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9 Keldysh Green function

This is a lecture note of the theory of condensed matter IV, on Jun. 17. We are interested in a steady-state
transport through a system of a quantum dot (QD). When the applied bias is very small, we rely on the
linear-response theory and can obtain the linear conductance. What happens when we apply a finite bias?
For that purpose, we introduce Keldysh non-equilibrium Green function method. While here we only
discuss static problem and a steady state current, it is straightforward to extend to the time-dependent
perturbation or transient dynamics in the Keldysh non-equilibrium formalism. Several basic properties of
Keldysh Green function are explained. Explicit application to the evaluation of the current through single
level quantum dot coupled with two reservoirs is shown in the next (final) lecture.

9.1 Closed time path

The explanation in this section is based on the book[1]. The nonequilibrium problem is stated as follows:
We consider a system evolving under the Hamiltonian

H(t) = Ho + H'(¢), (1)

where the time-independent part o may include complicated interactions. However, in this note, we
neglect the effect of electron interaction and H, is a sum of “free” Hamiltonians. The perturbation part,
H' (t), which is absent for times ¢ < tg, could be, e.g., an electric field, a light excitation pulse, or a coupling
to contacts at different electro-chemical potentials. Before the perturbation is turned on, the system is
described by the thermal equilibrium density operator, (canonical distribution)

6—57:10

X(Ho) = W-

(2)

In the electrical or thermal transport discussed in this lecture, the free hamiltonian H, is made of several
components which represents independent physical systems namely, source and drain electrodes, and
quantum dot or quantum wire, etc. Therefore, 7—[0 = ZZ 1?{0“ where N, is the total number of the
relevant systems. These independent systems are in locally thermal-equilibria, which are characterized
by the local inverse temperatures 3; and by the local chemical potentials p;, hence, (grand canonical
distribution)
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where 7; are the (electron) number operator in i-th component system. Our task is to calculate the
expectation value of a quantum mechanical operator O, for t > tq,

<O> (t) = Tr [;z(t)o} , (4)

where X(t) is the density operator at time ¢, defined as X(t) = W (t,to)x (Ho)W(t, to), where the time-
evolution operator W (t,ty) obeys the differential equation

ST (1 t0) = RV (1), o)
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and the initial condition W (to,to) = I (identity). Using the property of the cyclic invariance of the trace
operator

<O> (t) = Tr [g(ﬁo)wf(t,to)éw(mo)] =Tr [X(QO)OH@)} = <Oﬂ(t)>0, (6)

where the average is (O), = Tr [)2(7:[0)0] . The subscript H put to an operator means the time-evolution by

the full Hamltonian, H(t), (Heisenberg representation) and explicitly Oy (t) = W(t,t0)OW (L, o). Hence,
O4(t) satisfies Heisenberg equation of motion,

S0u(t) = 3 [0, On()]. (7

We then introduce the time-evolution operator in the interaction picture,

V(t, to) = enMot=10)T/ (¢, 1), 8)
with the initial condition V (to,to) = I. Therefore

On(t) = Vit tg)en Holt=to) = r Holt=to) (¢ 40y = V' (£, t0) O(£) V (¢, to). (9)
The time-derivative of Eq. (8) is
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= —%H’(t)V(t,to). (10)
Here, O(t) and H'(t) are in the interaction representation,
O(t) = eiMolt=to) =i Holt=to) (11)
H'(t) = et Polt—to) f/ () e~ #Holi=t0), (12)
The solution of Eq. (10) is!
V(t, to) = ’f{exp {—; /t: dt’f[’(t’)} } , (13)

where 7T is the time-ordering operator. It should be noted that if the order of operators containing odd
numbers of fermions is reversed, minus (-) sign should be added. However, H(t') is assumed made of even
number of fermion operators. One my note the following identity

Vit to) = Vite,t) = T{exp [—; /tto dt’ﬁ’(t’)} } , (14)

1By integrating Eq. (10) with time, we have

e
Vit,to) =1 — %/ dty ' (t1)V (t1, to),
to

and putting this into Eq. (10),
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LVt t0) = —SH' (1) + (—3) () [ dto B (8)V (1, o).
dt n n '

Integrating this equation again,
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Vit to) =1— 3/ dt1H'(t1) + (—f> / dtlH’(tl)/ dto H'(t2)V (ta, to).
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where we introduced anti-time-ordering operator 7. We then introduce the contour-ordered quantity:
Oxn(t) =Te {Cxp {—;/ dT}NI/(T):| O(t)}, (15)
c

where T¢ is the time-ordering operator along the contour C. It can be shown that Eq.(9) is equivalent to
Eq.(15). The contour C starts from ¢y and propagates along the path Cy until the time ¢ and then return
backward to ¢y via Co as shown in Fig. 1(a).
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Figure 1: Schematics of the closed-time contours. (a) (top): The contour C' made of C; starting from ¢
to t and of Cy starting from ¢ back to ty. (b) (middle): The contour C starting from —oo via ¢t with O to
oo (C1) and then back to —oco (C2). (c¢) (bottom): The contour C starting from —oo to oo (C1) and then
back via t with O to —oco (Cy).

By setting tg — —oo and modifying the contour C' as starting from —oco to +oco (C) and back to —oo

again (Cy),
<O> (t) = Tr [;z(ﬁo)% {exp {; /C dTﬁ/(T)] O(t)}]

_ <%c {exp [—;/Cde{'(T)} O(t)}>0, (16)

where the measurement time t of the observable O could be located either on C; (Fig. 1(b)) or Cy (Fig. 1(c)).
In the Appendix A, the first order expansion of the exponential operator is shown to be the linear response
theory.

Repeating these procedures iteratively, we have an infinite perturbative series expansion

. . . t ~ S\ 2 t ~ t1 N
V(t,to) =1 — ; dt H' (1) + (-%) dt H'(t1) | dtoH (t2)
1

to to to
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with the time-ordering operator T.



9.2 Contour-ordered Green function

The idea of the contour-ordered path (closed-time path) goes back to Scgwinger (1961)[2] and the associated
contour-ordered Green function was introduced by Keldysh (1965)[3]. We define the contour-ordered
(Keldysh) Green function:

G, 1) =~ (To [n)dhan]), (1)

where (1) = (r1,t1) and (1) = (r{,t]) and the fermionic field operator is in the Heisenberg picture
Yy (r,t) = V(t, —o0)th(r,t). The average (---) represents the thermal average over a certain initial distri-
bution. In the following arguments, we removed the suffix ”¢” in the thermal average <O>o for simplicity.
It is important to notice that the Green function G(1,1’) is not a function of the time difference,
t; — t}, but is in general depending each times.

This may be rewritten with the field operators in the interaction picture,
G(1,1') = _% <%c {exp {—;/ dTﬁf'(T)] @(1)&*(1’)}> : (18)
c

In the following, we use the notation that Greek letter 7 represents a time on the closed-time path (C') but
the Roman letter ¢ shows the real (physical) time. The contour-ordered Green function is mapped with
four different Green functions depending on the locations of the times in the two branches of the contour,

C=0C+ 0y

G.(1,1)  t,t, ey
G =1 Gy et <ol a9
Gz(1,1)) ty,th € Co
where G>(1,1'), G<(1,1’) are the greater and lesser Green functions, respectively, defined as
G>(1,1) =+ (r()},07). (20)
G, = 5 (1), (21)
G., Gz are the time-ordered and anti-time-ordered Green functions,
Ge1,1) =~ (T [ 0}1)] ) = 1 {0t 1) (BB (0) — Bta — 12) (Bl (b1}
=0(t;1 —t1)G~(1,1") + 0(t1 — t1)G=(1,1"), (22)
Ge1,1) =~ (T [p(0d}11)] ) = 1 {0002 — 1) (B, ()) — (02 — 1) ()9, (1)}
=0(t1 — t1/)G<(1,1") + 0(t1 — t1)G~ (1,1") (23)
Since
G.(1,1) + Ge(1,1") = G7 (1, 1) + G=(1,1"), (24)

these four Green functions are not independent.? We further introduce retarded/advanced Green functions,
defined as

Gr(lv 1l) = _%H(tl - tl’) <{¢H(1)7¢L(1/)}> = a(tl - tl/) [G>(17 1/) - G<(17 1/)} s (26)

G(1,1) = 30ty — ) ({dn(), 3,0} ) = 00 ) [Z (L) -], @)

2Sometimes, another Green function, Keldysh component, is defined by

GE,1Y=a6>(1,1) +G<(1,1). (25)



hence G"(1,1') — G*(1,1') = G~ (1,1") — G=(1,1").

There is a strong formal connection between the contour-ordered Green function and corresponding
equilibrium time-ordered Green function. This is quite useful to calculate the contour-ordered Green
function in a perturbation formalism. (In the calculation of the next lecture, we explore this property to
obtain the Dyson’s equation.)

9.3 Langreth Theorem

In this subsection, with so-called analytic continuation (Langreth Theorem), we introduce various relations
between Green functions. The derivation are based on Ref.[1]. Let us consider a Green function A(t,7)
with the time t; locates on the contour C7, we have

tl — 00
/dTA(tl,T):/ th>(t1,t)+/ dtA<(tq,t)
C

—0o0 t1

— /OO dtf(ty —t) { A (t1,1) — AS(t1, 1)}

= /OO dtG" (t1,1), (28)

— 00

where the same result is obtained when the time t¢; locates on the contour Cy. Similarly, for a Green
function B(7,t1/), we have

tyr e’}
/ drB(t,t1/) = / dtB<(t,t1) +/ dtB~ (t,t1/)
C —oo tyr
:/ O(ty —t) {B=(t,tr/) — B~ (t,t1)}
—oo
- / Bt ). (29)
We may have the following relation between contour ordered Green functions A, B and C,

Clty 1) = /C drA(ty, 7)B(r, 1), (30)

The lesser function of C'(t1,t1/) is defined by placing the time ¢ in the contour C; = (—o0,00) and ¢/ in
the contour Cy = (00, —00). We can extend the contour as C] = (—o00, 00, —00) and C§ = (—o0, 00, —00)

and hence
C<(t1,t) = /
Cy

:/ thT(tl,t)B<(t,t1/)+/ dtA<(t1,t)B*(t, t1/)

— 00 — 00

dr Aty ) B(r 110 + /C drA(h. ) B(r,ty)
= /oo dt [A"(t1,¢)B<(t,t1) + A< (t1,t)B*(t, t1)] . (31)

The greater function of C(t1,t1/) is also evaluated assuming the the time ¢; in the contour C% and the time
t1 in the contour C1,

C>(t1,t1/):/
a1
:/ th>(t1,t)B“(t,t1/)+/ dtA" (t1,t)B” (t,t1/)

dTA(tl,T)B(T,tl/)+/ drA(ty,7)B(T,t1/)
Cy

- /oo dt [A” (t1,t)B*(t,t1) + A" (t1,t)B” (t, t1)] . (32)



The retarded function is evaluated from Eq. (26),
C"(t1, 1)) = 0(ty — t1/) [C (t1,t1) — C<(t1,t1/)]
=0(t; —ty/) /OO dt [A” (t1,t)B*(t,ty) + A" (t1,t)B” (t, 1)) — A" (t1,t) B<(t, t1/) — A<(t1,t)B*(t, t1/)]
=0(t —tlf)/_oo dt [A"(t1,t) (B” (t,t1) — BS(t,t1)) + (A7 (t1,t) — AS(t1,1)) B*(t, t1)]
=0(t —tlf)[/_l dt (A= (t1,t) — A<(t1,1)) (B (¢, t1) — B=<(t,t1/))
- /_ﬂ dt (A> (t1,t) — A<(t1,1)) (B” (t,tr/) — B<(t7t1/))}
=0(t _tl,)/ Cat (A% (t1,t) — A<(t1,t)) (B> (t,tr) — B<(t,t11))

= /OO dtO(ty — 1)0(t — t1/) (A7 (t1,t) — AS(t1,t)) (B”(t, tr) — BS(t, 1))

= / dtA” (t1,t)B"(t,1}), (33)
and the advanced function is
C%(ty,t)) = =0(t1 — t1) [C7 (t1,t1/) — C=(t1,t1/)]

=0ty —t;) /_O:O dt [A"(t1,t) (B” (t,ty) — BS(t,t1)) + (A7 (t1,¢) — A<(t1,1)) B(t, )]
=0ty —t1) [/_t; dt (A= (t1,t) — A<(t1,1)) (B~ (t, t1) — B<(t,t1/))
— /t; dt (A= (t1,t) — A<(t1,1)) (B~ (¢, t1) — B<(t, tll))]
=0(ty —t1) /: dt (A~ (t1,t) — A<(t1,1)) (B~ (t, 1) — B=<(t,t1/))
_ /_ O; dt0(ty — O0(t — 1) (A% (0, 1) — A=(t1,0)) (B> (t.tv) — B=(t, 1)
- K O; LA (b, ) B (4, 1)), (34)

Similarly, for the products of three functions,

D1, ty) = /C dr /C ' A, B(r 7O ), (35)



we have

D= (ty,tyr) = dTA(t 1) | dr'B(r,7)C(', ty) + dTA(t 7) dT’B(T C(7', 1)
C/

/ dtA" (t1,t { dr'B(t,7)C(1’ tlf} / dtA<(t1,t { dT’B(t,T')C(T’,tlz)}
C/ Cl

:/ dtdt' [A"(t1,t)B"(t,t)C<(t' — t1/) + A" (t1,6) B (t,t)C*(t', t1) + A< (t1,t) B*(t,t")C(t' — t1)]
h (36)

D> (t, ) = / dr A7) [ drBlr YO 1) + / dr A7) [ drBlr YO )
c oy c cy

= /_O; dr’ {/CA(tl,T)B(T, t’)}>ca(t’,t1,) +/_D:O dat’ {/CA(tlvT)B(ﬂ t/)}rc>(t/’t1,>

- / didt’ [A” (t1,8) B (t,t)C*(t' —ty) + A" (t1,6)B” (£, )C*(t'  t1) + A" (t1, 1) B"(¢,4')C7 (t' —tv)],

(37)
and
D" (t1,t1/) = /OO dtA" (t1,t) {/,dT/B(t,T/)C(T/7t1/)}T
= /OO dtdt' A" (t1,t)B" (t,t")C" (¢, t1), (38)
D®(ty,t1/) = /OO dtA®(tq,t) {//dT’B(t,T’)C(T/,tl/)}a
= /OO dtdt' A% (t1,t)B*(t,t")C(t', t1/). (39)
Next, we evaluate the product of two Green functions
C(r,7") = A(r,7")B(7,7"). (40)
It is obvious, the lesser and greater functions are
C<(t,t') = AS(t,t)B=(t,t'), (41)
C~(t,t') = A”(t,t')B~ (t,t (42)
The retarded function is
Cn(t, 1) = 0(t —t') [C™ (t,1) = C=(t,1)]
=0t —t') [A~(t,t')B” (t,t') — AS(t,t')B=(t,t')]
=0(t—t) [A<(t, t') (B”(t, ') — BS(t,t')) + (A= (t,t') — A<(t,t')) BS(t,t')
+ (A7 (t, ') — AS(t,t)) (B~ (t,¢') — B<(t, t’))}
= AS(t,t")B"(t,t') + A" (t,t)B<(t,t') + A" (t,')B"(t,t"). (43)
Finally, we evaluate the another type of product of two Green functions
D(r,7") = A(r,7)B(7', 7). (44)
It is obvious, the lesser and greater functions are
D=<(t,t') = AS(t,t')B~ (', 1), (45)
D~ (t,t") = A~ (t,t")B=(t',t) (46)



The retarded function is

D" (t,t')=0(t—t") [D7(t,t') — D=t t)]
=0t —t") [A~(t,t)B=(t',t) — A<(t,t') B~ (¢, 1)]
=0t —t') [(A” (@, t') — AS(t,¢")) BS(¢',t) + A<(t,t') (B<(¢',t) — B” (', 1))]
= A"(t,t"YB<(t',t) + A<(t,t)B“(t',t). (47)

9.4 Conclusions

We have introduced Keldysh Green function defined on contour-ordered path. We had also explained basic
properties of Keldysh Green function, so-called Langreth theorem.

A Linear response

When the effect of the perturbation H’(t) can be assumed small, we may focus our attention to the first
order of the expansion of the exponential operator in Eq. (16), namely,

<O> (t) = (0), + <T {—;/CdT#(T)O(t)}>O +O((HN?). (48)

Then the first-order correction (linear response (LR)) is

30)1s = (0) 0], =0,

. t —00
= —% </ dt'O(t)H' (') +/ (—dt') ~’(t/)é(lt)>
oo ¢ 0
.
_ 71 / A 7/ (4!
= h[wdt <{O(t),H (t)}>0. (49)
Assuming that the perturbation Hamiltonian is given like
H'(t) = B(t)P, (50)

where B(t) is some time-depending function and H'(t) = B(t)P(t) and by changing integration variable

s=t—1t,
5 <O>LR - —% /Ooo ds <{O(t),#(t - s)}>0
- _% /: ds B(t — s)x}p(s), (51)

where we used the property of the thermal average that only depends on the time-difference, and we defined
the response function

Xor(s) = —10(5) ({O(s), PO)}) . 2)

0

which is in fact the retarded Green function that will be introduced in the next section. This result is a
standard form of the linear-response theory.

A.1 Simple example of linear response - spin susceptibility

As a simple example, we consider single electron spin driven by a time-dependent magnetic field. The free
part of the Hamiltonian is

HO = 70’2’ (53)



and the interaction Hamiltonian, which is nonzero for t > tg = —o0, is
H'(t) = B(t)6,. (54)

Obviously, at thermal equilibrium, (6,.), = 0. Then the linear order of the induced magnetization in the x
direction is

G ® = [ s Blt— s)xou(9), (55)

— 00

where the function

Xials) = = 10(5) (152(5),5(0)})g (56)

is a longitudinal susceptibility function.
Explicitly, the equation of motion of &,(s) is

doy wg A o w 5
7Uds(8) = 61421023%070 (62, 64] €712 055 = —wody(s), (57)
and similarly
do w0 s
Ou(8) _ pipons 0 5 5 1o 100 iy (s) (58)
ds
Hence, the general solution is
G4(s) = acoswos + bsinwos, (59)
and from the initial condition, ,(0) = 6, = & and 6,(0) = 6, = — %0‘15;75@ = —wiowof) = —b, hence

=0
G2(s) = G5y coswys — Gy sinwgs. Assuming the applied field B(t — s) = Acosw(t — s) and introducing
phenomenologically a relaxation factor e~7* with a positive phenological parameter « to the susceptibility
function, we have

(6.) () = J/ dsAcosw(t — s) ({6 coswos — Gy sinwys, 64 }), 7
0
1A [ N . _
= _f/ dscosw(t — s)(21) (6.),sinwes e 7°
0

A
~ i (62)0 sinwot, (60)

where in the last, we set wyp = w and neglected the fast oscillating term. Similarly, the magnetization in
the y direction is

(Gy) () = —% /OOO dscosw(t — s)(21) (6.), coswose™ *

A
~ = (02)( coswot. (61)
Hence, absolute value of the induced transverse magnetization is

V602 @)+ (0,) (t) ~ % 6o (62)
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