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Chapter 1

Tight-Binding Hamiltonian for Electron
Transport

1.1 Nano-scale system

We consider a center nano-scale system (C) sandwiched between a left electrode (L) and a right electrode
(R). We employ a simple tight-binding model, where electrons are spinless fermions having no Coulomb
repulsive interactions and each site has a single orbital. The Hamiltonian of this nano-scale system (C) is
written as

ĤC = −
∑

1≤i,j≤N

tij ĉ
†
i ĉj +

∑
1≤i≤N

Viĉ
†
i ĉi, (1.1)

whereĉ†i and ĉi are the creation and annihilation operators of the electron at thei-th site,tij the electron
transfer energy between the nearest neighboringi- andj-th sites, andN the number of sites in the nano-scale
system (C).Vi describes the on-site energy of thei-th site, which represents the effects of external electric
fields. We consider that the entire region of the nano-scale system (C) is attached to the gate electrode; thus,
all the on-site energies are uniformly varied by applying the gate voltage. Moreover, we apply the external
electric field to the nano-scale system (C), thus changing the on-site energy individually depending on its
position. In this case,Vi is written as

Vi = V G + V E
i , (1.2)

whereV G is the applied gate voltage, andV E
i represents the potential due to the external electric field.

1.2 Electrodes

To study the transport properties of electrons, the edges of the nano-scale system (C) are connected to the
left (L) and right (R) electrodes, as shown in Fig. 1.1. We assume that both electrodes are represented by
the tight-binding models of one-dimensional lattices having a half-infinity length. Thus, the Hamiltonian of
the electrode is written as

Ĥξ = −
∑
i,j

tξ ĉ†i ĉj + µξ
∑
i

ĉ†i ĉi, (1.3)

whereξ denotes either left (L) or right (R) electrode. When we number the sites in the electrodes, as shown
in Fig. 1.1, the summation runs over the sites withi ≤ 0 (i ≥ N + 1) for theξ = L (R) electrode.tξ is the
electron transfer energy between thei- andj-th sites in theξ electrode, andµξ is the chemical potential of
electrode. In this case, the electrode is half filled with electrons because the on-site energies are equal to
the chemical potential.
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Figure 1.1: Schematic pictures of joint system of nano-scale system and half-infinite-length one-
dimensional electrodes. The transfer energies are shown by varioust’s. We adopt thex andy axes along
and perpendicular to the chain direction.
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Figure 1.2: (a) Schematic energy diagram of joint system in the equilibrium state. (b) Schematic energy
diagram of joint system in the nonequilibrium state. Electrons transfer from the left electrode to the right
electrode passing through the energy levels of the center system, as shown by arrows.

1.3 Connection to Electrode

In order to connect the electrodes to the nano-scale system, the following Hamiltonian is introduced,

Ŵ = −t′(ĉ†0ĉ1 + ĉ†1ĉ0 + ĉ†N ĉN+1 + ĉ†N+1ĉN), (1.4)

wheret′ is an electron transfer energy between the nano-scale system and electrodes. The total Hamiltonian
of the joint system is represented as follows using above Hamiltonians,

Ĥ = ĤL + ĤC + ĤR + Ŵ . (1.5)

When the joint system is in the equilibrium state, the electronic states are filled with electrons up to the
spatially uniform chemical potentialµ, as shown in Fig. 1.2(a). In this equilibrium situation, the electrons
can’t flow effectively through the nano-scale system from the left electrode to the right electrode. Thus, we
have to employ the nonequilibrium Green’s function method.
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Chapter 2

Schrödinger, Heisenberg & Interaction pictures

2.1 Schr̈odinger picture

First, we summarize the Schrödinger, Heisenberg and interaction pictures for following Hamiltonian,

Ĥ(t) = ĤL + ĤC + ĤR + Ŵ(t)

= Ĥ0 + Ŵ(t),
(2.1)

whereĤ0 ≡ ĤL + ĤC + ĤR and

Ŵ(t) ≡ Ŵ θ(t− t0) ≡

{
Ŵ for t > t0,

0 for t ≤ t0.
(2.2)

Each Hamiltonian has been already defined in Eqs. (1.1)-(1.4). In the Schrödinger picture, well-known
equation of motion

iℏ
∂|ψ(t)⟩
∂t

= Ĥ(t)|ψ(t)⟩, (2.3)

is satisfied. Here,|ψ(t)⟩ is the state vector. We write the operator in the Schödinger picture aŝO. The
expectation value of the operator⟨O(t)⟩ in the state|ψ(t)⟩ is obtained by⟨ψ(t)|Ô|ψ(t)⟩. Let consider the
time-evolution operator̂S(t, t0) in the Schr̈odinger picture, which satisfies the relation(t > t0),

|ψ(t)⟩ = Ŝ(t, t0)|ψ(t0)⟩. (2.4)

To calculate the nonequilibrium state, we need the|ψ(t)⟩. However, we know only the initial equilibrium
state|ψ(t0)⟩. Thus, we must calculate the time-evolution operatorŜ(t, t0). Inserting Eq. (2.4) to Eq. (2.3),
we obtain

iℏ
∂Ŝ(t, t0)

∂t
= Ĥ(t)Ŝ(t, t0). (2.5)

2.2 Heisenberg picture

Using the time-evolution operator, we define the operatorÔH(t) and the state vector|ψH⟩ in the Heisenberg
picture as

ÔH(t) = Ŝ†(t, t0)ÔŜ(t, t0), (2.6)

and
|ψH⟩ = |ψ(t0)⟩, (2.7)
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respectively. The expectation value is obtained as

⟨O(t)⟩ = ⟨ψH |ÔH(t)|ψH⟩. (2.8)

Using Eq. (2.4), we can confirm that the expectation value in the Schrödinger picture is equal to that in the
Heisenberg picture. The operatorÔH(t) satisfies what we call Heisenberg equation of motion,

iℏ
dÔH(t)

dt
= iℏ

d(Ŝ†(t, t0)ÔŜ(t, t0))
dt

= iℏ
dŜ†(t, t0)

dt
ÔŜ(t, t0) + iℏŜ†(t, t0)Ô

Ŝ(t, t0)

dt

= −Ŝ†(t, t0)Ĥ(t)ÔŜ(t, t0) + Ŝ†(t, t0)ÔĤ(t)Ŝ(t, t0)

= −Ŝ†(t, t0)Ĥ(t)Ŝ(t, t0)Ŝ
†(t, t0)ÔŜ(t, t0)

+ Ŝ†(t, t0)ÔŜ(t, t0)Ŝ†(t, t0)Ĥ(t)Ŝ(t, t0)

=
[
ÔH(t), ĤH(t)

]
(2.9)

2.3 Interaction picture

The operator in the interaction picturêOI(t) is related to that in the Schrödinger picture as a unitary trans-
formation

ÔI(t) = ei
Ĥ0
ℏ (t−t0)Ôe−i

Ĥ0
ℏ (t−t0). (2.10)

On the other hand, the relation between the interaction picture and the Heisenberg picture satisfies the
following equation,

ÔH(t) = Ŝ†
I(t, t0)ÔI(t)ŜI(t, t0), (2.11)

where we define the time-evolution operatorŜI(t, t0) in the interaction picture,

ŜI(t, t0) = ei
Ĥ0
ℏ (t−t0)Ŝ(t, t0). (2.12)

The state vector in the interaction picture is defined as

|ψI(t)⟩ = ei
Ĥ0
ℏ (t−t0)|ψ(t)⟩, (2.13)

because the expectation value has to be the same in any pictures. In other words, the expectation value can
be written as follows,

⟨O(t)⟩ = ⟨ψI(t)|ÔI(t)|ψI(t)⟩ = ⟨ψ(t)|Ô|ψ(t)⟩. (2.14)

We note that|ψ(t0)⟩ = |ψH⟩ = |ψI(t0)⟩. Using Eq. (2.4), we obtain the time-evolution of the state vector
in the interaction picture,

|ψI(t)⟩ = ei
Ĥ0
ℏ (t−t0)|ψ(t)⟩

= ei
Ĥ0
ℏ (t−t0)Ŝ(t, t0)|ψ(t0)⟩

= ei
Ĥ0
ℏ (t−t0)Ŝ(t, t0)|ψI(t0)⟩

= ŜI(t, t0)|ψI(t0)⟩. (2.15)
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For the practical applications it is quite important to derive an explicit formula ofŜI(t, t0) in terms ofŴI(t).
Let first derive an equation of motion for̂SI(t, t0) from Eq. (2.5) and Eq. (2.12),

iℏ
∂ŜI(t, t0)

∂t
= iℏ

[
i
Ĥ0

ℏ
ei

Ĥ0
ℏ (t−t0)Ŝ(t, t0) + ei

Ĥ0
ℏ (t−t0)

∂Ŝ(t, t0)

∂t

]
(2.16)

= −Ĥ0e
i
Ĥ0
ℏ (t−t0)Ŝ(t, t0) + ei

Ĥ0
ℏ (t−t0)Ĥ(t)Ŝ(t, t0) (2.17)

= ei
Ĥ0
ℏ (t−t0)Ŵ(t)Ŝ(t, t0) (2.18)

= ei
Ĥ0
ℏ (t−t0)Ŵ(t)e−i

Ĥ0
ℏ (t−t0)ei

Ĥ0
ℏ (t−t0)Ŝ(t, t0) (2.19)

= ŴI(t)ŜI(t, t0). (2.20)

We now convert it to an integral equation by integrating fromt0 to t and taking the initial condition
Ŝ(t0, t0) = 1,

ŜI(t, t0) = 1 +
1

iℏ

∫ t

t0

dτŴI(τ)ŜI(τ, t0). (2.21)

Successive iterative substitution yields

ŜI(t, t0) = 1 +
1

iℏ

∫ t

t0

dτ1ŴI(τ) +
1

2!

( 1

iℏ

)2
∫ t

t0

dτ1

∫ t

t0

dτ2T[ŴI(τ1)ŴI(τ2)] + · · ·

=
+∞∑
n=0

1

n!

(−i
ℏ

)n ∫ t

t′
dτ1 · · ·

∫ t

t′
dτn T [ŴI(τ1) · · · ŴI(τn)]

= T exp
[
− i

ℏ

∫ t

t0

dτŴI(τ)
]
,

(2.22)

where T is the time-ordering operator. The Hermitian conjugate ofŜI(t, t0) is written as

Ŝ†
I(t, t0) = ŜI(t0, t) = T̃ exp

[ i
ℏ

∫ t

t′
dτŴI(τ)

]
, (2.23)

whereT̃ represents thẽT-product operator, which arranges the time-dependent operators in inverse chrono-
logical order.
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Chapter 3

Nonequilibrium Green’s Function

3.1 Expectation value in mixed state

So far we have considered the expectation value in the pure state. In order to calculate the expectation value
in the mixed state, the statistical (density) operatorρ̂(t) is introduced,

ρ̂(t) =
∑
n

Pn|ψn(t)⟩⟨ψn(t)|, (3.1)

wherePn is the statistical probability that the system is to be in state|ψn(t)⟩. We can relatêρ(t) to initial
density operator̂ρ(t0) in terms ofŜ,

ρ̂(t) =
∑
n

PnŜ(t, t0)|ψn(t0)⟩⟨ψn(t0)|Ŝ†(t, t0) = Ŝ(t, t0)ρ̂(t0)Ŝ
†(t, t0). (3.2)

By use ofρ̂(t) we can calculate the expectation value⟨O(t)⟩ in the statistical ensemble,

⟨O(t)⟩ ≡
∑
n

Pn⟨ψn(t)|Ô(t)|ψn(t)⟩ (3.3)

= Tr[ρ̂(t)Ô]

= Tr[Ŝ(t, t0)ρ̂(t0)Ŝ
†(t, t0)Ô]

= Tr[ρ̂(t0)Ŝ
†(t, t0)ÔŜ(t, t0)]

= Tr[ρ̂(t0)ÔH(t)] (3.4)

= ⟨ÔH(t)⟩0, (3.5)

where Tr[X̂Ŷ ] = Tr[Ŷ X̂] is applied and⟨· · · ⟩0 ≡ Tr[ρ̂(t0) · · · ]. For the practical purpose, it is convenient
to write it in the interaction picture with aid of Eq. (2.11),

⟨O(t)⟩ = ⟨Ŝ†
I(t, t0)ÔI(t)ŜI(t, t0)⟩0 (3.6)

= ⟨(ŜI(t,+∞)ŜI(+∞, t0))
†ÔI(t)ŜI(t, t0)⟩0 (3.7)

= ⟨ŜI(t0,+∞)ŜI(+∞, t)ÔI(t)ŜI(t, t0)⟩0, (3.8)

whereŜI(t, t0) = ŜI(t,+∞)ŜI(+∞, t0) is used.

3.2 Path-ordered Green’s function

The equation (3.8) shows that the initial equilibrium state develops to the nonequilibrium state under the
operatorŜI(t, t0), and then the physical quantityO(t) is observed at timet , after that, the state develops
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Figure 3.1: Schematic picture of the time loop. the time loop consists of the chronological-order path (-
branch) and the inverse-chronological-order path (+ branch).

from timet to time+∞. Finally, the state returns from time+∞ to timet0 under theŜI(t0,+∞). Thus, the
time-evolution path consists of the chronological-order path (- branch) and the inverse-chronological-order
path (+ branch). This path is called as the time loop. The time loop is shown in Fig. 3.1.

When we calculate Eq. (3.8) concretely, we need to expand the time-evolution operatorsŜI by using
Eq. (2.22) and Eq. (2.23).

⟨O(t)⟩ =
+∞∑
n=0

+∞∑
m=0

1

n!

( i
ℏ

)n 1

m!

(−i
ℏ

)m
∫ +∞

t0

dτ ′1 · · ·
∫ +∞

t0

dτ ′n

∫ +∞

t0

dτ1 · · ·
∫ +∞

t0

dτm

⟨T̃[ŴI(τ
′
1) · · · ŴI(τ

′
n)] T[ŴI(τ1) · · · ŴI(τm)ÔI(t)]⟩0.

(3.9)

We can obtain the statistical averages⟨O(t)⟩ by solving the Eq. (3.9). For example, when the operatorÔ is
the electron number ati-th site, we set̂O asĉ†i ĉi. The statistical average⟨· · · ⟩0 in Eq. (3.9) is resolved into
the products of the pair-correlation functions such as⟨ĉ†Ii(τ1)ĉIj(τ2)⟩0 when we apply the Wick’s theorem
to the statistical average. The pair-correlation functions are classified into four types dependent on whether
the operator is in the+ branch or in the− branch of the time loop. The four nonequilibrium Green functions
are defined as follows,

iℏ G−−
ij (t1, t2) ≡ ⟨T[ĉHi(t1)ĉ

†
Hj(t2)]⟩, (3.10)

iℏ G++
ij (t1, t2) ≡ ⟨T̃[ĉHi(t1)ĉ

†
Hj(t2)]⟩, (3.11)

iℏ G+−
ij (t1, t2) ≡ ⟨ĉHi(t1)ĉ

†
Hj(t2)⟩, (3.12)

iℏ G−+
ij (t1, t2) ≡ −⟨ĉ†Hj(t2)ĉHi(t1)⟩. (3.13)

HereĉHi andĉ†Hi represent the annihilation and creation operators of electron ati-th site in the Heisenberg
picture, respectively. In the case ofGss′

ij (t1, t2), the operator̂cHi(t1)(ĉ
†
Hj(t2)) is in s(s′) branch of the time

loop. For convenience, we introduce the retarded Green functionsGr
ij and the advanced Green functions

Ga
ij,

iℏ Gr
ij(t1, t2) ≡ ⟨ĉHi(t1)ĉ

†
Hj(t2) + ĉ†Hj(t2)ĉHi(t1)⟩θ(t1 − t2), (3.14)

iℏ Ga
ij(t1, t2) ≡ −⟨ĉHi(t1)ĉ

†
Hj(t2) + ĉ†Hj(t2)ĉHi(t1)⟩θ(t2 − t1). (3.15)
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We readily have the following useful relations:

G−−
ij (t1, t2) +G++

ij (t1, t2) = G−+
ij (t1, t2) +G+−

ij (t1, t2), (3.16)

Gr
ij(t1, t2) = G−−

ij (t1, t2)−G−+
ij (t1, t2), (3.17)

= G+−
ij (t1, t2)−G++

ij (t1, t2), (3.18)

Ga
ij(t1, t2) = G−−

ij (t1, t2)−G+−
ij (t1, t2), (3.19)

= G−+
ij (t1, t2)−G++

ij (t1, t2), (3.20)

G−−
ij (t1, t2) = −(G++

ji (t2, t1))
∗, (3.21)

G−+
ij (t1, t2) = −(G−+

ji (t2, t1))
∗, (3.22)

G+−
ij (t1, t2) = −(G+−

ji (t2, t1))
∗, (3.23)

Ga
ij(t1, t2) = (Gr

ji(t2, t1))
∗, (3.24)

where(· · · )∗ means the complex conjugate.

3.3 Dyson equation

Our aim in this section is to obtain the equation of motion for the Green functions. First, we differentiate
Green functionsGss′

ij (t1, t2) with respect to the timet1,

iℏ
∂

∂t1
G−−

ij (t1, t2) = −
∑
m

timG
−−
mj (t1, t2)

− t′(t1){δi0G−−
1j (t1, t2) + δi1G

−−
0j (t1, t2)}

− t′(t1){δiNG−−
N+1,j(t1, t2) + δi,N+1G

−−
0j (t1, t2)}

+ δijδ(t1 − t2),

(3.25)

iℏ
∂

∂t1
G++

ij (t1, t2) = −
∑
m

timG
++
mj (t1, t2)

− t′(t1){δi0G++
1j (t1, t2) + δi1G

++
0j (t1, t2)}

− t′(t1){δiNG++
N+1,j(t1, t2) + δi,N+1G

++
0j (t1, t2)}

− δijδ(t1 − t2),

(3.26)

iℏ
∂

∂t1
G−+

ij (t1, t2) = −
∑
m

timG
−+
mj (t1, t2)

− t′(t1){δi0G−+
1j (t1, t2) + δi1G

−+
0j (t1, t2)}

− t′(t1){δiNG−+
N+1,j(t1, t2) + δi,N+1G

−+
0j (t1, t2)},

(3.27)

iℏ
∂

∂t1
G+−

ij (t1, t2) = −
∑
m

timG
+−
mj (t1, t2)

− t′(t1){δi0G+−
1j (t1, t2) + δi1G

+−
0j (t1, t2)}

− t′(t1){δiNG+−
N+1,j(t1, t2) + δi,N+1G

+−
0j (t1, t2)},

(3.28)
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where we have used the Heisenberg equation,

iℏ
∂

∂t1
ĉHi(t1) = [ĉHi(t1), Ĥ(t1)]

= −
∑
m

timĉHm(t1)− t′(t1)(δi0ĉH1(t1) + δi1ĉH0(t1))

− t′(t1)(δiN ĉHN+1(t1) + δi,N+1ĉHN(t1)). (3.29)

Here, we definet′(t) ast′ · θ(t− t0). If the electrodes are connected to the nano-scale system att0 = −∞,
we can suppose that the joint system has reached the steady state at any timet. Under the steady state, the
Green functionG(t1, t2) depend on only time difference betweent1 andt2. We define the Fourier transform,

G(τ) =
1

2πℏ

∫ +∞

−∞
dE G(E)e−iEℏ τ , (3.30)

whereτ ≡ t1 − t2. When the Fourier transform is applied to Eqs. (3.25)-(3.28), we obtain the following
equations,

EG−−
ij (E) = −

∑
m

timG
−−
mj (E)

− t′{δi0G−−
1j (E) + δi1G

−−
0j (E)}

− t′{δiNG−−
N+1,j(E) + δi,N+1G

−−
0j (E)}

+ δij,

(3.31)

EG++
ij (E) = −

∑
m

timG
++
mj (E)

− t′{δi0G++
1j (E) + δi1G

++
0j (E)}

− t′{δiNG++
N+1,j(E) + δi,N+1G

++
0j (E)}

− δij,

(3.32)

EG−+
ij (E) = −

∑
m

timG
−+
mj (E)

− t′{δi0G−+
1j (E) + δi1G

−+
0j (E)}

− t′{δiNG−+
N+1,j(E) + δi,N+1G

−+
0j (E)},

(3.33)

EG+−
ij (E) = −

∑
m

timG
+−
mj (E)

− t′{δi0G+−
1j (E) + δi1G

+−
0j (E)}

− t′{δiNG+−
N+1,j(E) + δi,N+1G

+−
0j (E)}.

(3.34)

The matrix Green function is defined as

Gij(E) ≡
[
G−−

ij (E) G−+
ij (E)

G+−
ij (E) G++

ij (E)

]
. (3.35)

Using the matrix Green functions, we rewrite the equations (3.31)-(3.34) as follows,∑
m

{Eδim − (−tim)}Gmj(E)−
∑
m

ΣimGmj(E) = δijτz, (3.36)

where
Σim ≡ −t′{δi0δm1 + δi1δm0} − t′{δiNδmN+1 + δiN+1δmN}, (3.37)
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and

τz ≡
[
1 0
0 −1

]
. (3.38)

When the perturbation term̂W becomes zero, we rewrite the Green functionsG(E) to the nonperturbative
Green functionsg(E). Thus, we obtain the following equation from Eq. (3.36),∑

m

g−1
im (E)gmj(E) = δijτz, (3.39)

whereg−1
im (E) is defined as

g−1
im (E) ≡ Eδim − (−tim). (3.40)

Using Eq. (3.40), the equation (3.36) is rewritten as∑
m

g−1
im (E)Gmj(E)−

∑
m

ΣimGmj(E) = δijτz. (3.41)

Then we use the relationτzτz = 1, and we have∑
m

g−1
im (E)Gmj(E)−

∑
m

τzΣimGmj(E) = δijτz, (3.42)

whereΣim called the matrix self-energy is defined as follows,

Σim ≡
[
Σ−−

im Σ−+
im

Σ+−
im Σ++

im

]
≡ τzΣim =

[
Σim 0
0 −Σim

]
. (3.43)

Furthermore, equation (3.42) is rewritten as∑
m

g−1
im (E)Gmj(E)−

∑
lm

τzδilΣlmGmj(E) = δijτz, (3.44)

where we have used the relationΣim =
∑

l δilΣlm. Inserting Eq. (3.39) to Eq. (3.44), we obtain∑
n

g−1
in (E)

{
Gnj(E)−

∑
lm

gnl(E)ΣlmGmj(E)
}
=

∑
n

g−1
in (E)gnj(E). (3.45)

Thus we yield the equation of motion for the nonequilibrium Green functions

Gij(E) = gij(E) +
∑
lm

gil(E)ΣlmGmj(E), (3.46)

where

Gij(E) ≡
[
G−−

ij (E) G−+
ij (E)

G+−
ij (E) G++

ij (E)

]
, (3.47)

gij(E) ≡
[
g−−
ij (E) g−+

ij (E)
g+−
ij (E) g++

ij (E)

]
, (3.48)

Σlm ≡
[
Σ−−

lm 0
0 Σ++

lm

]
. (3.49)

As you know, Equation (3.16) shows that the four Green functions,G−−,G++,G−+, andG+−, are not
independent each other. Thus, we can transform the four Green functions into the three Green functions,
Ga,Gr, andGk with aid of the transform matrixP,

P ≡ 1√
2

[
1 1
−1 1

]
. (3.50)
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We introduce the Keldysh Green function,Gk, which is defined as

Gk
ij(E) ≡ G−−

ij (E) +G++
ij (E). (3.51)

Actually, using Eq. (3.50), the matrix Green functionGij is transformed as follows,

P−1GijP =
1

2

[
G−−

ij −G+−
ij −G−+

ij +G++
ij G−−

ij −G+−
ij +G−+

ij −G++
ij

G−−
ij +G+−

ij −G−+
ij −G++

ij G−−
ij +G+−

ij +G−+
ij +G++

ij

]
=

[
0 Ga

ij

Gr
ij Gk

ij

]
,

(3.52)

where we have used the equations (3.16)-(3.20). The matrix self-energy is transformed similarly,

P−1ΣijP =
1

2

[
Σ−−

ij + Σ++
ij Σ−−

ij − Σ++
ij

Σ−−
ij − Σ++

ij Σ−−
ij + Σ++

ij

]
=

[
0 Σr

ij

Σa
ij 0

]
,

(3.53)

where the retarded self-energy and the advanced self-energy are defined respectively as follows,

Σr
ij ≡

1

2
(Σ−−

ij − Σ++
ij ), (3.54)

Σa
ij ≡

1

2
(Σ−−

ij − Σ++
ij ). (3.55)

Using Eqs. (3.52) and (3.53), the transformed equation of motion forGij is written as

P−1GijP = P−1gijP+
∑
lm

P−1gilPP−1ΣlmPP−1GmjP, (3.56)[
0 Ga

ij

Gr
ij Gk

ij

]
=

[
0 gaij
grij gkij

]
+
∑
lm

[
0 gail
gril gkil

] [
0 Σr

lm

Σa
lm 0

] [
0 Ga

mj

Gr
mj Gk

mj

]
. (3.57)

As a result, we obtain the following equation of motion for the nonequilibrium Green functions,

Ga
ij(E) = gaij(E) +

∑
lm

gail(E)Σ
a
lmG

a
mj(E), (3.58)

Gr
ij(E) = grij(E) +

∑
lm

gril(E)Σ
r
lmG

r
mj(E), (3.59)

Gk
ij(E) = gkij(E) +

∑
lm

{
gril(E)Σ

r
lmG

k
mj(E) + gkil(E)Σ

a
lmG

a
mj(E)

}
. (3.60)
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We introduce the following Green functions and self-energies of the matrix form,

Ga =



. ..
...

...
...

...
.. .

· · · Ga
00 Ga

01 · · · Ga
0N Ga

0 N+1 · · ·
· · · Ga

10 Ga
11 · · · Ga

1N Ga
1 N+1 · · ·

...
...

. ..
...

...
· · · Ga

N0 Ga
N1 · · · Ga

NN Ga
N N+1 · · ·

· · · Ga
N+1 0 Ga

N+1 1 · · · Ga
N+1 N Ga

N+1 N+1 · · ·
. ..

...
...

...
...

.. .


, (3.61)

ga =



. ..
...

...
...

...
.. .

· · · ga00 0 · · · 0 0 · · ·
· · · 0 ga11 · · · ga1N 0 · · ·

...
...

.. .
...

...
· · · 0 gaN1 · · · gaNN 0 · · ·
· · · 0 0 · · · 0 gaN+1 N+1 · · ·
. ..

...
...

...
...

.. .


, (3.62)

Σa =



. ..
...

...
...

...
. . .

· · · 0 −t′ · · · 0 0 · · ·
· · · −t′ 0 · · · 0 0 · · ·

...
...

. ..
...

...
· · · 0 0 · · · 0 −t′ · · ·
· · · 0 0 · · · −t′ 0 · · ·
. ..

...
...

...
...

. . .


. (3.63)

The matrix forms of the other Green functions and self-energies are similarly introduced, and then we can
rewrite the Dyson equations as follows,

Ga = ga + gaΣaGa, (3.64)

Gr = gr + grΣrGr, (3.65)

Gk = gk + grΣrGk + gkΣaGa. (3.66)
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Chapter 4

Electronic Current Formulation

In this chapter, we express the electronic current using the Green’s functions.

4.1 Equation of electronic current

We consider the electronic current through thei-th site as shown in Fig. 4.1. We assume that the electronic
current between(i− 1)-th site andi-th site is represented bŷIl. Similarly, the current betweeni-th site and
(i + 1)-th site is written byÎr. We write the continuity equation aroundi-th site under the tight-binding
approximation,

ÎrH(t)− ÎlH(t) = −∂ρ̂Hi(t)

∂t
, (4.1)

where the electron charge ati-th site is written as

ρ̂Hi(t) = −eĉ†Hi(t)ĉHi(t). (4.2)

The electronic current betweeni-th site and(i + 1)-th site is the difference between the flow of electrons
from left to right and right to left. We thus expect the current operatorÎr of the form

ÎrH(t) = Ai+1,iĉ
†
Hi+1(t)ĉHi(t)− Ai,i+1ĉ

†
Hi(t)ĉHi+1(t). (4.3)

The electronic current operatorÎl between(i− 1)-th site andi-th site is similarly written,

ÎlH(t) = Ai,i−1ĉ
†
Hi(t)ĉHi−1(t)− Ai−1,iĉ

†
Hi−1(t)ĉHi(t). (4.4)

Using the Heisenberg equation, we find

∂ρ̂Hi(t)

∂t
=

1

iℏ
[ρ̂Hi(t), ĤH(t)] (4.5)

=
1

iℏ

{
ρ̂Hi(t)ĤH(t)− ĤH(t)ρ̂Hi(t)

}
(4.6)

=
e

iℏ

{∑
m

timĉ
†
Hi(t)ĉHm(t)−

∑
l

tliĉ
†
Hl(t)ĉHi(t)

}
(4.7)

i

i+1i-1

Figure 4.1: Schematic picture of the system.
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As shown in Fig. 4.1,i-th site is connected to only both(i − 1)-th site and(i + 1)-th site. Therefore, we
have

∂ρ̂Hi(t)

∂t
=

e

iℏ

{
ti,i−1ĉ

†
Hi(t)ĉHi−1(t) + ti,i+1ĉ

†
Hi(t)ĉHi+1(t)

−ti−1,iĉ
†
Hi−1(t)ĉHi(t)− ti+1,iĉ

†
Hi+1(t)ĉHi(t)

}
.

(4.8)

A comparison of equations (4.1) and (4.8) yields

Alm =
e

iℏ
tlm. (4.9)

When we assumetlm = tml, the electronic current is written as follows

⟨Ir(t)⟩ =
e

iℏ
ti,i+1⟨ĉ†Hi+1(t)ĉHi(t)− ĉ†Hi(t)ĉHi+1(t)⟩ (4.10)

= eti,i+1{G−+
i+1,i(t, t)−G−+

i,i+1(t, t)}, (4.11)

where Eq. (3.13) has been used. In a steady state, using the Fourier transform (3.30), we have

⟨Ir⟩ =
eti,i+1

2πℏ

∫ +∞

−∞
dE

{
G−+

i+1,i(E)−G−+
i,i+1(E)

}
(4.12)

=
e

2h
ti,i+1

∫ +∞

−∞
dE

{
Gk

i+1,i(E)−Gk
i,i+1(E)

}
. (4.13)

Here, to obtain Eq. (4.13) we have used the following relations,

G−+
ij =

1

2
(−Gr

ij +Ga
ij +Gk

ij). (4.14)

In case of the joint system shown in Fig. 1.1, the electronic current can be written using the Green’s func-
tions, as follows,

⟨I⟩ = e

2h
t′
∫ +∞

−∞
dE

{
Gk

10(E)−Gk
01(E)

}
. (4.15)

Similarly, we can obtain the electron number density ati-th site,

⟨ni⟩ = −e⟨ĉ†i ĉi⟩ (4.16)

=
e

2π

∫ +∞

−∞
dEG−+

ii (E) (4.17)

=
e

4π

∫ +∞

−∞
dE(−Gr

ii(E) +Ga
ij(E) +Gk

ij(E)). (4.18)

4.2 Green’s functions for the isolated systems

In this section, we produce the Green’s functionsg(E) of the isolated electrodes and the nano-scale system.

4.2.1 Green’s functions for the isolated electrodes

We assume that both source and drain electrodes are represented by the tight-binding models of one-
dimensional lattices having a half-infinity length as shown in Fig. 4.2(a). The Hamiltonian of an electrode
is written as follows,

ĤL = −
∑
ij≤0

tLĉ†i ĉj. (4.19)
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0-1-2

tL

(a)

0-1-2

tL

(b)

21

0-1-2

tL

(c)

21

Figure 4.2: (a) One-dimensional lattices having a half-infinity length under the tight-binding approximation.
(b) Infinite length one-dimensional lattice. (c) Half-infinite-length one-dimensional lattices produced by
removing the electron transfer between0-th site and1-st site.

To produce the half-infinity length one-dimensional lattice, we remove the transfer between0-th site and
1-st site from the infinite length one-dimensional lattice. The situation is shown in Figs. 4.2(b) and 4.2(c).
Therefore, we rewrite the Hamiltonian of the electrode as follows,

ĤL = ĤL
0 + ĤL

1 , (4.20)

where

ĤL
0 = −

∑
ij

tLĉ†i ĉj, (4.21)

ĤL
1 = +tL(ĉ†0ĉ1 + ĉ†1ĉ0). (4.22)

HL
0 represents the Hamiltonian of the infinite length one-dimensional lattice. In the previous chapter, we

have already obtained the Dyson equations (3.58)-(3.60) from the Hamiltonian (2.1). In the similar way
with this process, we obtain the following Dyson equations from the Hamiltonian (4.20),

gaij(E) = g0aij (E) +
∑
lm

g0ail (E)σ
a
lmg

a
mj(E), (4.23)

grij(E) = g0rij (E) +
∑
lm

g0ril (E)σ
r
lmg

r
mj(E), (4.24)

gkij(E) = g0kij (E) +
∑
lm

{
g0ril (E)σ

r
lmg

k
mj(E) + g0kil (E)σ

a
lmg

a
mj(E)

}
, (4.25)

where the self-energies are defined as

σa
lm = σr

lm = tL(δl0δm1 + δl1δm0). (4.26)

Heregij(E) andg0ij(E) are the Green’s functions for the half-infinite length electrode and the infinite length
one-dimensional lattice, respectively. Inserting Eq. (4.26) to Eq. (4.23), we obtain

gaij(E) = g0aij (E) + tL
∑
lm

g0ail (E)(δl0δm1 + δl1δm0)g
a
mj(E)

= g0aij (E) + tLg0ai0 (E)g
a
1j(E) + tLg0ai1 (E)g

a
0j(E).

(4.27)
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Both i andj are zero or less, becausegaij is the Green’s function of the left-side half infinite length one-
dimensional lattice shown in Fig. 4.2(c). Thus, the Green functionga1j becomes zero, because electrons in
the left-side lattice can not transfer to the right-side lattice. Thus, we yield following equation from Eq.
(4.27),

gaij(E) = g0aij (E) + tLg0ai1 (E)g
a
0j(E). (4.28)

Wheni = 0, we obtain the Green’s functionga0j as follows,

ga0j(E) =
g0a0j(E)

1− tLg0a01(E)
. (4.29)

Inserting Eq. (4.29) to Eq. (4.28), we have advanced Green’s functions for electrodes,

gaij(E) = g0aij (E) + tL
g0ai1 (E)g

0a
0j (E)

1− tLg0a01(E)
. (4.30)

In the same way, we obtain the retarded Green’s functions,

grij(E) = g0rij (E) + tL
g0ri1 (E)g

0r
0j (E)

1− tLg0r01(E)
. (4.31)

The Green’s functions for the infinite length one-dimensional latticeg0aij (g0rij ) are necessary to calculate the
Green functionsgaij(g

r
ij).

The Green’s functiong0−−
ij (t1, t2) for the infinite length one-dimensional lattice is defined as

g0−−
ij (t1, t2) =

1

iℏ
⟨T[ĉHi(t1)ĉ

†
Hj(t2)]⟩

=
1

iℏ

{
⟨ĉHi(t1)ĉ

†
Hj(t2)⟩θ(t1 − t2)− ⟨ĉ†Hj(t2)ĉHi(t1)⟩θ(t2 − t1)

}
,

(4.32)

whereĉHi(t) = exp [− ĤL
0

iℏ t]ĉi exp [
ĤL

0

iℏ t]. When there is no interaction between electrons in the periodic
system, we can develop the operatorĉi in the plane wave,

ĉHi(t) = exp
[
−ĤL

0

iℏ
t
]
ĉi exp

[
+
ĤL

0

iℏ
t
]

(4.33)

=
1√
N

∑
k

exp [ik · (ia)] exp
[
−ĤL

0

iℏ
t
]
ĉk exp

[
+
ĤL

0

iℏ
t
]
, (4.34)

wherek is the wavevector and̂ck represents the annihilation operator of an electron with a wavevectork.
Here we put the distance between nearest neighbor sites witha. Applying the operator̂cHi(t) to the state
|I⟩, we obtain

ĉHi(t)|I⟩ =
1√
N

∑
k

exp [ik · (ia)] exp
[
−ĤL

0

iℏ
t
]
ĉk exp

[
+
ĤL

0

iℏ
t
]
|I⟩, (4.35)

=
1√
N

∑
k

exp [ik · (ia)] exp
[
−ĤL

0

iℏ
t
]
ĉk exp

[
+
EL
0I

iℏ
t
]
|I⟩, (4.36)

=
1√
N

∑
k

exp [ik · (ia)] exp
[
−EL

0F

iℏ
t
]
exp

[
+
EL
0I

iℏ
t
]
|F ⟩, (4.37)

=
1√
N

∑
k

exp [ik · (ia)] exp
[
+
EL
0I − EL

0F

iℏ
t
]
ĉk|I⟩, (4.38)

17



where we have defined|F ⟩ = ĉk|I⟩. EL
0I andEL

0F are represent the eigenenergies ofĤL
0 for the states|I⟩ and

|F ⟩, respectively. The energy differenceEL
0I−EL

0F corresponds to the energy of an electron with wavevector
k, thus we define

Ek ≡ EL
0I − EL

0F . (4.39)

Therefore, we have the following equation,

ĉHi(t1) =
1√
N

∑
k

exp [ik · (ia)] exp
[
−iEk

ℏ
t1

]
ĉk, (4.40)

ĉ†Hj(t2) =
1√
N

∑
k

exp [−ik · (ja)] exp
[
+i

Ek
ℏ
t2

]
ĉ†k. (4.41)

Inserting Eqs. (4.40) and (4.41) to Eq. (4.32), the Green functiong0−−
ij (t1, t2) is rewritten as

g0−−
ij (t1, t2) =

1

iℏ
1

N

{∑
kk′

⟨ĉkĉ†k′⟩e
ik(ia)−i

Ek
ℏ t1e−ik′(ja)+i

Ek′
ℏ t2θ(t1 − t2)

−
∑
kk′

⟨ĉ†k′ ĉk⟩e
−ik′(ja)+i

Ek′
ℏ t2eik(ia)−i

Ek
ℏ t1θ(t2 − t1)

}
.

(4.42)

To calculate the pair-correlation functions, we introduce the Fermi distribution functionfk.

⟨ĉ†k′ ĉk⟩ = δkk′fk, (4.43)

⟨ĉkĉ†k′⟩ = ⟨δkk′ − ĉ†k′ ĉk⟩ = δkk′ − ⟨ĉ†k′ ĉk⟩ = δkk′(1− fk). (4.44)

Using Eqs. (4.43) and (4.44), we have

g0−−
ij (t1, t2) =

1

iℏ
1

N

{∑
k

eik(i−j)ae−i
Ek
ℏ (t1−t2)(1− fk)θ(t1 − t2)

−
∑
k

eik(i−j)ae−i
Ek
ℏ (t1−t2)fkθ(t2 − t1)

}
.

(4.45)

This equation depends on only time deferenceτ ≡ (t1 − t2). Therefore we obtain the following equation
by performing the Fourier transform,

g0−−
ij (E) =

∫ +∞

−∞
dτ g0−−

ij (τ)e+iEℏ τ

=
1

iℏ
1

N

{∑
k

eik(i−j)a(1− fk)

∫ +∞

0

dτ ei
E−Ek

ℏ τ

−
∑
k

eik(i−j)afk

∫ 0

−∞
dτ ei

E−Ek
ℏ τ

}
=

1

iℏ
1

N

{∑
k

eik(i−j)a(1− fk)

[
ei(

E−Ek
ℏ +iδ)τ

i(E−Ek
ℏ + iδ)

]τ=+∞

τ=0

−
∑
k

eik(i−j)afk

[
ei(

E−Ek
ℏ −iδ)τ

i(E−Ek
ℏ − iδ)

]τ=0

τ=−∞

}

=
1

N

∑
k

eik(i−j)a

{
1− fk

E − Ek + iδ
+

fk
E − Ek − iδ

}
. (4.46)
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We have the other Green’s functions similarly,

g0++
ij (E) =

1

N

∑
k

eik(i−j)a

{
−1 + fk

E − Ek + iδ
+

−fk
E − Ek − iδ

}
, (4.47)

g0+−
ij (E) =

1

iℏ
1

N

∑
k

eik(i−j)a(1− fk)2πδ(Ek − E), (4.48)

g0−+
ij (E) = − 1

iℏ
1

N

∑
k

eik(i−j)afk2πδ(Ek − E). (4.49)

Using Eqs. (4.46)-(4.49), we obtain the Green’s functionsg0rij (E), g
0a
ij (E), andg0kij (E), as follows,

g0rij (E) = g0−−
ij (E)− g0−+

ij (E) (4.50)

=
1

N

∑
k

eik(i−j)a

E − Ek + iδ
, (4.51)

g0aij (E) = g0−−
ij (E)− g0+−

ij (E) (4.52)

=
1

N

∑
k

eik(i−j)a

E − Ek − iδ
, (4.53)

g0kij (E) = g0−+
ij (E) + g0+−

ij (E) (4.54)

= (1− 2f(E))(g0rij (E)− g0aij (E)), (4.55)

where the relation 1
x−iδ

= P1
x
+ iπδ(x) has been used. Note that the electron distribution functionf(E)

is included in only the Keldysh Green’s function. BecauseEk is the eigenenergy of the infinite length
one-dimensional lattice,Ek is written as

Ek = −2tL cos ka. (4.56)

Thus, we obtain the following retarded Green’s functiong0rij (E),

g0rij (E) =
1

N

∑
k

eik(i−j)a

E + 2tL cos ka+ iδ
(4.57)

=
1

N

Na

2π

∫ +π
a

−π
a

dk
eik(i−j)a

E + 2tL cos ka+ iδ
. (4.58)

The Green’s functiong0rij depends on only site differencem ≡ i− j. We can rewrite Eq. (4.58) as follows,

g0r|m|(E) =
a

2π

∫ +π
a

−π
a

dk
eik|m|a

E + 2tL cos ka+ iδ
(4.59)

=
1

2π

∫ +π

−π

dθ
(eiθ)|m|

E + 2tL cos θ + iδ
(θ = ka) (4.60)

=
1

2π

∮
|z|=1

dz
1

iz

z|m|

E + tL(z + z−1) + iδ
(z = eiθ) (4.61)

=
1

2πi

∮
|z|=1

dz
z|m|

tL{z2 − E+iδ
tL

z + 1}
. (4.62)

The integrand has the following poles.

zpole =
E ±

√
E2 − 4(tL)2 + iδ ·

(
1± E

√
E2−4(tL)2

E2−4(tL)2

)
2tL

(4.63)

19



Using the residue theorem, the Green’s functiong0r|m| is obtained as follows.

• For−2tL < E < 2tL,

we have

g0r|m|(E) = − i√
4(tL)2 − E2

(
E − i

√
4(tL)2 − E2

2tL

)|m|

. (4.64)

In the same way, we have

g0a|m|(E) = +
i√

4(tL)2 − E2

(
E + i

√
4(tL)2 − E2

2tL

)|m|

. (4.65)

The absolute values of Green’s functions,|g0r|m|| and |g0a|m||, are independent of the distance|m|. It
means that electrons in the energy band of the one-dimensional lattice can propagate without damp-
ing.

• ForE < −2tL,

we have following form,

g0r|m|(E) = − 1√
E2 − 4(tL)2

(
E +

√
E2 − 4(tL)2

2tL

)|m|

, (4.66)

g0a|m|(E) = − 1√
E2 − 4(tL)2

(
E +

√
E2 − 4(tL)2

2tL

)|m|

. (4.67)

• ForE > 2tL,

we have following form,

g0r|m|(E) =
1√

E2 − 4(tL)2

(
E −

√
E2 − 4(tL)2

2tL

)|m|

, (4.68)

g0a|m|(E) =
1√

E2 − 4(tL)2

(
E −

√
E2 − 4(tL)2

2tL

)|m|

. (4.69)

When electrons are in the outside of the energy band of the one-dimensional lattice, the absolute
values of Green’s functions,|g0r|m|| and|g0a|m||, decrease proportional to the distance|m|. It means that
electrons can not propagate without damping.

Inserting Eqs. (4.64)-(4.69) to Eqs. (4.30) and (4.31), we can obtain the Green’s functions for electrodes.
Especially, the Green’s function at the edge (0-th site) of the electrode is written as

ga00(E) =
g0a|0|(E)

1− tLg0a|1|(E)
=



2

E+
√

E2−4(tL)2
for E > 2tL,

E+i
√

4(tL)2−E2

2(tL)2
for − 2tL < E < 2tL,

2

E−
√

E2−4(tL)2
for E < −2tL.

(4.70)
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4.2.2 Green’s functions for the isolated nano-scale system

The statistical average of operatorÔ is given by Eq. (3.4),

⟨O(t)⟩ = Tr[ρ̂(t0)ÔH(t)] (4.71)

=
∑
lm

⟨N, l|ρ̂(t0)|N,m⟩⟨N,m|ÔH(t)|N, l⟩ (4.72)

=
∑
l

⟨N, l|ρ̂(t0)|N, l⟩⟨N, l|ÔH(t)|N, l⟩. (4.73)

Here,|N, l⟩ is theN -electron eigenstate of the Hamiltonian̂HC and has the eigenenergyEl. To obtain the
Green’s functiong−−

ij (E), we calculate(ρ(t0))ll ≡ ⟨N, l|ρ̂(t0)|N, l⟩ and(g−−
ij (t1, t2))ll ≡ ⟨N, l|T[ĉHiĉ

†
Hj]|N, l⟩,

and then we obtain the Green’s function by using Eq. (4.73). The density matrix is obtained as follows,

(ρ̂(t0))ll ≡ ⟨N, l|ρ̂(t0)|N, l⟩ (4.74)

=
⟨N, l|e−β(ĤC−µCN̂C)|N, l⟩

Tr[e−β(ĤC−µCN̂C)]
, (4.75)

whereµC is the Fermi energy of the isolated nano-scale system. Then, we obtain(g−−
ij (t1, t2))ll as follows,

iℏ(g−−
ij (t1, t2))ll ≡ ⟨N, l|T[ĉHi(t1)ĉ

†
Hj(t2)]|N, l⟩

=
∑
m

{
⟨N, l|ĉHi(t1)|N + 1,m⟩⟨N + 1,m|ĉ†Hj(t2)|N, l⟩θ(t1 − t2)

− ⟨N, l|ĉ†Hj(t2)|N − 1,m⟩⟨N − 1,m|ĉHi(t1)|N, l⟩θ(t2 − t1)
}
.

(4.76)

Using the relation̂cHi(t1) = exp
[
+ i Ĥ

C

ℏ t1
]
ĉHi exp

[
− i Ĥ

C

ℏ t1
]
, equation (4.76) is rewritten as follows,

iℏ(g−−
ij (τ))ll =

∑
m

{
e+i

El−Em
ℏ τ ⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩θ(τ)

− e−i
El−Em

ℏ τ ⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩θ(−τ)
}
,

(4.77)

whereτ = t1 − t2. We perform the Fourier transform for Eq. (4.77) and obtain,

iℏ(g−−
ij (E))ll =

∑
m

∫ +∞

−∞
dτei

E
ℏ τ
{
e+i

El−Em
ℏ τ ⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩θ(τ)

− e−i
El−Em

ℏ τ ⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩θ(−τ)
}

=
∑
m

{∫ +∞

0

dτe+i
E+El−Em

ℏ τ−δτ ⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩

−
∫ 0

−∞
dτe+i

E−El+Em
ℏ τ+δτ ⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

}
.

(4.78)

Carrying out the integration, we have

(g−−
ij (E))ll =

∑
m

{⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩
E + El − Em + iδ

+
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em − iδ

}
.

(4.79)

21



Other functions are obtained similarly,

(g++
ij (E))ll = −

∑
m

{⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩
E + El − Em − iδ

+
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em + iδ

}
,

(4.80)

(g+−
ij (E))ll = −i

∑
m

2πδ(E + El − Em)⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩, (4.81)

(g−+
ij (E))ll = i

∑
m

2πδ(E + El − Em)⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩. (4.82)

We can produce the following functions using Eqs. (4.79)-(4.82).

(grij(E))ll = (g−−
ij (E))ll − (g−+

ij (E))ll

=
∑
m

{⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩
E + El − Em + iδ

+
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em + iδ

}
,

(4.83)

(gaij(E))ll = (g−−
ij (E))ll − (g+−

ij (E))ll

=
∑
m

{⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩
E + El − Em − iδ

+
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em − iδ

}
,

(4.84)

(gkij(E))ll = (g−+
ij (E))ll − (g+−

ij (E))ll

=
∑
m

{⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩
E + El − Em + iδ

−
⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩

E + El − Em − iδ

+
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em − iδ

−
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em + iδ

}
.

(4.85)
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Using Eqs. (4.73), (4.75) and (4.83), the advanced Green’s function for the nano-scale system is given by,

gaij(E) =
∑
l

(ρ(t0))ll(g
a
ij(E))ll (4.86)

=
∑
l

⟨N, l|e−β(ĤC−µCN̂C)|N, l⟩
Tr[e−β(ĤC−µCN̂C)]

∑
m

{⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩
E + El − Em − iδ

+
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em − iδ

}
(4.87)

=
1

Tr[e−β(ĤC−µCN̂C)]∑
lm

{
⟨N, l|e−β(ĤC−µCN̂C)|N, l⟩

⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩
E + El − Em − iδ

+ ⟨N, l|e−β(ĤC−µCN̂C)|N, l⟩
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em − iδ

}
. (4.88)

We consider the only first term,∑
lm

⟨N, l|e−β(ĤC−µCN̂C)|N, l⟩
⟨N, l|ĉi|N + 1,m⟩⟨N + 1,m|ĉ†j|N, l⟩

E + El − Em − iδ

=
∑
lm

⟨N, l|e−β(ĤC−µCN̂C)|N, l⟩
⟨N + 1,m|ĉ†j|N, l⟩⟨N, l|ĉi|N + 1,m⟩

E + El − Em − iδ

=
∑
lm

⟨N − 1, l|e−β(ĤC−µCN̂C)|N − 1, l⟩
⟨N,m|ĉ†j|N − 1, l⟩⟨N − 1, l|ĉi|N,m⟩

E + El − Em − iδ

=
∑
lm

⟨N − 1,m|e−β(ĤC−µCN̂C)|N − 1,m⟩
⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩

E − El + Em − iδ
. (4.89)

Inserting Eq. (4.89) to Eq. (4.88) we have

gaij(E) =
1

Tr[e−β(ĤC−µCN̂C)]∑
lm

{(
e−β(Em−µC(N−1)) + e−β(El−µCN)

)⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩
E − El + Em − iδ

}
. (4.90)

In the similar way, we obtain

grij(E) =
1

Tr[e−β(ĤC−µCN̂C)]∑
lm

{(
e−β(Em−µC(N−1)) + e−β(El−µCN)

)⟨N, l|ĉ†j|N − 1,m⟩⟨N − 1,m|ĉi|N, l⟩
E − El + Em + iδ

}
, (4.91)

gkij(E) = (1− 2f(E))(grij(E)− gaij(E)), (4.92)

where the relation1− e−β(E−µC) = (1− 2f(E))(1 + e−β(E−µC)) has been used.
When we assume that there is no Coulomb interaction between electrons, the Green functions become

more simple form. For example, the eigenstate|N = 3, l⟩ where theα-th, β-th, andγ-th energy levels are
filled with electrons is written as follows,

|3, l⟩ = â†αâ
†
βâ

†
γ|0⟩, (α < β < γ) (4.93)
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where the operator̂a†m creates an electron atm-th energy level with energyεm, and|0⟩ is a vacuum state.
The eigenenergyEl for the state becomesεα + εβ + εγ. The orbital for theα-th energy level is written in
the energy picture as follows,

|α⟩ ≡ â†α|0⟩. (4.94)

On the other hand, the orbital is also written in the site picture as follows,

|α⟩ ≡
∑
n

χα
n ĉ

†
n|0⟩, (4.95)

whereχα
n is the amplitude of theα-th wavefunction atn-th site. A comparison of Eqs. (4.94) and (4.95)

yields
â†α =

∑
n

χα
n ĉ

†
n. (4.96)

We can carry out⟨2,m|ĉi|3, l⟩ with aid of Eq. (4.96),

⟨2,m|ĉi|3, l⟩ = ⟨0|âηâξ ĉiâ†αâ
†
βâ

†
γ|0⟩

= ⟨âηâ†β⟩⟨âξâ
†
α⟩⟨ĉiâ†γ⟩ − ⟨âηâ†γ⟩⟨âξâ†α⟩⟨ĉiâ

†
β⟩+ ⟨âηâ†γ⟩⟨âξâ

†
β⟩⟨ĉiâ

†
α⟩

= δηβδξα⟨ĉiâ†γ⟩ − δηγδξα⟨ĉiâ†β⟩+ δηγδξβ⟨ĉiâ†α⟩
= δηβδξαχ

γ
i − δηγδξαχ

β
i + δηγδξβχ

α
i . (4.97)

We do similar calculations about all eigenstates and obtain the following simple form of Green’s functions,

gaij(E) =
∑
n

χn
j
∗χn

i

E − εn − iδ
, (4.98)

grij(E) =
∑
n

χn
j
∗χn

i

E − εn + iδ
, (4.99)

gkij(E) = (1− 2f(E))(grij(E)− gaij(E)), (4.100)

where the summation runs over the all energy levels.

4.3 Green’s functions for the joint system

We have already obtained the Green’s functions for the isolated electrodes and nano-scale system in the
previous section. To calculate the electronic current through the nano-scale system by using Eq. (4.15), we
must obtain the Keldysh Green’s functionsGk

01 andGk
10 for the joint system which consists of the electrodes

and the chain. Then the Dyson equations show that it is necessary to obtain the Green’s functionsGl
mn in

order to calculateGk
01 andGk

10 (l = a, r, k; m(n) = 0, 1, N,N + 1). Therefore, the following contracted
matrix forms of the Green’s functions and the self-energies should be considered instead of Eqs. (3.61)-
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(3.63),

Ga =


Ga

00 Ga
01 Ga

0N Ga
0 N+1

Ga
10 Ga

11 Ga
1N Ga

1 N+1

Ga
N0 Ga

N1 Ga
NN Ga

N N+1

Ga
N+1 0 Ga

N+1 1 Ga
N+1 N Ga

N+1 N+1

 , (4.101)

ga =


ga00 0 0 0
0 ga11 ga1N 0
0 gaN1 gaNN 0
0 0 0 gaN+1 N+1

 , (4.102)

Σa =


0 −t′ 0 0
−t′ 0 0 0
0 0 0 −t′
0 0 −t′ 0

 . (4.103)

The retarded Green’s functions and the self-energies are obtained similarly. Furthermore, using the Dyson
equations (3.64) and (3.65), we have the advanced and the retarded Green’s functions of the joint system as
follows,

Ga = (I− gaΣa)−1ga, (4.104)

Gr = (I− grΣr)−1gr, (4.105)

whereI is the4× 4 unit matrix. The Keldysh Green’s functions obey the Dyson equation (3.66). We have
the following equation from Eq. (3.66),

Gk = (I− grΣr)−1gk(I+ gaΣa). (4.106)

Furthermore, using Eqs. (4.104) and (4.105), we obtain

Gk = Grgr−1gkga−1Ga. (4.107)

When thei- and j-th sites are included in the nano-scale system, the (i,j)-component ofgr−1gkga−1 is
written with aid of Eq. (4.100) as follows,

{gr−1gkga−1}ij = (1− 2f){gr−1(gr − ga)ga−1)}ij
= (1− 2f)({ga−1}ij − {gr−1}ij). (4.108)

Equation (4.108) is calculated as follows, by using Eqs. (4.98) and (4.99),

{gr−1gkga−1}ij = (1− 2f)({ga−1}ij − {gr−1}ij) ∝ (1− 2f) δ → 0. (4.109)

It means that the Fermi energy of the isolated nano-scale system doesn’t contribute the electronic current.
On the other hand, When thei (= j)-th sites are included in the left or the right electrode, equation (4.108)
is calculated as follows,

{gr−1gkga−1}ii = (1− 2f)({ga−1}ij − {gr−1}ii)

=

{
(1− 2fL)((ga00)

−1 − (gr00)
−1) for i = 0,

(1− 2fR)((gaN+1 N+1)
−1 − (grN+1 N+1)

−1) for i = N + 1.
(4.110)
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Thus, we obtain the Keldysh Green functions for the joint system,

Gk
01 = (1− 2fL)Gr

00((g
a
00)

−1 − (gr00)
−1)Ga

01

+ (1− 2fR)Gr
0 N+1((g

a
N+1 N+1)

−1 − (grN+1 N+1)
−1)Ga

N+1 1, (4.111)

Gk
10 = (1− 2fL)Gr

10((g
a
00)

−1 − (gr00)
−1)Ga

00

+ (1− 2fR)Gr
1 N+1((g

a
N+1 N+1)

−1 − (grN+1 N+1)
−1)Ga

N+1 0. (4.112)

In this paper, first, we calculated numerically Eqs. (4.104)-(4.105) and obtained theGa andGr, and then we
calculated numerically theGk using Eqs. (4.111) and (4.112). Finally, the electronic currents are calculated
using Eq. (4.15)
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