —wy) +y(y — 2oyz + ws?)
YV IVYCVIH3, koT JCIY)CVI=1Z(J) L%, RBEOETZ
Exercise 2.2 & Exercise 2.3(d) I & %,

CorE Z(J) 2 ZIY) = Y D ZIZ(J) = Z(J) BDTY = Z(J) =
Z(x? —yw) N Z(y3 — 2zyz + w2?) THBH, T T, Hy = Z(2? —yw),Hy =
Z(y? — 2xyz + w2?) ETIUE, ZNZNKEL 2, 3 D hypersurface THH, Y =
HiNHy £%%, n—1r=27%D7T, Y I set-theoretic complete intersection T
H5, Lo L. strict complete intersection TlE 7\,
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